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FOREWORD

The National Curriculum Framework, 2005, recommends that children’s life at
school must be linked to their life outside the school. This principle marks a departure
from the legacy of bookish learning which continues to shape our system and causes
a gap between the school, home and community. The syllabi and textbooks developed
on the basis of NCF signify an attempt to implement this basic idea. They also attempt
to discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measures will take us significantly further in the direction
of a child-centred system of education outlined in the National Policy on Education
(1986).

The success of this effort depends on the steps that school principals and
teachers will take to encourage children to reflect on their own learning and to pursue
imaginative activities and questions. We must recognise that, given space, time and
freedom, children generate new knowledge by engaging with the information passed on
to them by adults. Treating the prescribed textbook as the sole basis of examination is
one of the key reasons why other resources and sites of learning are ignored. Inculcating
creativity and initiative is possible if we perceive and treat children as participants in learning,
not as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of
functioning. Flexibility in the daily time-table is as necessary as rigour in implementing
the annual calendar so that the required number of teaching days are actually devoted
to teaching. The methods used for teaching and evaluation will also determine how
effective this textbook proves for making children’s life at school a happy experience,
rather than a source of stress or boredom. Syllabus designers have tried to address the
problem of curricular burden by restructuring and reorienting knowledge at different stages
with greater consideration for child psychology and the time available for teaching.
The textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and activities
requiring hands-on experience.

NCERT appreciates the hard work done by the textbook development
committee responsible for this book. We wish to thank the Chairperson of the advisory
group in Science and Mathematics, Professor J.V. Narlikar and the Chief

Advisor for this book, Professor P.K. Jain for guiding the work of this committee.
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Several teachers contributed to the development of this textbook; we are grateful
to their principals for making this possible. We are indebted to the institutions
and organisations which have generously permitted us to draw upon their
resources, material and personnel. As an organisation committed to systemic
reform and continuous improvement in the quality of its products, NCERT
welcomes comments and suggestions which will enable us to undertake further

revision and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training



PREFACE

The National Council of Educational Research and Training (NCERT) had constituted 21 Focus Groups
on Teaching of various subjects related to School Education, to review the National Curriculum
Framework for School Education - 2000 (NCFSE - 2000) in face of new emerging challenges and
transformations occurring in the fields of content and pedagogy under the contexts of National and
International spectrum of school education. These Focus Groups made general and specific comments
in their respective areas. Consequently, based on these reports of Focus Groups, National Curriculum
Framework (NCF)-2005 was developed.

NCERT designed the new syllabi and constituted Textbook Development Teams for Classes XI and
XII to prepare textbooks in mathematics under the new guidelines and new syllabi. The textbook for

Class XI is already in use, which was brought in 2005.
The first draft of the present book (Class XII) was prepared by the team consisting of NCERT faculty,

experts and practicing teachers. The draft was refined by the development team in different meetings.
This draft of the book was exposed to a group of practicing teachers teaching mathematics at higher
secondary stage in different parts of the country, in a review workshop organised by the NCERT at
Delhi. The teachers made useful comments and suggestions which were incorporated in the draft textbook.
The draft textbook was finalised by an editorial board constituted out of the development team. Finally,
the Advisory Group in Science and Mathematics and the Monitoring Committee constituted by the HRD
Ministry, Government of India have approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the textbook. These
characteristics have reflections in almost all the chapters. The existing textbook contain 13 main chapters

and two appendices. Each Chapter contain the followings:

e Introduction: Highlighting the importance of the topic; connection with earlier studied topics; brief
mention about the new concepts to be discussed in the chapter.

e Organisation of chapter into sections comprising one or more concepts/sub concepts.

e Motivating and introducing the concepts/sub concepts. Illustrations have been provided wherever
possible.

e Proofs/problem solving involving deductive or inductive reasoning, multiplicity of approaches
wherever possible have been inducted.

e Geometric viewing / visualisation of concepts have been emphasised whenever needed.

e Applications of mathematical concepts have also been integrated with allied subjects like science
and social sciences.

e Adequate and variety of examples/exercises have been given in each section.
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e For refocusing and strengthening the understanding and skill of problem solving and
applicabilities, miscellaneous types of examples/exercises have been provided involving two or
more sub concepts at a time at the end of the chapter. The scope of challenging problems
to talented minority have been reflected conducive to the recommendation as reflected in
NCF-2005.

e For more motivational purpose, brief historical background of topics have been provided at
the end of the chapter and at the beginning of each chapter relevant quotation and photograph
of eminent mathematician who have contributed significantly in the development of the topic
undertaken, are also provided.

e Lastly, for direct recapitulation of main concepts, formulas and results, brief summary of the chapter
has also been provided.

I am thankful to Professor Krishan Kumar, Director, NCERT who constituted the team and invited
me to join this national endeavor for the improvement of mathematics education. He has provided us
with an enlightened perspective and a very conducive environment. This made the task of preparing
the book much more enjoyable and rewarding. I express my gratitude to Professor J.V. Narlikar,
Chairperson of the Advisory Group in Science and Mathematics, for his specific suggestions and advice
towards the improvement of the book from time to time. I, also, thank Prof. G. Ravindra, Joint Director,
NCERT for his help from time to time.

I express my sincere thanks to Professor Hukum Singh, Chief Coordinator and Head DESM, Dr. V.
P. Singh, Coordinator and Professor S. K. Singh Gautam who have been helping for the success of
this project academically as well as administratively. Also, I would like to place on records my
appreciation and thanks to all the members of the team and the teachers who have been associated

with this noble cause in one or the other form.

PAWAN K. JAIN
Chief Advisor
Textbook Development Committee
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THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to all its citizens :

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the ’[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY

this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs, by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,

2.

for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)
Subs. by the Constitution (Forty-second Amendment) Act, 1976, Sec.2,
for "Unity of the Nation" (w.e.f. 3.1.1977)

Al." Ak

N e oile
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ASsAR

% Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL <

7.1 widilas

[sa ol 3 [asfasdl Aseudl u 3l=da 8. [@sfid we Yo
LA 3 [@QAUAL 2uduiAl WSl evRid sdl A dHHl sl
Al d O, AslAd-l Y@ S wel @8yl 2wdv 4l g weAud
AquAd 53 A d uedd &Axsa allial vl oL O,

A A (A8 £ ol 516 vidud T ur [Asa-dla i vied 3 d-l
Qsld £ vida T uds Bigyl wRaa qadl €y, dl aeuds
Ad vidl ug G 5 2 (8% ' vidud T -l uds Bigyl 2le €,
dl g uudl [Bd fAadl wdlA ? s, wuda [@Qau @ s [Q9a B
[slad ¢d d alqadl Baud wlAlQsaqdl Ga 58 8. wm, 0 G .W. Leibnitz
audi 2 Q9 e Q- vt o wldRslad sulag 1u dd wyg  (©F-1646-CE.1716)
e [A9ul ulAlslaa sdly. »un, uldlslaa alqa-dl Ban wldldsaq zaq dsaq 58 ©.
L W51l AU 8Bl cdlastRs uRRAMARAML 20d 8. Geleel dils %l 2uuEl 518 &8l SIS vl
veldedl dictl®ls Ao oRidl S, dl aucufds Ad usl W ¥, 2uudl S5 wel adl A velddd W
A2l A1 ? dui AsasAl Buidl Gualol aiy . vial wsil gell asiRs duy Agilis wRRARRI
wid V. Asaddl Qs A eulcl wsi-l aH=AAL G3d Auddldl $0aA30 44l ¢

(a) A 515 [aBu (Asldd sid S dl d sa (@B ([@sfad 8 d wa-dl Gaz wualdl B

(b) 2w (ABad 2l 24l 2084 @83l 2udvel dudl MBid e &xs0 ibail

[FuL.

BuR eAldd oin AHRAIAL AsanAnl 6 @3] dRs URA 53 O 1 MU Aser v [Fud Asas,
2L oA As[Ad U ed Asadw.

AR Asad 2 (AU Asad azdAL Aol AsaAAl Haoid WAL dld 2laviy 9, 2w WAy
st 2 Soalanzidl 4o dsiRs GUaPIHL WAl Gusel dd auagd 9. gel AlddilRs




238 oUfBd

GualolMl [Mud Asad e[oliu w8, Mud Asad-dl Gudlal =g, eusly dul Aeud-dl Fdl
(Al gl gell Ruue HAUIMAAL B3 Aol 2 69,

W USWHL A MY Asad @A FEd Asad dal duel Yoaeid oMl A Aslid
Aoaai-dl sedls walawil ollvilel
7.2 [Qsadl earalia 4y Asad

[Qsan-dl Badl cuza Gar gla ddl Bad dsaq $8 9. 2uda [QQug [Asldd alyaqd vied
2yed [Qud [Aslaa wuda gla 2 d [Qslaa yeel d-i ydo (ya [Qda) alqal €la, dl »u
sl Gre alqaudl Bad uldldsa+ 5 dsaqdl Ba 58 .

WL AUl WS UL Sedls Belgell ddl,

WLl ARllA YlaA 5, %(sin X) = cos x, (1)
d (3
E{%J = x? -2)
2wl L) = ¢ 3)
-

2l AS wsla ol 5, (14 (@8 cos x v sin x < [Asldd ©. 2ed sin x 2 cos xi

~ ~

. LY = - . 3 It -
walasfea (Asfaa) 9 dxn s€l asd d @ wael (2) x4 (3)wl xT §d ¥ sA x2 s

= b

e -l wlalaslia (Asld) o, adl, »uuel Ailgl 3 515 ardlds dval ¢ W2 % ¢ A 2«0 [@8y

ald @, dl d-dl [@sfid gt g9 2 del 2uudl uReu (1), (2) 24 (3) 13 salen wwdl
el auil aslat :
x3

d . . _ d _ 2.,y d _
E(smx+c)—cosx,a{?+c} = x“ i E(e"+c)—e"

w14, GuAl (8L ulafasfadl FEa el eslsani dl 2uta @8-l wlalasdi-d v
§Ad €1 B, d UAS ARdl@s §An ¢l upeldl Hodl wsu O, dl Al AN A AR
AN 58 V. drl Yeuui uRad- 53 wudl [RBaAL gei-ogel wsadl Aadl wgla ¢,

us Ad, % S8 (@B F owie,

%(F(x)) =f@), Vx el (vlaua)

-

dl 5195 ARdlds 2N ¢ M2, (d Asa-A-Al 2”0 uBL s¢ 9).

%[F(x) +c]l=f(x), Vx el

wWell {F + ¢, c € R} ¥ f wfasfadid ayed sald 9,

A A QsRd qaddi RANHUL A0 dslad Sl 8. 1L AL 5dL WAL 3 518 vidud
I u 6 [Q84L g 2t Al [asfidl 2w 9,

AL § f=g—h ed 3 f(x) = g(x) — h(x), Vx € I gl cdvaifd 8.
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dl % =f'=g—had f'(x) = gx) - h(x), Vx €l

Ui, U WML f'(x) = 0, Vx € I 2i2d dd [ YR fell x < A4 slecllal-ll €2 4t 8 vid
ddl £ a0 [@Q8% 9. (MAWR dl HELSHIA YHAAL Gualail £(x) 2aa [@Q8% © dd ulBid 530 wsia.)
Gudl it el Ad el s1él wstd §, Aqel {F + ¢, ¢ € R} A £ ot o wlalasladl

gald 8,

gd, Wud N Adl Add [ f(x) drdl WBRRA ada. d fr wlsidAa yel aen
galadl, dr wudl £l x [ (uda) wAMad Asfad A aily,
Asdul 28 [ f(x) dx = F(x) + ¢ 24 avily,

AlY o % = f(x) 2l € dl y = [f(x) dx avlla.
Add : % = f(x) e € dl Al [f(x) dx =y 2 avily,

YREL v AL stesdl Sedls Addl [ uel [ woeuudl d-ll el WA 2ulal B,

s 7.1

Add/ug/aceuus L]
- [f() dx £l x A Aa Asld
— [ f() dx W fx) Ase
- [f() dx w x Asart-l e
—  Asdd A AslAd gkl
— £l Asléa % e F'(x) = f(x) & »q 25 Q8 F
—  dsdd Asled Waandl Bu
—  AsdAAl € AN 5195 ArRdlds AL ¢, A vAn [Q8Y

als adsl.

28 =Rl oAl [ARAAL [@As(@ddl Yol el a2 Yol uell drd o d (@Al
Asadl Yol Aadl 2bly. d DA YRUL eulon B, d-l Guaial gl ofled [[BEAL A5 wel

qodl sl
[asladl

) d xn+l B
0 L[ £ -

[Qlre 38, »uvel -idle 3,

%(x) =1

(ii) %(sin X) = cos x

Asladl (ulalasfad)

n+1

_ X
Ix”dx—n+1+c (n #-1)
Idx=x+c

J'cosxdx=sinx+c
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[as&dl Asladl (wlalasladl)
(iii) %(—cos x) = sin x [ sin x dx = —cos x + ¢

2

(iv) %(t‘an X) = sec”x Iseczx dx =tan x + ¢

(v) %(—cot x) = cosec®x Icoseczx dx = —ot x + ¢
N d B _
(vi) = (sec x) = sec x tan x [ sec x tan x dx = sec x + ¢
vii) =—(—cosec x) = cosec x cot x cosec x cot x dx = —cosec x + ¢
( )jx t tx dx +
ey d o1y (1 o
(vm)E(sm X) = > |x] <1 dx =sin'x +¢, |x|<I1
1-x J1-42
.\ d ln (1 _ ~1
(ix) = (—cos'x) = Vx| <1 dx = —cos\x + ¢, |x| <1
dx 1- x2 2
Jal—x
(x) i(fﬂm_]x) = —1 [ 12 dx = tan'x + ¢
dx 1+ x2 J1+x

1 (1

5 dx = —cof 'x + ¢
1+ x 1+ x

(xi) %(—cot‘ ) = >

( 1

———— dx=secx +¢c |x]|>1
I xx%-1

wod 1
(xi) =—(seclx) = ——, |x| > 1
dx( ) IxI\sz—l x|

o

ey d _ 1 [ 1 —
(xiii) == (—cosec"lx) = ——, | x| > 1 dx = —cosecx + ¢, |x|>1
4 e [ x|
(xiv) L (o) = & [erdx=e+c
dx
(xv) “=(log | x]) = L L gy = log |x| +
xv) ——(log x|) P J; og|x|+e
~d | _a* _ _ _a*
(m)a(logea) =a Iaxatx_ log, a te

@ Ay | e Ad [RAY ¥ dAd YR ArABd i d el suladl Al A 5 sedls
Qe AAONHL UL did ML AWl A0

7.2.1 Aud Asadd ARfs wdue

QA 5 f(x) = 2x dl [f(x) dx = x2 + ¢ ddl ¢ Ll Bt Budl =2 v (@ d4s@al
wagl, el ellFfas d 2 ol Asladl w9,

2, AR AN ¢ W2 y = x2 + ¢ AsAdUL A5 el Fzun 2 8. ¢ <l [t Budl dal,
2ued d Al [l wedl qaEl, L oEl Aedld AwsBid 3w ved ulHud Asldd.
2L BRUHL uAS As-d Y-28 U Ald uaay sald 9.
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wl wWe B8 F ¢ =0 W2 wuad y = x? qad. d 34 Al Qoribig €l Adl s wraay
gald B, UL uAdd y = x2 A s wsH Y-uaddl 44 Rl edidRa sl ¢ = 1
2, A5 y = x2 + 1 HALl UL YdAdd y = x2q s wsH Y-¢a-l wel [l idRd
sUl ¢ = =1 We, a5 y = x2 — 1 HAL 2 UsR ¢ <l uAs v Bud we aye-
uclls udadq ol Y-uiadll v Rami ¢ ud ¢ <l uds e Bad w2 ayeld uds
wdddd Al Y-uadl sl Ral el W udadlniql deals uaadld wuglt 7.1 i
gl 9.

AL ol wRAddll i x = g A B Al sl 7040 eulen B, wWud a > 0

dltl 8. g <0 W2 U2 2 A B, ST L x =g Waddl y =x2, y=x2 + 1,y = x2 + 2,

~ ~ . =~ om . . - d .
y=x2—1,y=x%-2 4 28 [ig2il P, P, P,, P, P, 3l 82 &, 24 ol [Bigyll w Ey-\g
yed 2a 9. 2l udl W wd B 3, 2L oMl Bigdil U dsel AL AR B, M,

J2x dx = x* + ¢ = F(x) (s€1)dl A5 usiu © 5 a5 y = F(x), ¢ € R @4 Ml x = g,
a € R -l 9eligdl vz eRd sl Auidr 8.

rd

-~

2ugld 7.1
wH, ol eldd @A [ £(x) dx = Fx) + ¢ =y, sl aqeiad Rgue 52 8. ¢l B
qell 2 2 Weldl Qe 40dl Wid A 8 v 2 ucdldidl S5 2 ueud AUdR
RAARA 530 ol Al Aadl asiy B, M, 2 AR Aslad lBlks FH3ua 8.
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7.2.2 wRUd Asa- Rl
L GuGOMHL U8, MU Asdrrl S2als ol WlBid 539,
(I) 2uu8l ulReuy udl A asla ¢lal 3, [@Asad 21 Asa dsollondl i Bzl ©.
d
- [/ dx = f()
§WA () dx = f(x) + ¢ A, ¢ A SS ¥R v B,

Aol : w2 3 F 2 f Al wlklasfaa 9.

% j—x F(x) = f(x) €&, dl [f(x) dx = F(x) + ¢

dell, % [f@) dx = %(F(x) o)

_d _
= 2 F®) =/ ()
Ao Ad, 2wl A wslA 5, f'(x) = %f (x)
wd ddl [f'(x) dx = f(x) + ¢
oUl, ¢ A AUV, dd AsdAAl x5 O,
(I1) & MFud Asladi RsRidl 0 €, dL vial 6 [AEL s o wyelddl dst ealad 2
adl d ol Auge 8.
Alloidl : Rl 5, o [Q8UL £ 2w g Wi,
d d
o 1@ de = = [ ) dx
sl < [ [£(x) dx — [ g(x) dx] = 0
adl, [f(x) dr — [g(x) dx = ¢ o, ¢ S aralas Ava 8. (3u?)
w4l [f(x) dx = [g(x) dx + ¢
2, dsll AHell { [f(x) dx + ¢, ¢, € R} i { [g(x) dx + ¢,y ¢, € R} A .
2, L AAUL [f(x) dx A [g(x) dx Auged 8.

@ A8 {f() de + ¢, ¢, € R} @A { [g(x) dx + ¢y, ¢, € R} Aeladdl Augeddl
vl 2R (s Ad) [1(x) dx = [ g(x) dx gkl el 8. dui @ 21u0n ealdidl el
(1) f[f () + g)] dx = [f(x) dx + [ g(x) dx
AlBidl = ot (1) wwal,
% [ [/ () + gx)] dx] = f(x) + g(x) (1)

aul,
j—x[j'f(x)dx+j'g(x)dr] =%If(x)dx+%lg(x)dx

=f(x) + gx) -..(1i)
204, Rt (1) wHidl, wReun (1) A (i) urel,

[(F(x) + g(x)) dx = [f(x) dx + [g(x) dx
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(IV) sl ardfas Aqvdl k& e, [kf(x) dx = k [f(x) dx
Altidl = ot (1) wwal,

L [ ko) de = kf)

-

A Lk (1) de] =k L £ de = k /()
i, o (1), Wl [kf(x) dx = k [f(x) dx 44,

(V) % £, fo foseos £, [Pl 202D [QBAL €1 290 Ky, Kyeooy b, ARdAlAS Av21240 €14, dl
Rl (1) 24 (IV) A ewus d,
JLkfix) + kfy(x) +.t k,f,(x)] dx

= k(@) dx+ k[HG)d+.+k, [f(x) dc g euldl as.

2004 (AL Ylefasla ltar 208l vid:geudl 34 [Asfad >l 2ula [R8d &iu dq [@3y
ALl Yuct s34 9l ¥l wlalasld sud e dal @8y aadl daqd Hlas gl
AsAA 58 9. UL L [BUL Sedls GelsWll gl XD :

Gelganl 1 : A e QA wlalsfaad Haexdl dd Al :

(i) cos 2x (ii) 3x2 + 4x3 (iii) %, x#0

S8

G54 @ (i) 2wl Bl [Asfad cos 2x €l Ad s QAU Aug B,
wuel el el 3, %(sin 2x) = 2cos 2x

_14d . 4 (L
¥4l cos 2x = 5 T (sin 2x) = dx(zsm 2x)

wH, cos 2x -l 25 walaslaa %sin 2x 9.

(i) uusl, ¥ Q@slad 3x2 + 403 wn Ad s [@8y ag 8.
sd i(x3 + x4) = 3x2 + 453
" odx
ael, 3x2 + 4x3 Al s ulalaslaa x3 + x4 9.

(i) 2uusl ol ¢l §,

1

4 -1 3 L - _L
dx(lng)_ x,x>0 WA dx[log(—x)] - ,x<0
ol wReuMiA 2A5Bid sl

d _ 1 N
dx(log |x]) = Lo X 7 0 MaaL.

1M, J% dx = log |x|, ¥ %-ﬂ wRiRsadHiAL 25 9.
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Gelganl 2 @ Al Asladl dadl :

3

(i) Jx;‘l & )|« e G | (x2 +2¢% - %) dx

3
Bia : Jx 2_1 dx = [x dx — [x2 dx (e V)
X

xl+l x_2+1 . N
- tep | — e | (e €, UsAAL R AN B.)

_ xT n i +ec (Ul ¢ = ¢; — ¢, UsADl 2 WA 2AN)

@ iy | gddl Ul il el Asanl As o AN avily,

) Sl | (7 + 1) de = | x% de b 1 dx

=%x3+x+c

3

K] 3
(iii) Q’lt:{[J(xz +Zex—%)dx=Jx2dx+I2exdx—JA%dx

é+1

x2

%+1 +2e¥—log |x|+c

%xz +2¢%—log |x|+c

Beleanl 3 ¢ Al Asfadl daql :

1-sin x
() [(sin x + cos x) dx (ii) [cosec x (cosec x + cot x) dx (iii) J cos2 x dx

B34 : (i) 2], [(sin x + cos x) dx = [sin x dx + [cos x dx
=—cosx tsinx +c

(i) 2l fcosec x (cosec x + cot x) dx = _[coseczx dx + _[cosecx cot x dx

=—col x — cosecx + ¢
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(i) el Jl—sinx A _J' 1 dr — J sin x e

cos? x cos? x cos? x
= Iseczxdx— Itanx . sec x dx

=fanx —secx +c

Bels28L 4 : F(0) = 3 ad d Ad WHIEL, f(x) = 4x3 — 6 gl 4vqld (@B £+ ulalaslad F dadl,
B34 : f(x) -l s wRRsfa x* - 6x B,

3 L 6x) = 43 —
5181 § dx(x 6x) =4x° - 6

dgdl, eus wlalasld F ouie,
F(x) = x* — 6x + ¢, 24l ¢ ¥ 230 B,
gd, F(0) = 3 2uua 9.
3=0-6X0+c»udLc=3
w14, Hidla uldfasfad Fix) = x* — 6x + 3 g2l AallRd x4 [Q8y 9.
Ay
(i) 2uudl Ay 3 A £l uli@s@d F S dl S8 wel @ a0 ¢ 12 F + ¢ ual wlilsid
9. M L Ad A S5 @Y £ Al s uldlaslad F ogldl €152, dl F 4 S8 ua
AN GHI £ oAl widdd wlalsfEdl dvil agls ¢lal. ddd F(x) + ¢, ¢ € R gl
gldl Astd B, AASRHL WHIAL Ad crll HEd W2 s aduddl WRde AHMA 59
%33 8. el ¢ o s AR ey 1A B A ddl URRUM @3 NG (@Bl 2y
Asl@d ua 9.
(i) $155 AR F 1 oiguel, agamsly, adisly, Bsamda @30 2 dqi wlladal a8k
Fal omelldl wals @Ad g euldl asia 4 sy €ig el del [£(x) dx e AaAHs
[A9u a3 (explicit function) A0l usid «ell. Gelga a3 je—xz dx e [aby
a3 Aadl usid e, sie 3 Gawd A4 Audl 3 RsRd o ww Bid Ry
Rl el

(iii) ol Asendl dd x R ol S5 Ad €, dl Asdndl Yol d uHEL 3widRd ML

4+1

te=1)+oc

wd B, Gee a3, [ ytdy = S— 5

7.2.3 [Asan v Asaqdl qan
(1) oiq [@8a -l Bai ©.
(2) olrl ARella Sl oAl wad 52 8. Hed 3,

() L kA0 + bAD] = b = fi6) + ks = £()

@) [[kAE) + kb AHX)] d =k [ fi(x) dx + k, [ £(x) dx
R, k, ¥ k, wuq B,
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(3)

(9)

Bl

§EL UG AS 2l 3 ol o [QBUL [QAsadly Al €ldl. d o wHEl oul o [@Q8l
wlalsa-dly uat «gl didi. 2l sui QAL Rsadl gl wq sai @R wlalsa-da
Aol d-l (A8 G saua allvilel

A 51 [Qfu [Asfid 2R HAd dl d v 8. ud, [A8uL Asfad e 2ug el dusdl
AL §5cd AL % dsladd Sld O, ved & s [Q8u-L 6 Asfid Aude €1y, dl
ddedl a2 s5d AL ¥ dsldd €l B,

el "ld 2de oiguel P o+l Bld sl s 2l Ald Sl Al oiguel 16 oiguel [Q8y
P o [Asae s2au- uReud 1ol 8. ¥+l aid 2uld oiguel P+l did sdl 215 ay §lu idl
s oiguel SS9 olguel P dsar sae wReud wa 8.

Bl [sfid-dl aal 25 Big w2 sqA ol s Aslia-dl aal 2 Big R sy ua
2 A% AR, 2l 2qwhd [Ehu Aslddl ald sl AslEd AralRid €l vdl vidua
u s3a Sla i 2iail Al 2udl [l 7.7 Hios3el

i RAYAL [Rsfidd olfifas e 2ula [RBaAL as u 2la Big 20100 welsl
Aol Al Wy B, 2w [Q8UAL xRud Bsld difFfas Ad ssoiload UHIAR' asidl
el edld 8. dul Asld-l ue glRL eldldl e doRvil weladl il asid %
Bigni B2 d Bigdl €Ra walsl ol AHidR €l 8.

SIS 581 GIRL AMA £ 1L SIUA BidR 2N8UdL E1SA, dl U A d-tl Aol el [As(édsl
Gualol Al . A S1S UMY £ WO SRAAL AL ANBLAL SIOW dl U AHYHL S1UE vidR
Alal AslAdAl Gualol a .

(G5 2 g u WHRA Bul © 2 d o Ad Asad WS ULl 2L A 9. L wReun
SN CICTE A A TR BT

(10) [asan 2t Asert xAsoflonl A WBWAAL . d 208l uRe 7.2.2(1) Ul A oW,

AU 7.1

A wdal @A wlalaslad (Alad Aslia) FRladdl dd sl

1.
4.

sin 2x 2. cos 3x 3. e

(ax + b)? 5. sin 2x — 43

AL AsfAdl WHL (usll 6 €l 20) :

6.

9.

12.

[(4e> + 1) ax 7. E(p%j dx 8. [ (ax® + bx +c) dx
J X
[ 2 x3+5x2—4
[ (2x% + &) dx 10. ||Jx--L]| a 11. J—dx
J Vx x
3 r.3 2
X +3x+4 - -1
{T dx 3. | =—=—— 14. [(1-x)x dx
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15. [Jx (3x% + 2x + 3) dx 16. [(2x — 3cos x + €¥) dx
17. J'(2x2—3sinx+5\/;)d‘c 18. jsecx(secx+tan x) dx
2 2-3sinx
J% dx 20. J—z dx
cosec~x cos<X
wall 21 dal 22 Hi [ 0 ol d dd 2uld [@sedaid]l dou [@Bsew wie 2
21. (JE +%]¢ WRRSR ......... 3.
13 - 2 5, 1
(A) 3x3 +2x2 +¢ (B)3x3+3x2+c
, 3 1 , 3 1
(C) $x2+2x2 +¢ (D) $x% + 35x2 +c
22. A ﬁ fx) = 4x3 = x% 1A £(2) = 0 A, Al £(X) v 8.
1 129 1, 129
A)xd+ L 12 B) x3+ L + 12
( )x 3 3 ( )x 4 3
C) o4 4+ L 4 120 D) 3 + L _ 120
(c) 3 5 (D) i

7.3 Asad w2l Adl

wRAL uR29eMi vl % [A8AL 1S [Q8unL [Asandl Hadl asi dal [@EdiaL Asensl
221 53 d A FHax R 2R Ad edl. dul 20wl F+i [Rsfad £ an Al @3y F 4 dlaadl
a5l gl vl U fel AsfAd wd w9, vv 2 uglt Fae w2 2uald
glael d M2l euoidl [[8AAL Asld Hoadl BRI Al dul, 2uusl 2ude AslAdid wHBld 3usi
3UdARA 53 wgl adl dl uglizll 3 Adl RAswad-dl 2nasasdl Gel as, s WSl ey Adl
AL v 2R 9 :

(1) dsaq w2 2ugaddl 2d

(2) 2ifs 2xuisd Na

(3) viga: AsaA-l ANd
7.3.1 dsa w2 sueadl Ad

2L URBeU] 2wl el d Asad s uR QR 5309,

AdoL A4 x A £ 4l WRAld S0l x = g(r) R Adi, WU [ £(x) dr < 24 WIUHL FJUidR
531 wsla el

I=[f(x) de w2 (@R s300 :

gd, 2 x = g(f) ddi, % =g'(f)

A AL dx = g'(F) dr avil sl
adl, 1= [f@) dx = [f(g®) - g0 at
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L A YRadAAl Ad A A5 2ARGUARI Ad B A A 2utadl Ad d03 wel wald 8. 2
Adui Gualoll tieal g 62 def 2t 52q 8R] Herad O, AHA A 2048l %L [As{adHdl Asenl
AL udl 14, val [A8uA e ddd adyl, {lAl Gelsell gl 2L W Wy 8

Gelgll 5 : Ald 2udl [REYAL x [@9 Asladl daql

(i) sin mx (ii) 2x sin (x2 + 1)
(i) tan*\[x sec®\x ) sin (tan”'x)
iii N iv _1+x2

Gia @ (i) 2uudl el Sl % mx AL Rsld m 2.
del, el e mx = ¢ ady. ddl, m dx = dr.
| sin mx dx = - _[sintdt=—L cos t +c¢=—L cos mx +c
m m m
(i) x2+ 1+ [Qslad 2x 8. ddl »uew x2 + 1 =7 Adl, 2x dx = dt

Iszin(x2+1)dx=Isintdt=—cosr+c=—cos(x2+1)+c

—L SN Y .
(i) Vxel RsRd +x 2 = —2\1/_ . ddl, A 2wda Vx =1 ady.
X
3 1
ddl, —= dx = dt.
2x
dx = 2t dt
tan*\Jx sec®\[x 2t tan’t sec’t dt 4 5
WIH, J; dx = y =2 jtanrsectdt

531, 28l el fan t = u 4SY. Al sec’t df = du

2_[tan4rseczrdt=2j'u4du=2o“?+c
= Z tan’t + ¢ (u = tan t)
=%tan5\/;+c (t=x)
4 2
tan*\x sec*\x )
3 - & 5
d%ﬂ,J 7x dx—stanJ}+c

oflon Sld : 2B tanfx = ¢ ueL A WS

. M ]. = Y - .
(iv) tan'x - [Asa~t e 8. adl, LU fan'x = ¢ Adl, ldxz = dt .
+ X

5 alx=jsintdf=—cost+c=—cos(ran‘lx)+c
1+x

J sin (tan_lx)
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Gels

(i) [sin’x - cos®x ax  (ii) J& e (iii) J ;

249

sd 2Rl BsleBdl QEAAL Sedls Hetadl Aseadl wHBd Asfadl 2usadl Ad

Aoeflgl, - Aeel 1w R 2 Asfd-dl 20Ul 24010 Gualal 5303,
[ tan x dx = log | sec x| + ¢

sin x

coS X

], jtanxa!x=J
¢d cos x =t Qdl, sin x dx = —dt

_[ranxdx=— '[% dt =—log |[t|+c=—log|cos x|+ ¢
YL jtanxdx=log|secx|+c

[ cot x dx =log |sinx|+c

cos X
sin x

M&T,jcotxdx=l{
¢d, sin x =t Adl, cos x dx = dt

. _(dt _ _ .

oo [cot x dx r log |t|+c=1log|sinx|+c

[ sec x dx = log | sec x + tan x| + ¢

sec x (sec x + tan x)
(sec x + tan x)

], [ sec x dx = J

¢d, sec x + tan x = t Adl, sec x (tan x + sec x) dx = dt

jsecxdx= J% dt =log ||
=log|secx +tan x|+ c

[ cosec x dx = log | cosec x — cot x| + ¢

cosec x (cosec x + cot x)
(cosec x + cot x)

], [ cosec x dx = J

d, cosec x + cot x = t Adi, —osec x (cosec x + cot x) dx =

[ cosec x dx = —‘[%

=—log |t| +¢
= —log | cosec x + cot x| + ¢

|cosec2x - cot2x|

—log +c
| cosec X — cot x |

= log | cosec x — cot x| + ¢

6 : <AL Asadl Aadl :

sin (x + a) 1+ tan x

B3 : (i) 28] [ sin’x « cos?x dx = [ sin’x - cos®x (sin x) dx

= _[ (1 — cos?x) cos*x (sin x) dx

¢, cos x =t Adl, df = —sinx dx

dt

dx
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jsin3x . cos’x dx =— I(l — %) 2 dt
=— [ -1 dt

{55

- _1 1l 5
31cosx+ 5 COS

x + ¢
(i) x+a=1adl, dc=dr 2.

J' sin x J sin (t —a)

sin (x+a) - sint dt

sintcosa—costsina
sint d

cosaj'dr—sinajcottdr

(cos a) t — (sina) [log|sint|+ c]
=(x+ta)cos a—sina[log|sin (x +a)|+ c]
=xcos a—sinalog|sin(x+a)|—c, sina+acosa

sin x
sin(x+a)

dell, J

dx =x cos a—sinalog|sin(x+a)|+c

Ui, ¢ = —, sin a + a cos a YA oW W AN B.

J‘ 1 cos x dx
(i) 1+ranxdx_ cos x + sin x

1 J(cosx+sinx+cosx—sinx)dx

) (cos x + sin x)

cos X —Sinx

- 1 1o == ==
) [ ax + 2 Jcosx+sinx dx

o .1 Jcosx—smx

X
= —_— = .
2 + 2 2 | cosx+sinx dx

N cos X — Sin x 59
¢, 1= | Cosxrsinx dx 4D,

cosx+sinx=t@td[, (cos x — sin x) dx = dt

I= ‘[% =log || + ¢, = log | cos x + sin x| + c,

(i) i ¥,
__dx o1 .
= — 1 — - 2
J1+ranxdx 2+_2 +2108|008x+smx|+—2
_x 1 ) ¢ ¢
=5 t7 + + L+ 22
> > log | cos x + sin x| > 2

&

log |[cos x + sinx| + ¢ c=

Il
o=
+
]
-
o

Bl

()

Ml,\?

—
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AR 7.2

wall 19l 37 Hi 2uual Q8L dsléd qadl o (Ul aralRd §li Q)

12.

18.

21.

24,

27.

30.

36.

2x
1+ x2

sin x sin (cos x)

ax+b

(4x + )y x> +x+1

1
(x> -1)3 x5
X
9 — 4x?
-1
etan X
1+ x°
2 _
tan” (2x — 3)

2cos x — 3sin x
6cos X + 4sin x

/sin 2x cos 2x

Sin x
1+ cos x

*l1—tanx

(x+1) (x +log x)*

X

S.

16.

19.

22,

25.

28.

31.

(log x)2
X

sin (ax + b) cos (ax + b)

)

1

x=~lx

x2

2+3x°)°

sec? (7 — 4x)

1

cos’x (1—tan Jc)2

cos X

N1+ sinx

sin x

(1+cos Jc)2

Jtan X

SIN X COS X

X sin (tan_1x4)

8

1+x

11.

14.

17.

20.

26.

29.

32.

172 ]
n

1
x+ xlog x

x4/1+ 252

2x —2x

sin'x

y1-x*

COS\/;
Jx

cot x log sin x

1
1+ cot x

(1+1og x)2
x

251
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wall 38 L 39 Hi [Am wd o d dAd 2ula [Qsedaiial Qo [Rsey wie 2

(10x” +10* log, 10) dx
38. =

x10+10*
(A) 10* = x10 + ¢
(C) 10 = x10)1 + ¢

dx

3 SIHZXCOSZI

(A) tan x + cot x + ¢

(C) tan x cot x + ¢

(B) 10* + x10 + ¢
(D) log (10* + x10) + ¢

(B) tan x — cot x + ¢

(D) tan x — cot 2x + ¢

7.3.2 BseBdla Rl Gualol s3AA dAsan

Bl

R Ased 516 Buslaidly @AY vad €ld, R 2uusl geldl [Foudl Gualol s30 dsax

53 wslol ¢l {lAAL GELSRWL gl VL AHD AL :

Gewg2el 7 ¢ (i) [cos®x dx (i) [sin 2x cos 3x dx (iii) [sin’x dx Aadl.

B34 : RAAM cos 2x = 2cos?x — 1 4l 530 A U],

cosx = % yoal.

5 1+ cos 2x
o Jeos’x dx = || 75— | ax
=%J'dx+%j‘c052xdx

=%+ sin 2x + ¢

L
4

(i) (¥ sin x - cos y = %[sin (x +y) + sin (x — y)] e S

24191, Isin 2x cos 3x dx %[ Isin 5x dx — jsin x dx ]

%(—% cos 5x + cos x) + ¢

1 1
-0 cos 5x + 2costrc

(i) (™ sin 3x = 3sin x — 4sinx 4l, 2048 sindx =

Isin3xdx =%J'sinxdx—%jsin3xdx

_ 3 4
= -7 cos x + 7 cos 3x + ¢

3sin x — sin 3x

(3u7?)
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ol d :
[sin®x dx = [sin’x sin x dx = [(1 = cos®x) sin x dx
¢d, cos x =t Adl, —sin dx = dt

o [simdxdx=—[(1 -2y dt =~ [dt + [ at

=—r+ﬁ+c
3

= —cos x + %COSSX +c

Al BisaBda Rl Gudlal 530 ol odiell 1 © dd euldl as.

AU 7.3

wal 19l 22 3 spual @A dsfad Aadl

1. sin? 2x +5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x+ 1) 5. sin® x cos® x 6. sin x sin 2x sin 3x
; i 4% sin & o 1-cos x 9 cos x
S AX Sin ox * T+cosx * 1+cosx
sin*x
- 4 4 S x
10. sin* x 11. cos™ 2x 12. 1+ cos x
cos 2x — cos 20. cos x — Sin x ;
13. COS X — COS O 14. 1+ sin 2x 5. tan” 2x sec 2x
.3 3 . 2
4 Sin”x+cos x cos 2x + 2sin“x
16. tan™ x 17. ) ) 18. >
Sin X cos x cos°x
1 cos 2x .
19. ——=— 20. 2 21. sin— (cos x
sin x cos’x (cos x + sin x) ( )
1
22.

cos(x—a) cos (x—b)

well 23 dal 24 Hi (@ 0 oA d dd 2ula [Qsedaiel dod [@sey wis s

) 2
Sin“x —cos“x
23. J—Z > ax = ...

Sin“x cos”x

(A) tan x + cot x + ¢ (B) tan x + cosec x + ¢
(C) =tan x + cot x + ¢ (D) tan x + sec x + ¢
1+
- J# e
cos” (e"x)
(A) —cot (ex®) + ¢ (B) tan (xe*) + c

(C) tan (&) + ¢ (D) cot (¢¥) + ¢
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7.4 3edis [QRre @A Aslaq

Bl

2L (oML A1u8l Ased sal W2 1A ealdd Herayel Aol diRdly A d«il Gualowel Asilfd

sedis WMl Asfadl Aadly

(1) ﬂxzd_xaz =ilog i;i +c
(2) J‘azd_xxz :ilog zti +ec
(3) xzixaz = % tan™! (— +c
) :ﬁzlog|x+\/ﬁ|+c

+c

—  _ -1 (X
(S)J > = sin (a

( dx
© | 10g|x+\[x2+a2|+c

84, Ul Guisd uRadl Wb 5309

1 1

(1) 4], 22 (x-a)x+ta)

2a

1 {(x+a)—(x—a)}

(x—a)(x+a)

o1 _1
T 2alx-a x+a

ot - sl ot
x2_a2 2a xX—a xX+a

=== [log|x—a|-log|x+al|]+c

X—a
X+a

= 5g log

+c

-

(2) Gua~l ulReux (1) udl 2uuEl el ¢l %,

1 1 {(a+x)+(a—x)

(a+ x)(a—x)

a’-x*  2a

)t 41
2ala—x a+t+x

(@>0)
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J dx :Lde +de}
22— 2 2a | Ja—x a+x

= % [-log |la—x|+log|la+x|]+c

a+x
a—x

+c

1
= %a log
Al : (1) wi Gualml dlda Aand uRade 7.5 Wl uuw,

(3) x=a tan O dQdi, dx = a sec’0 do

J dx _ a sec*0 do
x2 + 02 aztanze + a2
_ 1
=3 Jd®

_1
—a9+c

+c

1 1 (X
aran (a

(4) x = a sec O adi, dx = a secO tan® dO (a>0)

dx a secH tan®
J 2 2 =J 22 2 o
x“—a a“sec0—a
= Isec@d@

log | sec® + tanB | + c,

2
+ . [=-1
a
= log x+\/x2—a2 —loga + ¢,

= log |x+ x? - a? +¢, %, c=c, —loga

(5) x =a sinO Aadi, dx = a cosO dO
dx acos0do
J' a® — x* ) I' a’—a*sin*0 0
[dO =0 + ¢ = sin] (i) +c
(6) x =a tan© d&dli, dx = a sec*0 doO
dx a sec’0d o
J x* +a* B [ a’tan®0 + a* @>0)
[secO a0

log | sec® + tanB | + c,

2
X X
=+, [+ +¢
a a?

= log + ¢

2 |=

log
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Bl

J|c+«/x2+a2 —loga + ¢
2 2 :
X+Ax"+a”| + ¢, %, c=c, —loga

AL WHUBLA 3UIAL Gualal s3] ¢d vl %+l Gualal ol Asldl Wbal 530 asd 2al
oflrd Jeais 3ul Hadly,

log

log

JzL uslAl AsAdl Aoadl 2uval,
ax“ +bx+c
2 2
ax2+bx+c=a [xz +£x+£} =aqa (x-l—i) + c_ b
a a 2a a  44°
= b - e = C bz I
¢d, x + = = Adl, dr = df 48 dUl = — —5 = T &? dadi,
2a a 4a

= C _ b2 - = nt » ' 1 ‘ dt . * =
gd, |~ 777 |l R&e vquR 2uuel qud dslddd = | AXAJUHL Juld U8l
@  4a = Soa )tk

2§ dd Aslad dadl s,

-

JL AU As(Ud HAoadl Ul e ud (7) Wl 2L aylyl e

1}ax2 +bx+c

WHIBLA 2a3u-l Gualal 530 sl Aadlel,

x + . =, - = e =~
J% dx, (%4, p, ¢, a, b, ¢ VAVLL 9.) il ¥3u-l As[Adl Hoaadl ARAH 218
ax +bx+c

dl 6L AN A 2 B iHly & ¥, px + g = A %(ax2+bx+c)+B=A(2ax+b)+B

A 1 B HAqdl 4l oA 0Bl x il ASILRISL i AN ue uvudlyl. A w4 B
ol olle AslAd meldl wHBld w@3u-dl Gualel s3I Aadl s,

‘ + . . s = . = - .
(IO)JM dx, WsiRHl Asladl Hoqal >uusl (9)dl ealde Ad oo axly

gd,

1}ax2 +bx+c

A Asfidr Ansldl Wulbld @zunl s2dlgl
2l Getgellel GurHdl Aseuripil 1w 5303

Gelgul 8 : A Asfadl dAaql :

0 sz —16 (i) J\ux—xz

+c (7.4(1) waud)




Asdr 257

(i) [ dx [L
11 —_—_— =
J\2x—x% V1= (-
x —1 =1 adi, dc = dr
dx_ _ [ di_ G+ e (7.4(5) wwd)
2x—x2 1—32

= sinl(x - 1) +¢
Gelgml 9 : A Asfadl daq)l
i — 11 —— 111 -
(i) Jx2—6x+13 (i) J'3x2+13x—10 (i) [«/5x2—2x
B ¢ (i) wel, x2 —6x + 13 =x2 —6x +32-32+ 13 = (x 3% + 4

aell, JZL _ J L
x“—6x+13 (x=3)"+2

(x —3) =1t Qadl, dx = dr

J dx J dt
x> —6x+13 > +22

= L (%) + e (7.4(3) wwl)

32+ 13x - 10 = 3(x* + Lx -1

(udadl s2di)

]

(VS
1
—_—
-

+
—
o=
—
(o]
|
—_—
o3
[ o]
| I

JL _1f_ar
3x% +13x — 10 3 t2—(17)2

PRV
i 7| T a
3x2x6 3
x+43-17
=L N
17 log 3 17| T4
© 6
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= 17 log [355

1 .= L 1l
=37 log |5T751 t & W c=c¢ + 77 log 3

_ L dx RO .
=7 — (yRadl $2di)
\j(x‘?) ‘(3)
x—%—:‘&tdl,dx=dt
J dx _ L dt
\5x° —2x V5 ‘/ .l.2
2 =,
= 5 log [+ tz—(%) (7.4(4) waal)
= % log x—%+1,x2—2?x + ¢

Gelgwl 10 : A Asfadl qaqal :

0 J (x + 2)dx (ii)[ (X +3)dx

2x7 +6x+5 J5-4x - x?

Bid : Yot 7.4 (9)d Gudlol s3I udl Aseudl diud A wwd ealdly :
x+2= AL+ 60+ 5)+B=A@x+6) +B

ol GUYBL x el ASABSL Ul A YE AvdAd,
4A =1 24 6A + B = 2.

- L yap=41
2l A = T ¥l B =3
dx
J;;zdx:LJy_+6dx+ L —
2x% +6x+5 4 ) ox® +6x+5 2)2x" +6x+5
- %Il+ %Iz (121) ...(1)
L 22 + 6x + 5 =1 dAdi, (4 + 6)dx = dr

II=J% log |t]| + ¢,

= log |2x% + 6x + 5| + ¢, (2
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~ dx 1 dx
A I, = |——— = =
2 J2x2+6x+5 2 x2+3x+%
_ 1 dx
S 2 3\2 , (1)2
(x+3) +(3)
x+ 2 =1 ad, ax=dt
dt -
I2 = % 5 7 = 2>1<L tan™! 21 + ¢y (7.4(3) quQl)
t +(%) 2

-1 3
tan 2(x+2] + ¢

= tan' (2x + 3) + ¢, ..(3)
(2) 24 (3) -l Gualal (1) 1l S2dl,

x+2 dx = ]1 2 1 1 9}
2—x—zog|2x +6x+5|+51‘an (2x + 3) + ¢ Hual.
2x"+6x+35

a 4 2
4 2

wild Asldd 7.4(10) @gud 8. ¢d 20l (x + 3) 4 0A saldd WIuHl x[dsd
CEIEP I

¥y ¢ =

x+3=A%(5—4x—x2)+B=A(—4—2x)+B

ol UYL x Al ALABUSL Ul AN UE AU,
2A =121 4A + B =3

A=-L 33 B=1

2
J X3 1[(—4—2x)dx N J dx
S SRR U e it L —ax
5—4x-x2 2 ) 5-4x-x? J5-4x-x2
_ 1
- _E Il + 12 ...(].)

L4 5 —4x —x2 =t ddi, (4 - 2x)dx = dt
J’(—4—2x)aix
I, =

1/5—4x—x2
dt
[? =2\t + c,
= 2\[5—4x—x2 + ¢ +(2)

dx _ J dx
J5-dx - x2 J9 - (x+2)2

gd, I, = J

x +2 =1t 4Qd, dc = dt
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I, = JL = sin”! (%) + ¢, (7.4(5) W)

xX+2

= sin~1 ( 3 ) + ¢, ..(3)

(2) 24 (3) L Gual (1)ul $di,

| - i v 5]

: C
wloc=c - o

ALY 7.4

wall 19l 23 |l 2udal @89 Asfdd Aadl

352

n

= =
=
f=21
+
bt —_—
[
—_
+
2
=
i
[
|
=
(=}

9 —25x%

=
|
—_
[
[

10. 1, ———— 12, 77—
X2 +2x+2 9x% +6x+5 7 —6x—x*
1
13. 14. 15.
Ja-Dx-2) A8+ 3x — 2 Jx—a)(x—b)

» 4x+1 . X +2 " Sx—2
L T . . 2
Nl trs 2, 1+ 2x +3x
19 6x+7 20 xX+2 21 x+2
ERVERDIEEE)  Jax— 2 L +2x+3
» =2 2, ——
- T2 J. \/7

¥ —2x-5 X2 +4x+10

Well 24 dal 25 | [ 0 oA d dd 2ula Qsediaiiel dou [@sey wie s

(A) xtan ' (x + 1) + ¢ (B) tan ' (x + 1) + ¢

(C) (x+ 1) tanx + ¢ (D) tanx + ¢
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dx
Ny
9x — 4x
9x -8 8x-9
(A) %sin‘l ( xS ) +c (B) %sin‘l ( xg ) +c
9x -8 9x -8
(C) %s:‘n‘l ( x8 ) + ¢ (D) %sin‘l ( x9 ) +c

7.5 i85 2uyais-l Aa Asan

ARl We A2 5, U8 P(x) A Q(x) A Ad x L olguelpil €l A Qx) # 0 €lu ddl
N N P(x) . . Coa s <
6, GUEUElALAL BUALLSR ) a3 dHy [Ady a5 éd. ¢ A P) -l ad 2 Q(x) «l
ald sl edl Qu, dl AU [@BUA BRI AR @AY A 2 A o AL A 209Ra ddy [Ady

$€lg. AP AN @A cousiRdl Aadl Gud s GRld w4 [Ada 24 cguelu da

P
dly uRalda s31 asa. dedl o Q((J;)) AL AAA [Q%Y €y, dl Q(( )) = T(x) + Ql(( )) avil

. “ P (x ~ et .
st 2l T(x) 2 x Ul ARAlS olguel § in Qll(( x)) 2GR AU (A8 8. ¢d, Ul olgueld

Asert 3l Ad 52q d il Ylad dal 2ude SIS Ll ARY [QBA AsAd BRI ARA (AR Asladu

AN

WRalld 53 wstd. 2l 2wl ¥ BRI ARY Q8L Asan-l wal s Gl Al Bexdl oiguel-

~ A A R . = S P(.X) ~ . R ~
AAQYAL Y™ 5 (gald vaudl €l ddl [asey Gl.i?{g. B ALUBL J@ dx aqdl MidLdl 8153, dl

P(x) . . N ~ en . -
Q(( x)) 2GR AAY (A8 B, s ARY QAU 6§ ddl ay Aod WsR-AL AR (@83 AU

AUl iR wyalsd dd daal yol wsiw B, AR e AL 5SS neldl WA 3usil
Gualael s 530 wslal, A salda ses 7.2 wwued dedls 2wld [t A QAU w0l
Asuuda il wyalst suid 9.

ey 7.2
.. ARy [@QAug a3y wilas wyRisd a3u
px+q A B
(1) (x—a)(x— b)’a;&b x-a " x-b
px+q A B
2
px°+gx+r a b c Ry A B C
(3) (x—a)(x=-b)(x-c¢) x—a T x-b tx-¢
2
pxX" +gx+r +b A B C
(x—a)*(x—b) X—a  (x-a) X
px2+qx+r A Bx+C
(5) 2 —. T 2
(x—a)(x” +bx+c) x—a x“+bx+c
WUl x2 + bx + ¢ L YW AUl
viquelsel sy el
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Gua ealdd stesui A, B, C drdlds Avuipl 8. dxedl s Hed A8l 530 as.

Gegm@ 11 : JL qudl
Cl(x+D(x+2) '

B3a : ], lA Ased GRA AAY QAU . dell, 2ilBs wyaisd Ad (ses 7.2(1)) wwdl
28 A A Wl euldl wglal

1 A B
(x+D(x+2) ~ x+1 T x+2 (1)

A 24 B dRd[@s Avaipil 9. d 28 2 Ad A8l 531wl el

LYl 1 =Ax+2)+B(x+1)

gd, ol 6UY x il ALAARLS U HAU YE AL,
A+B=0%12A+B=1

L AHls2WeU B3edi A =1 34 B = —1 34l

WIH, LA ASL (AL [IUML Wt 4 ¢

1 1 |
= +
(x+1D)(x+2) x+1 x+2

ot = e - 5%
(x+D(x+2)  Jx+1 = Jx+2

=log|x+1|—log|x+2|+¢c

x+1
xX+2

= log +c

A4 s Guisd Aals@ (1) A Rcaad B 2ed 3 d ad d A%l (x AL el asu Budl w2)
A” 0. kadls Auisl 2l eSlsd saladl M2 ‘= ddd v 9. 2L sld © 5 e QU My

= =

A d¥l ‘= quA sald 8 % wula @ wlse O ded ¥ ox Al W Sedls AlssA Budl

e d AA Qe 9.

G

% +Ddx -
——— Aadl.

Gewsw@ 12 :
x“—5x+4+6

2
o (x” +1) . - -
Bia : udl, Asen 2 rie GRd AHY [@Q8Y Azl del 208l (k2 + 1) A x2 - 5x + 6 <3

CIEIETR
il X% +1 L eSS
"Xt —5x+6 x> —5x+6 (x=2)(x=3) ™
. 5x 5 A B
Il % +

v (x=2)(x—3)  x—-2 ' x-3

ddl, 5x = 5 = A(x = 3) + B(x = 2).
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6l GIYBL x Tl ALILRLS A AL UE AL,
A+ B =52 3A + 2B = 5 1l
wL UHLSWIL B3edl, A = -5 i+ B = 10 HaAl.

-~ x2+1 5 10

dfl, 5—— =1 - +
X" —5x+6 x-2 x-3

2

2
+1
LT = jdx—sj# dx + 10[4 dx
X" —5x+6 x=2 x=3

=x—5log|x—2|+101log|x—-3]|+c

3x —2)dx

)t A

Geww 13 J

B34 : ], e Asd s 7.2(4) Ui 2l WS Ased B, ddl, wud

xoz A By
x+D%(x+3)  ¥FL o (x+p? X3 v

del, 3x —2 = A(x + 1)(x + 3) + B(x + 3) + C(x + 1)?
=A@?+4x +3) + B(x +3) + C(x2 + 2x + 1)
gd, ol Uy x2 dal x il ULABSL VA AN YE A,

A+C=0,4A+B+2C=3 2 3A+3B+C =-2.

w1 aflsaell Gdadl, A= L, B =2 wd €= =1,

WIH, U As «dlAAl [AUHL U 4 -

3x—2 1 5 11
(x+1)*(x+3)

T o4A(x+1) T 2(x +1)2 T 4(x+3)
3x—2 _11J’dx SJ dx 11J'dx
X g =i _2 de — L | @x_
J(x+l)2(x+3) 4 )Jx+1 2 (x+1) 4 Jx+3

log|x+1|+2(++l)—%log|x+3|+c

i
(a—y

4
THEER!
=% |x+3| T2y T
x2 = -
Gelsm@ 14 : > > dx ¥udl.
(x“+1D(x"+4)
x2 : ~
Biq : Hi X2 = y adl.

(x% + D)% +4)
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dell X = .
et eay  FDOGFY

Y _ A + B
(y+1D)(y+4) y+1 y+4

e, IR &

y=A@+4 +B@y+1)
gd, ol Uy y Al ALABLS L AN Ye AMUddl, A + B =1 3 4A + B = 0 3l
dud G3adi,
-l yap=4
A== ¥iB=3

2
. 1 4
al = =

, +
2?4y 30P+D 3P+ 4

x? dx :__1J dx +ij dx
P +ni+a) 3?41 3)x%4a

— =1, 4 1L 1 (X
33“{1?’1 x+3><21‘an (2]+C

- =1, -1 2, 12X
3ranx+3tan 2+c

Guisd GeleRHL B s5d AL 2yasl Mol Ydl o Sdl. d Asdr {2l 2088 il
gd 28 w5 Adl Gelserll Al 5302 5, Fui AsaAHl 22U A wiBLs 2qyels oA Ldrdl
AYsd Ad Gudldl adl Sl

(3sind —2) cos d
5— cosqu —45ind

BewR@ 15 : J' dp ¥aal.

Bi4 :y=sind Adi, dy = cos ¢ db

J(3sin¢—2)cos¢ B [ By-2)dy
5—cos?) — 4 sind o 5—(1-y*)—4y
_ [By-2)dy
Jyr—ay+a
_ (24 =1 (W)
-2
Gy-2 A

gd, el 7 = =B 5 avily. (sres 7.2(2) urdl)
(y-2) y=2  (y-2)
3y-2=A(y—2)+B

gd, ol 6UYBL P vl ALIRLS Vil AN U Avllddl,
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A=321 B-—2A=-2 403l dgdl A =3 24 B = 4 yaal.

wIH, MO Aslld 1Al W3l Wi Yl

[ ] i Jd_y [d_y
I [[y_z G2 Y355 4 —

-1
=310g|y—2|+4(ﬁ)+c

=310g|y—2|+ﬁ+c
) 4
=3log|sin§ —2|+ 3750 * ¢
=3 log (2—sin¢)+m +c (2 — sin ¢ SRl 41 B.)

%+ x+1)dx

(x+2)(x% +1) Al

Bewsw 16 J
B3 : ], hA Ased BRI AR QAU D, dedl A 205 2yais-l Ad (Sres 7.2(5) wad),

¥+ x+1 A Bx+C

= +
(x+2)(x*+1)  xX+2 24,

avilal.

X2+x+1=A2+ 1)+ Bx+CO)x+2)
gd, oidl ol x2 dal x el ALIABSL AL AN YE AUAdl, A+ B =1,2B + C =1 24

A+2C =1 4d. » wfls2ell Ghadi, A= 2, B =2 24 C= 1 wad. dll, »uda aise,

5

2 1
Caxtr 5 Bl 4 2x+1)
(x+2)(2+1)  Sx+2) T 324 5(x+2) T 524

4+ x+1 dx=éJ’dx +2dex +lj dx
(x+2)(x* +1) S)x+2 52400 S 2402

%log|x+2|+%log(x2+l)+%e‘an‘lx+c

WA 7.5

well 1el 21 Hi 2uddl @8 Aslad Aaal -

X 1 3x-1

(x+D(x+2) 2. T, © G-DE-2)(x-3)

w

X 5 2 6 1-x?
(x—=D(x—2)(x—3) 7 2 43x 42 ©ox(1-2x)

4.
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_x g — 9 3x+5
(x? +1)(x—1) T (x=1)%(x+2) PP —x+1
. 2x 3 Gosx L, Erxet
T -1)@2x+3) T (x+1)(x%—4) Cox? o
13 2 3x—1 5 1
T =)0+ x%) C o (x+2)? "ot
1 . AL N ~ ~ -
16. — = (Ma : v A Bed x7 1 ad ol A x” = ¢ dl.)
x(x” +1) b
cOS X A
17. (I—Sm x)(z_s"t x) (%:!3-{'1. - SIN X = t e“..)
(x2 +1)(x% + 2) 2x 1
18. 19. 200 —5—
(2 + 32 +9) (& + D0 +3) x(x* - 1)
1 N
21. @ 1) (M ¥ =1 dl)
e —
wall 22 dul 23 L (A w0 o d dd wula [Rsedmi] dou [Qser wie 52 ¢
xdx

22, Jm ST

2 2
(A) log %‘ +c (B) log (xx—_21) +c

2
(C) log (;‘:;J +e (D) log | (x = )(x=2)| + ¢
23. J;L= ..........
x(x“+1)
(A) 10g|x|—%10g(x2+1)+c (B) 10g|x|+%log(x2+l)+c

(C) —log | x| + % log (x2+ 1) +¢ (D) %log |x|+1log x2+ 1) +¢

7.6 viga: Asa-l Ad

Wl [Aowal 2l Asad weHdl s ay Ad-dl Al Ay A o [ABuAL deusRAL s
el ver o Gudldll Ad 8.

A ou vy uox Al [Qsadld @AY §, dl [Rsad-il seusi-l Ry W,

d o~ dv ., du
E(uv)—udx+vdx

ol oI AsAt 5,
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uv=Juﬂdx+Jv%dx

dx
"~ dv 3 du
MﬁlQlJudxdx—uv—Jvdxdx (1)
WA 3 u = f(x) AR % = o).

Ao i) oA v = [gx) de
dl, adlse (1) A4 <A wel avl as -
[f() gx) dx = f(x) [g@) dx — [[ [g&x) dx - f'(x)] dx
AL [ (x) g(x) dx = f(x) [g(x) dx — [[f'(x) [g(x) dx] dx
g ol UL £ waH (A8 A g A olly AU HiHdl @, dl 2L ot A wsl quidl Ad
s s3I sl
“of [A8ULAL oRusIRAL AsAd = (wun (A8Y) x (ol [Q8U-AL Asa) — [(wan [RAud [Asfad)
x (ofloa [ABu-AL Asfaa)] L qsfad.”
Bewgel 17 ¢ [x cos x dx Al
Bid : f(x) =x (uad [@BY) A g(x) = cos x (6ll% (@A) Adi, vise: Asenrl Fad waa),

fx cos x dx =xfcosxdx— “% (%) fcosxdx dx

= x sin x — [sin x dx = x sin x + cos x + ¢

=

A f(x) = cos x 2 g(x) = x ad, dl

[x cos x dx =cosxjxdx—J[%(cosx) _[xdx]dx

2 2
= (cos x) x? + J[sinx-xTJ dx

WM, M8 A wsl2 A, [x cos x dr B x Al AY dldisol Yedd AslAdHl A
8. 2 el wan [A8y 2w oflon [Q8U-] waeoll Wy Ad w d ol % %33l 8.
iy -
(1) 516 ugL 6 (AL dRUSIRML 835 duid viga: Asat AUl sy o dd 33l Al d v
g ASH. ¥, [fx sinx de 1A Ad s AR 82 sRA S A 51 @AY AR
o el 3 ¥+l (sl x sin x A
(2) 2], 2uudl ASY 3 s 2wl ofloa [ Asan 54 AR Asad-dl A ema 2l
sl uRL % 2D cos x o Asad sadl Auid sin x + k avlal, wul k£ AS waa B, dl
jx cos x dx=x(sinx+k)—f(sinx+k)dx
=x(sinx + k) — _fsinxdx— jkdx
=x(sinx+k)+cosx—hkx+c

=xsinx+cosx+c¢
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4, AUEL AT wSlA A F, videw AsaAl Rl Gualal aud R ofln [@Q8ud
Aser 532 AR AsensAl AR 20 GACAL vl B, d-ul il uReuHml S $35
sl el
(3) au=r Ad 2R S8 [ x Al Addl 3 x <l oguel 23U U AR U dd uud
QA% als ade. dx odl ot Bsaldla ulfiy § agosly @3y oflw saua ddls
€, dl 28 dud yud [@A8d dd ady,
Gewsanl 18 ¢ [log x dx Aadl.
B3 @ 2, udal dl uudl g B @AY Al Rl & -l [slad log x . defl 2uud
log x A Wy [A8% 2 a0 Q3% 1 1 ol Q8% a5 ady. dell oflw [Q8unl Asld x a.

asll jlogx-1dx=10gxjldx—J[%(logx)jldx]dx

=10gx-x—j (éxx) dx
=xlogx—x+c
Bewgzel 19 ¢ [x & dr Aadl.
Biel @ xA wan Q8% A ¥ ol QAU a3 Adl, ol QAU Asfad ¢ ad.
ddl, [x Fdr=xe—[l.e5dv=xf - +c
x sin 'x

GelgwL 20 : J_\/_ dx  Andl.
2
1—x

Gia : simlx A wan @Ay wA

= oflon [A84 ddls dl. ¢, uddl A ol @R
1—x

Asa 53 2d J % Aol
1—x

1 —x2 =1t ddi, df = 2x dx.

A

Qe dex (sin~1x) (= 1—x2)—J' L —J1-x%) dx

\[l—xz
—4J1- x2 (sinlx) + x + ¢

= x — 41— x> (sin~x) + ¢

oilg 3ld @ e sinlx = 0 @S vigw: Asaddl Rl uel 2uta ysfad dadl ws,
Betsaml 21 : [e* sin x ANl
G5a : 2], e A wan QAN A sin x A ol @AY A3 @Bl ¢Q, viga: Asadl Fud vl
I = _[ex sin x dx = e*(—cos x) — Iex(—cos x) dx
= —¢*cos x + I, (W2 %) (1)
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gd, I, 4l e 2 cos x L gsH uud i ol (@89 oy A,
I, = & sin x — [ e* sin x dx
[l (a (1)40 ¥sdl,
[=—*cosx+efsinx—1
wydl 21 = € (sin x — cos x)
adl, I = [e* sin x dx = %(sinx—cosx)+c
oflan Id : Gurl WAL sin x A ad (A8 A e A oflon (A8 dld adq uRl Asad s3I ws.
7.6.1 [ [f(x) + f'(0)] dx UsiRs Aslad
W[, I = [ [f(x) + f'(x)] dx = [ f(x)dx + [ f'(x) dx
I=1+ [&f(x) dx % I, = [ f(x) dx (1)
F@) @A ¥ viesH uaH e oflo [@Q8Y S Adl Al T o Asart viga: Asas-l Al
5,
I, =f(x) e - If'(x) eXdx +c
[ -l Baad (13 3,
I=ef(x) = [f'x) e dx + [ f'x) dx+c=&f(x) +c
WA, [ [f(x) + ' ®)] dx = & f(x) + ¢

1+x

Gewg@ 22 : (i) J ex[mn_'x+ 1 2] a (i) Jw_

1+x

Gy : (i) wdl, 1= J ex[ran_lx+ ‘ 2} dx

Y Y = ].
8d, f(x) = tan\x adA, dl f'(x) = 1

+x2

adl, vua As@ e [f(x) + £'(x)] U+l .

1+x

. ”(x2+1)ex x_x2—1+1+1
[ = |———dx= — |
i) x+1)? Je | (x+1)? }

Fad 2 —
= |e* x—12+ 22 dx = | e* x_—1+ 22 dx
(x+1) (x+1)7 | X+l (x+1)

29l

I= Jex {ran_1x+ ] 2] dx = & tanx + ¢

- -1 - S
€A, f(@) = — AL, dl f@) = P
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B

ddl, wUA As & [f(x) + £'(x)] WS-l O,

(x% +1) e* (x-1
[—(x+l)2 dx = [x+1) e+ c

WA 7.6

wall 19l 22 ui aval REdAL Aslad daql

1. xsinx

4. xlogx

7. x sin!

X
10. (sin~1x)?

13. tan'x

16. €* (sin x + cos x)
1 1

19. & |5~ =5

o e (L=

2x
. 1 —
22. sin~ (1+x2J

2. x sin 3x 3. x2e&

5. xlog 2x 6. x2logx

8. x tanx 9. x cos\x

11. &s']x 12. x sec’x
Ji-22

14. x (log x)? 15. (&2 + 1) log x

xe* 1+ sin x

17. 1+ 22 18. & (m)

(x—3)e*

20. 21. e sin x

(x-1)°

wall 23 dul 24 Hi QA 0y o d 2d 2uta [@sedaidl dou [Aser wie s
23 [x2 e dx = .

(A) 3 +c
(€) L e+
24. [ e* sec x (1 + tan

(A) e cosx + ¢
(C) e¥sinx + ¢

(B) + & +c
(D) + &+
xX)dx = .........

(B) ¢ secx + ¢

(D) ¥ tan x + ¢

7.6.2 Asdn-l S2ais ay uHBd 30
2], 28l F2cls [AfEne usiAl YHUBLd 3WIHE 2ubal Asedldl As(@dl visa: Asadl Gulol

s3 Aadlel.
(i) _[ xz—a2 dx

0 1= P -a® &

(i) I x> +a® dx (iii) I a® - x* dx

adl.

wan (@AY 1 A ofloa QAU ddls @y 2 visa: Asadel Asfadl Aadly,
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Il
=
=
[

|

2
[

|
[} —:

o

=
o

x% - g2
i 2
=x [x2_a2 _ X dx
JAx —a?
(2 2 2
2 3 (x*—a“)+a
=X Ax“—a” -

_J \/xz B az dx

:x\’xz—az - Jl\/xz—az dx — a* Jﬁ
=x\/x2—a2 -1 -a J%

X —-a

dx

xz—az

2
Q}lﬁlcll.1=j x% — a2 dx=%\fx2—a2 _aT log |x + \[xz—az | + ¢

2L % WHIGL AN [AQBU 14 oflon [@8U a3 A 2 vigal: Asanel ol 6 As(adl ua dadl
A5,

2
(if) _[ X% +a? dx=%x,/x2+a2 +a710g|x+ 12 + a2 |+ ¢

2_ 2 g = 1 2 2 2 (=

i) [a?—x dx—ixm+a?sml(z)+c e

ellog 2ld : Asladl (i), (i) 2 (i) 2A4sd 2WeA x =a secO, x =atan® 2w x = a sin O
ad uel Hadl asw.

Belgw 23 : J‘«/xz +2x+5 dx Aadl.
G Al Y [P r2ees d - [+ 1?2 +4 ax

x+ 1=y dadi, dc = dy. adl,

Jl«/x2+2x+5 dx I,/y2+zzdy
_ %y /y2+22 + %log |y + Y2 +4 | +c  (7.6.2(ii) u:dl)
= %(x+ 1) \fx2+2x+5 + 2 log |x +1+ 1/x2+2x+5 | +c

»ql 2] = x xz—a2 - a2 J
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Belsw 24 : I\/3—2x—x2 dx
Gia @ AL % I\B—Zx—xz dx = I\/4—(x+1)2 dx
x+ 1=y ddi, dx = dy. adl
qell, I\/3—2x—x2 615\7:_[ 4-y? dy
1 .
= Ey ,f4_ y2 + % Sin l% + ¢ (7.6.2(111) “l?.au)

1 ) - x+1
=50+ 1) {3-2x—x" + 2sin > |t

7.6.3 J(px+ q)ﬂax2 +bx+c dx

L UL Al AL A 2 B Hadlly, & el

px+q =A [%(ax2+bx+c)] +B
= AQax+b)+B
8 x il ASORLEL il AN UE AvlAdl,
2a0A=p ¥ Ab+B =g
21 W50l G3ddl A i Bl Budl wasl.
dell, 2udl Asldd AL @zl 48l wslA ¢

A[Qax+b)yax? +bx+c dv +B [\ax® +bx+c dx
=A-1, +B-1,

w1 = [(Qax+b)yax’ +bx+c dx

ax?> + bx + ¢ =t Adi, (2ax + b) dx = dt

3
adl I, = %(ax2+bx+ 0)2 + ¢
d % wHIel,

I, = j\/ax2+bx+c dx dsaAl WA @gudl 2ul 530§ d-dl Gudlal 53 Aadly,

WM, f (px + q)yJax® + bx+ ¢ dx Aadl us.
Gelg@ 25 ¢ jx\/l +x — x% dx Al

B3 : Gu euldd ugld w-urdi, 2wud

Al Lt x— 2 -
x—A[a,x(Hx x)}+Bc-tbﬂgg.
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“x=A(l-2)+B
g, x L USRS e AU Ue AU,
2A=1 21 A+B=0 3l

1

2wl Ghadi, A = -2 24 B = 3 wad.

agl, 20 Asldd 1A wHdl suldl asy :

jxﬂl +x — x2 dx =—%j(l—2x)1f1+x—x2dx + %j 1+ x—x% dx

1 1
sL+t3h (1)

i, 1 = [(1-2x)\1+x—x dx
l+x—x2=1¢ Qdi, (1 —=2x) dx = dt

W, I, = [a-2x)41+x—2* dx

= I:ﬁ dt

2'—
§r2 + ¢

3 . A .
2a+x-2H2 + g (2ai, ¢, S QA wan B.)

I, = j 1+ x—x% dx

2
x—%=t@tdi, dx = dt
2
M, 1, =J (L] -0 a

_ 1. [5_ 1 5 .2
Sttt 5 g sin (Jg)+cz
2x—1 2 2x—1
-1 5 1 R |
z( 2 ) I"(""E) Ty s (\/5]*“2

2x—1
= %(Zx— D 1+x—x% + %Sf”_l (Tj )

oul ¢, ¥ oflgl 515 AR wAw B,

3 2x—1
[afi+x -2 dx =5 A+ x-2D2 + Q@ - D f1+x- 22 +%sm—l( = )+c

. —q+
i ¢ = —472

3 oflogl 5155 W MA0 O,




274 A [Buet
U 7.7
wall 19l 9 |l 2ual (@Bl Asfad Aadl -
Lo Ja-x? 2. \1-447 3. Jx+4x+6
4. x® +4ax+1 5. J1-4x-x? 6. AJx*+4x-5
2
[ 2 [2 X
7. \J1+3x—x 8. x“+3x % (l+5
wall 10 dat 11 i [ 03 o d Ad sula [Qselnidl doy [@sey wie s
10, [J1ea?dv= .
3
1 2 5
(A) £ 1+x* + 7 log [x+\/l+x2j +e (B) $(1+xH)2 +¢
3
= 2
(C) 2x (1 +x)2 +¢ (D) &= \1+x? + 5 x2log |x+y1+x" | +¢

11. I«/xz —8x+7dx = ...
(A) %(x—4) x?—8x+7 +9log|x—4+ \[x2—8x+?'|+c
(B) %(x+4) ¥ —8x+7 +910g|x+4+\/x2—8x+7|+c
(C) $(x-4)yx® —8x+7 =342 log [x —4 + Jx® —8x+7 | +¢
(D) %(x—4) x> —8x+7 —%log|x—4+ \/x2—8x+7|+c

12. xyx+x2 13. (x + 1) 222 +3 14. (x +3) y/3 — 4x — x2

7.7 Rud Asa-

UL AL WRADEHL MU AsarAdl 2oqid A1 A 2L sedls [RRre (@Al
Asadl 2aal AFAd Asdl Anqadl sedls Adi-l 2al 530 >0 WRadeHi 2uvdl @QAuAL FRad

b
Asadrll e 5309 Fud Asa-dl 215 R Bud i 8. Rad Aqslidd [ f(x)dxe g

a

gl 9. b A Fud Aslid-dl Gedldl 24 g A Fad Aslid-dl s s8¢ 8. vl Faud
Aslddd Her AUl ast a3 »aal [g b] w2 Arvdild waldsd @Y F €, d Rud
Aslddd yet iduadl 2icabigylal d [@AaA wlfasdal yed-dl dsiad dael dadl asl.
wuld d F(b) — F(a) -l 4 6RA6IR A, Mud Asdddl 1 6 3l 208l sed-2naoel

SOINEIET
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7.7.1 MR 48 433 Rud usl@q
Q2L 5 (A8 £ 2 Agd vdAA [g, 5] U ArvulRd Add [@Bu . @Rl 3 (@8 £ 3 WL 536l

ofl (udl 2oL 8, 2ied (@8 £ Al 2udu 2 X-vta-ll Gurdl sugal »uddl as 8, [Fud Asfid
b

[f(x)dx Med as y=f(x), Ul x = @, x = b dal X-4 43 Ugd ULUL A50 O, Vi s
a

AlHAL AEL a5, X-u8 dal Wil x

a ¥ x = b a3 2Ugd Hed PRSQP adi. (2usld 7.2)

Y ’
F. S
M?D/
C
_s& AL
Q b
Llr Al |B R .
X ‘Ova=xﬂ X X X, X Xn=b >X
Y!
2usld 7.2

8L [, b n A doulS-l Gu-idudimi [Aeuw- 53 [g, o] 4 [@euw [x, x,], [x, x,], ...,
[x, . x)[x,. x,] @ 4. 26l xp =a, x;, =a+h x,=a+2h.,x,=a+rh

r
x,=b=a+nh % h= b%. uRl il 3 ¥ n —> o A h —> 0.
(auzeuni eldla e PRSQP » 7 = 1, 2, 3,.., n ®2 BGuidud [x, _,,
g5 GualsL-ll AL B, sl 7.2 vl 2uusl 56l wsla 3,
doidl (ABLC) 8250 < Uedl (ABDCA) « &os0 < doidiR (ABDM) + &tsn ..(1)
we B3 (x,—x,_ ) >0 gl 7 > 0 wd s (1)l calda 8y uzudl Assa
ARl A5 AMLd 4 dl.

x,] U caid

e, el A eulen wdl WA e g3

n-1
50 =BG ot [0 0) =k T ) 2)

W S, = h[f(x) + f(xy) +.+ f(x,)] = h f f(x,) .(3)
r=I1

wdl, 5, v S, A Guadel [x,_;, x,], 7 = 1, 2,., n U s edal Al derlRri
A GUAL AORAUAL AASAAL AL cAld B,

r=n
URL AUl (1) Aealni OS5 welos Rouw U [x,_, x] w2 A8 wdla ¢l 3,

r=1

5, < 422 PRSQP+ &asn < S, (%)
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B n —> 00 dd UZlpL WS A AL Adl oA © 2t 2uudl WAl @l WA § (2) w4 (3)-
ALY daidl Budl A 29 A d A glRL U9 Yedddl &sisu Fedl asl,

dd Adls Ad A el quil as.
b
lim s = lim § =wyga PRSQP < &5 = [ f(x)dx .(5)

n—oco " jp 00 g

L uEl U8 AS Asl2 1B § Hidle AAse 2 Aseil Al dUARANAL AAFUlAL AR
B GURAAL AOARAIAL AASUUAL AW AL AASOL AU dgt O, YA W2 2uudl uds
Guaidrasdl doll Brudlal 2utar asdl Glus Fedl douSaioll dolizi adel, ¢d 2uusl (5)1 Y-
A ealen Wl avily,

b

| f(x)dx = }}f}) hlf(a) +fa+h) +.+fla+ (n—1)h)]

b
§YAL j f(x)dx = (b —a) lim ﬁ [f(@) + f(a + h) +..+ f(a + (n—1)h)] ...(6)
N N b-—a
%" n —> 0 dd h = — 0.

BuAsd [t (6) A Mud Asld-dl ez dadlsdl v s& 8.

A A9 QAR ddud uR cpvallid S8 Al Fad dAsfidd qer Q@AY w4
A U HHRE O A F+{l wAeoll uusl edat Al [H3uel s e A2 Gla d AsadnL
244 U LR Al

b b
A Wl UG x A @ £ 5y Al A dl [ f(x)de LA UL 5 [ f(£) df L
b a a

[ fu)du avllyl, 2un Asad-l aad 2ueud] (s4l) 24 séan .

a

2
GElSRBL 26 © WAOUAL a8 ddd [ (x? +1)dx Aadl
0

Biel @ vl WA,
b
Jf(x)dx = (b=a) lim i [f@+fla+h)+.+fla+(n=-1)h)]

. 2 -
Wl GelsRML, a=0,b=2,f(x) =x*+ 1, h = TO = %

-

2
s, [ (X +1)dx =2 lim

0 n—o0

I 2 2 -2)2
=2 lim i 1+(i—2+1)+(2—2+1)+...+((2nn—22)+lj]
n—oo L

=2 lim +
n—oo N

o 53] s3] o 5]

(1+1+.+D+ an 22+ 42 4.+ (2n - 2)2]
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I 2
—21lm ~ |n+ Z12+22 4.+ (n— 1)2]
n | n?

] n—1)n2n-1
e P L1 )}
n—soo N L N

=2 lim — |n+3

] +;(n—l)(2n—1):l

n—00 : n
o 334
n—oo 3 n n
_ 4/_ 14
B [”3] 3

2
GelgmL 27 : AANUAL @8 a3 | ¥ dx Al

0
Gia @ vyl WAL,
2 2 4 2n-2
[e*dx =2-0) lim = |2 +en +en +.+¢ n
0 n—oo M1
2

a=1,r=em WA WRIM A0 UEHL AALOUAL YAl BudloL S,

2 2 2
en —1 e’ —1
[ e dx =2 lim + | =2 lim + | =
0 noe en —1 n—ee en —1
)
- 2
. en —1
lim 5 -2
n—eo| =
n
2 . —1 N B .
=e2_1 ( lim = 1 -l GuuldaL $2dl)
h—0
AU 7.8

1A el [Had Asfadig Her AL da «3L qadl
b

5 3
1. [xdx 2. J(x+1)dx 3. [ x*dx
a 0 2
4 ’ 1 4 ’
4. J(x*—x)dx 5. | efdx 6. | (x+e ™ )dx
1 -1 0
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7.8 [Rud Asal yaed Rigid

7.8.1 &Asn A8y
Y I

b
[ f(x)dx 2uu8l y =1 (x), UL x = a, x = b dal /
a

X8 43 g WAL Aststiell 30 rAlid 4. W 3 x

W [a, b] Ml 2uddl S AvuL 9, dl )Icf (x)dx wugla 7.3

AX)
a
9L 2012l 2UAIURA We U Az eld B, (2], 2uudl -l
- T a = ! C= X<O “ * b >X
asu ¢la 5 x € [a, b] W2 f(x) > 0 9. A salda [au- v
A Fd ol (AUl W2 uRL A ©.) 2 (A 23R 7.3

wead &asn x +ll Bud u2 2R 8.

ol woElHl sl dl 21 (A weud Axsu A x4 [@A8% O, vl x AL 2 [EA83A A(x)dl
i d

gallal. vl 0 [y A Aotsul (A8Y sélal 2 d A WAl Yol wnd wdl

Alx) = Tf(x)dx (1)
a
WL AAIAL AR 6L HAMd WHY AL B, U dudl [ alsilel dasll Bdl
wsyesl nuledl o 8.
7.8.2 Asa ARdAl uddl HOMd YA
wdd 1 : 91 [Q8% f A [a, b] YR Add Sld A A(x) XA d doud dxsa [QQu €ly, dl
A'(x) = f(x), Vx € |a, b]
7.8.3 dsa Alld-l oflgl HAMd UHY
28 wfls@adl Guadlor s34 Mud Aslidd Hqeu adal A2 13 2t wiy sulda 8.
WHY 2 : Rl $ [Q4Y f Y [a, B] YR Add & dul F A f 4 uldldslaa ¢. dl,
b b
| f(x)dx = [F(x)], = F(b) — F(a)

e a

Ay

b
(1) wiAy 2 4 ol el s€lA AL [ f(x)dx = [f 0 walasfad F« Gl b uz yeu]

a

— [d o ukifasfad xR a w2 yeu

(2) 2w WAA vt o Guadll 8. sieL & [fad Asladd e WAl qa dils Haddl sl
L uHU]l Anad ver o A B,

(3) Mud Aslad Anadl 2 25 %lea uBu S, dul 2uuwdl s id [@89 Aud & § 3

Qsfad 2 2uta Aqser 8. i uBal [Asad wuAd Asad-dl q2AAl Aoiud ay Hyold
5360,



Asd 279

b
(4) [f(x)dx 3i @3 £ A [q b] Hl AvAld w4 Add €lq #3730 8. Gegal adld Rud

a

3 1 1
Asfid [ (2 -2 dx afigd 8. @AY £(x) = (62 = 1)Z 3 Agd dud [=2, 3] U
)

ML =1 < x <1 ¥l qqRd Al
b . o

[ f(x)dx Anaani A :

a

(i) 2wHud uslaa [ f (x) de ANdl. HRL 5 d F(x) 6. Asdd-dl a0 ¢+ dalsl
wlausdl gl s8L 5 F(x) <l oied F(x) + ¢ adx dlugl

Jf(x)dx = [F(x) + ¢l = [F(b) + c] - [F(a) + c] = F(b) — F(a)

M, (Rud Aslid Hoaaml A 220 ¢ -l @Y 2 9.

b
(ii) [F(x) = F(b) — F(a) < 4& dadl. d [ f(x)dx < yeu 8.

a
gd, L sedls Belgmll RSl

Gelg2nl 28 & AlaAl AslAdl Haal :

9 2 i
3 dx 1
(i) [ x?ax (ii) [le dx (iii) Jm (iv) ]1 sin3 2t . cos 2t dt
2 , 30— x2) i 0
. 3
G4 : (1) 1= | x2 dx dlL
2

~ 3 ~ ~ A
ed, | x2 dx = xT = F(x). slael, yaoid uHy 2 Wi,

I=F(3)—F(2)=2—%=% wagl.

(i) w2 % 1= J

(30 — x2)

=

Aluad 28l Aserdl wlalsld Aadlel,

3
30 —x2 = ¢ ddi, —J_abc dt »ual x dx = = d

. Jx dx o | dt 1 2 1
i, J—g%f—z—%H—a 7| = F®

(30— x5)2 f (30— x2)
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€d, Asad ARIdAL Hasd UHY 2 uHEl,
9

1
3
(30 — x2) 4

-2 1 1 :l[l_L]:Q
3| G0-27) (30-8)| ~ 313 22] T %

2

(i) WA 3, 1= J
1

I =FO)-F@4) =2

xdx
(x+D(x+2)

RS 2yalsHdl Gualal s,

x dx ol 2
x+D(x+2)  x+1 T x+2

Y,

- xdx
el J(x+l)(x+2) =—log|x+ 1]+ 2log|x+2|=F(x)

adl, Asand ARldAL Hasd UAY 2 Y,
I =FQ2)-FQ1)
= [-log 3 +21log 4] — [-log 2 + 2 log 3]
=-31log3 +1log2+2log4=Ilog (%)

T

&
(iv) Wl &, I = | sin32t- cos 2t dt
0

¢d, [ sin®2t- cos 2t dt Aaaal e,
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Je +ex

(A) tan™' (e¥) + ¢ (B) tar™! (e™) + ¢

C) log (¢ — e™) + ¢ (D) log (¥ + e™) + ¢

(
42.J N
(sin x + cos x)

-1 .
—_— + +
(A) oy T € (B) log | sin x + cos x| + ¢
(C) log |sinx —cos x| + ¢ (D) ! > +c

(sin x + cos x)

b
43. A fla+b—x)=f(x), dl [x-f(x) dx = coorees
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b
(A) “”’ [1(b - 5) (B) 4L [ (b +x) dx
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. |
2x -1 )
44. Jfan‘l — | dri HA

1+x—x



Asa 297

ARAA

¢ Asat A [Qshddl erdBa 8. [@sa aRdul »uda [@QRad [Qsfad didag €1 9.
AR Ause ORdHl [ABad [Asfad 2wla €l A dqi uRdl wusl ya [y
gldald €l 8. 20u, Asad A QAsaddl Budl ard Ba 8.
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AL As[Ad 5 2us Asléd s B, ¢ L AsAAAl AN B, L oL As[AdiHl
YL dsldd Eld 9,

¢ olllas elRu ufHud Aslad A asidl WRAKAL A B, 2L AYEUAL o4l Aedld
Y-8l AUs AMidR Gur & A @udidRd 530 dadl wsy 9.

* M Asaddl Sedls el A el 9 ¢
@ /&) +g@]dx = [f&x) dx+ [gx) dx
(i) S16 ardl@s xan k W2, [k f(x) dx = k [f(x) dx
s Ad, £, f froe £, B0 QA 2 &y, Ky, kyoey K, ARcA@S 00130 €14, dl
[Lk i) + Ky i)+t ke, £,(0) ] dx

=k, [fix) dx + k, [f(x) dx +.+ k, [f,(x) dx
¢ Asladdl edls wHBd 3l
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(ii) _[cosxdx=sinx+ c
(iv) [sec’s dx = tan x + c

(vi) Isecxtanxdx=secx+c

-

(iii) _fsinxdx=—cosx+c

(v) jcoseczx dx = —cot x + ¢

(vii) j'cosec X cot x dx = —cosec x + ¢

-

(viii) = = sin~lx + ¢ (ix) 2 - =—cos”Ix + ¢
o l_x o l_x

(x) dxz = tanx + ¢ (xi) dxz = —orlx + ¢
J1+x J1+x

ax

(xii) [e*dx=e"+c¢ (m)jaxdx=10ga+c

(xiv) JL =seclx + ¢ (xv) J,L = —cosec\x + ¢
Ixlyx®-1 Ixlyx?-1

(xvi) J%dx=10g|x|+c
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¢ ifas syaisd Ad :

a ~ .. o Px A N e = - ~ .
218 Ule s 5 ARU (AR % 2 6L oguelald eURLsn 9. P(x) A Q(x) i x ¥l

oUeEl@l 8 A Q(x) # 0. A P(x) <l &ld Q) <l aAld sl 4y (3 Hedl %) €, dl
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glaedl de Asan Al 530 ws B, ULl % A {2 ealo w6 3 dell ay

1oy wsiel AAY @AANAL Aa0UAL 23Ul 2iBLs wyRils-l Ad yol A Asad 539

px+q A B
(1) (x—a)(x-b) ~ x—-a t x—b ,a#b
px+q A B
2 —_— = +
@) (Jr—a)2 x—a (x—a)2
2
px-+gx+r A B C
G) (x—a)x—b)(x—c) x-a t3%-b T x—c (a, b, c [&~)
2

= +
(x—a)’(x=b) *¥=a@  (x—g? x-b
(5) %l x2 + bx + ¢ -l WL YW AUl WA A S, dl

px2+qx+r A Bx+C
= +
(x—a)(x2+bx+c) xr—a x> +bx+c

o Asad w2 2ugA-l Aad :
Asetrrl AdHl YRadd sdi 2ila Aslid WA AslidAl 3udl 3uidRd 4s A
8. 2 s Add oflot Al wRaldd sl 2 Aad 2wea-dl Ad 58 V. i
Asar BlsBidle @Ay wuad €l AR »uuel dsad Hoaal aelldl [Feriesdl
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(iii) [sec x dx = log |sec x + tan x| + ¢

(iv) [cosec x dx = log | cosec x — cot x| + ¢
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& sedais [Alre QA Asf@q :
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(i) 77 " log [T5al * ¢ (ii) 5.2 log [7—| +¢
(iii) f 2d"x 5 = é tan™! (%) +c (iv) %Zlog|x+ Jxt-a*|+c
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& i3 AsAA
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vy [38y 2 oflon (A8l urieall doy Ad wa d #3308, 2], e & 5 ¥+ Asld
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2
(ii) J. x? +a? de% x> +a? +aTlog|x+ \/x2+a2|+c

2
(iii) Jaz—xzde% a2—x2+%sin‘1§+c, a>0

(iv JZL wudl |2 s AsRdA A safea wud wiRid
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Asl@dnl uidRa 53 sy -
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_ 2.6 c|_ b c b
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(v) JA dx 2l JM dx WsRAL AsRAA 3 salen wad

2
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YRl AslAdml 3uldRd s3 asy
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a
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X
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a
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& Asar oRadl uddl HAMd UAY :

X
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a
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b
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%* One should study Mathematics because it is only through Mathematics that
nature can be conceived in harmonious form. — BIRKHOFF <

8.1 widilas

oAl 2wl BLsiel, dorRlRA, Axdol AsiaL wa ada Fdl
AlBfis uglapiil Assn aaddl Yol ollvll ol . ardlas
ol Vs AHRRARUAL B5anl 2 Yol Gudldl adl €l O,
offanl walis Aol Heeddl 20l ALEl 2uglazildl dxga dHl wslx
g1, U AL Yol s Ad asl 29 dddl YR AxAs0 AHAl Yl
gl 2L M2 e Asan AR Seedls yaeid Aseunt-l 32 usdl.

AAOAL USWHL UL A% y = f(x), WL x = @, x = b ddUl
X-oa a3 wigd ueud Assn 3 [Rud Aslid 8 2w ddl Bud
-l @i dds 3dl da el wsw d Alvil ol gd wmEl 2
WSRWHL v A AeL dsel g WRA, aded AN, wdad 3
Guadugl (UHLBld A@3uHl) dpdAL YAl &sis0 dlMal M2

o

A.L. Cauchy
(C.E. 1789 - C.E. 1857)

Asardl 3l Ad Gudlol wy B d-dl vewn s wud 2wl Gu euldd asl @ dudal

wealrl &g el
8.2 el asdl g UeAd AAsn
BPRUGHL USWHML AR AALNUAL a8 ds  [Rud Y

Asfadd yeu 3dl dd avil asd 2« Rud Asfidadl Baa 1 y=f@)
Aaadidl Yoo Rigid weL 2adl. ¢d, 8 a5 y = f(x), S / | D
WAL x =@ VA x = b Ul X-¥8 943 gt Weld Aasn d
Al s AW WA AFAUAHS Uglardl QAN 2ul 59, g g
sl 814 euledl wdl as a3 g wRA A sl x=b
Goll wddll uglile odd 8 dd Al adu. ¢d, duidl X"‘ov P o Q X
G y A0S de 4uadl S8 s ugl W dA (Med Y

2us(d 8.1

ges ugld &xAs0) = y dx U y = f(x).
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WL AASNA 425 daAs0 sEl8l 2 A5 g L b+l a2 2del x <l S5 s Bud gl
MBI adl ueasdl Qe wels ooqnl 2del ugld Astsn 58 . 2wud 2 dudal oL
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Al 425 AASUAL AU d5 Q] wsA. Y ,
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wedd Axsn A 13 ealdd Yot g eauldl asy )Fg(}’)
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A= [xdy=| g dy X'<5 >X
C C v
' Ceald " P Yo sl 82
2§l gl 8.2 Ml eauda Ay uglpil 2l dady, §la 8.
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x=bul f(x) <0 wd dxll as, Wl x = a x = b dal X-2a o3 g Uedd As1sn edlddl
Asladd qed v A, uig el A Axsn saladl s Aval a3 ady. dell % A Aslided Hed

-

b
B S, dl 2Rl d Buddl Wedls ady, ed 5 |[ f(x)dx

a

4 aasn dils ady.

Y
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—/ x=a
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wsla 8.3
A5s auid 2l 8440 euledt uHEL g, weL A 43 3 asel w35 ol X-viasll Gur-il e
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Y
A
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Belgel 1 ¢ aga x? + )2 = ¢? 4 g dewg Aslsa WL, X
. - ~ 03
B3 @ il 8.5 Hl ealew WA ld aga gl 8.
MY WeUd AASN = 4 X (U4 A%, (U x=0,x = a ;
2 X-vg gL dd UL AOBA< &sisu). (ddu A0 )
X-28 w1 Y-28 ud Afd 8.) X< o & >X
a
widl Assn = 4 | y dx (RRldor vl adi)
0
a \f'
=4 J a®-x* dx Y
0 2usld 8.5

8d 32 + 32 = @ il y = £4a® — x> wad. ¢l uBu AOBA Wuw ARl »uddl 8. dull

y=ya*—x* ay e adn g Aigd L wRad Assa sad sl wadl,

2 a

N 22 1 x
Widla Assn = 4[% a” —x" +%=sin —]
@lo

2
4 [(% x 0 + aTsin_llj - 0]

= Tla
ellop 3ld = wugla 8.6 i ealew Wl wHBERy WL Adi, 2hd ada glRl g A4

wed assn
}{

a \
=4 [xdy (3u?) B|(0, 2)
0
a 2 2 @ =
=4 J a’ -y dy
» A(a, 0)
0 X'€ 0 >X
Yy [2_ 2.4 . -1)
= 4|:? a yo o+ > sin a]
0
a 612 . —1 L
= 4 (EXO+TSIR 1]—(0) v’
_,dx 2usld 8.6
2 2
= Ta?
2y

Gewgel 2 ¢ Guaan <3 + o =1 el U9 Ut Asisn WAl

Biet ¢ gl 8.7 Ml eaiew WL, Guady gl gt Y2 ABA'B'A 1 &ssu
=4 x (dUd a3, WU x = 0, x = @ 2 X-28 gl 29T ULA HAH AWAHL 2Udd
U2 AOBA- &s15%). (Guadu 21 X-vigt v Y-212 Ul AMd 8.)
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wold AAsn = 4 | y dx
0

2 2
e, & + ;’—2 = 1. 2udl, y = i% NCa
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=
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2
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8.2.1 4% A vl 43 igTl U AN
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Aots idlel, 2l Gu eulda asiai wdlswl Wl @3udl o a0 asiql wlselxl

oflol 23Ul Yacsel Huledl o 8.
Gewsw 3
gas0 Hadl,
Bia @ udl y = x2 gL sldldl A5 3 Y-8 U

AR wRady B, M 2ugld 8.9 di ealdd w2y AOBA<
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= 2 (2UUA a5, WDl y =0, y = 4 2 Y-218
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x dy

4
3
=2 ﬁdy=2x%[ﬁ] =%x8=% (3u ?)

0
], sl 8.9 Hi gaulewt Wil @R il dldl 8.
6llzn ld @ nl, 2wl uew AOBA< &xs0 lddl gl 8.10 i edled wwd PQ %dl
BRldor uZl2l ual 4 wslal, 2t aHlswil y = x2 24 y = 4 G3ddl uAd x = 2 A
x =2 Hual.

-

1M, Hidd Y2l AOBA ¥l ds y=x2 y =4 ddl Wl x = -2 24 x = 2 43 83dd Y2

adl, 2l #idld uRe AOBA Anisul X=y X
2 . . < N Q B:y=4
= [ yde [y=(Q-ly-ax) — (Ply-u) = 4—x2] A
2 x=2
) x==2 L dx
=2] (4-x?) dx (3% 7) Y.
0 X' o >X
2T 3] _ 2 Y
=24x——} =2[4><2——]=—
[ 3 3 3 25l 8.10

A Gual GelgRel uel 2ud drdl Al 3 4SS ual uRad Astsa allaal W2
wflay 3 RRlde uglpll U8l 56 wat uglaiiedl Gualol 530 aslal. sdel 2o uud uHElay
3 BRldo udlal Wl 518 wa sl 2al 529 BRldo uglaia 2uusl wabisdal 2udly,
Bewdnl 4 : ada x2 + 2 =32, Wil y = x A XA gRL YT UUH AWML Ad U

o150 ML

Bia : 2he A5l y = x e X
wd x2 + % =32 2 y=x
adlsel (1) 24 (2) Gadi, 2udd vl - B(4,4)
adad wuw uwid Belbig B4, 4) 1A, (duslt 8.11).
X-243 U det BM €L, X< 1w XCNEXI
Wil Assn =
wgdl OBMO- &~150 + Uzl BMAB- &sis0
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¢d, Yt OBMO< &5 = [y dx l
0 NG
_ ‘J‘x i sugld 8.11
0

1) =8 .3)



306

N
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ALY

BelgwL

SR

uedl BMAB< &-sa

42
= jydx
4

42
J J32-x2
4
2
= [%«/32—9: +
1 1 . —1 4 1 . -1 1
- [Ex4\/§x0+3x32><sm 1)—[3\/32—16 +E><32><sm ﬁ)]

87 — (8 + 47) = 4m — 8 ()
(3) 2 (4)l ARG S, A 8250 = 47

dx

42
1 e
2><32><sm 4J5:|4

P uReR dl ZBOM = & wusl vaudwu grias dssa = %r?ze
1
= 7027

x2

2
5 : Buaay = +;— =1 e A x =0 24 52 = g2 (1 — €2) W2 x = ge 43

2
lgd Wed AxAs0 WAL (e < 1) (x = ge Wddod uxadl 1 8.)
Bie : Guadd A Wi x = 0 A Wl x = ge M X-¥A A3 dgd U Hidld Anisn
(2usla 8.12) BOB'RFSB .

ae Y
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0 B|

ae
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0 X'€ 0|
2 2. a> x|
_ 2 1: a” —x~ +% gin~ —]
a 2 a R
A

X
2 b -
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2a Y’
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Y 8.1
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a5 3% = Ox, X-via A bl x = 2 A x = 4 gl g YA AWML 2dd UL
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) 1 ¢l 2igd U dxAsa 2.
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X
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2
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6. adn x2+ 2 =4, il x = 3y L X-2a gRL g YA AXQAHL dd U Avsn
24,

7. Wl x = % gL AqUUsR HBA x2 + % = @2 Hidl sUdl AUl HRA AAsn 2kl

8. Whx=agd x=3> 21l x =4 a3 Ugd YeU-l AAS0L A AN L [Qeux 2
dl a 2L

9. WRAA™ y = x? Al y = x| 43 gd Uel AAs WML

10. a5 x2 =4y 2 Wil x = 4y — 2 43 g Ue A2s0 AL

1. as y? = 4x i il x = 3 a3 gt U &xAsu kL

wall 12 dal 13 o Qe 0y o d 2d 2ula [@sedaigl dlou [Asen wie s

12. adn x2 + )2 =4 2 Wl x = 0 A x = 2 a3 2Ugd UUH AAHL 2idd U Adlsa

(A) = (B) 7 © £ (D) £
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v 2 la 8.13
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b b b
Jf&) dx — | gx) dx = [ [f(x) — g®)] dx %4l [a, b] ™ f(x) = g(x),
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ada eald 8. wdlswll (1) 21 (2) Gadi,

(x =22 +)2=x2+y? X%
x2—4x+4+yz=x2+y2

= Y A’]-,_ﬁ
x=140 4 d wdl y = .3 =

2, sl 8.19 Hi galen uwdl ol adell A(l, /3) Y

. A'(1, —/3) Bigul 82 8. 2uyld 8.19
6 aqdull a2l aAsn 3 wed OACA'O g &ssu aal.



Asarl GudloL 311

el
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2

=1+2+1
= 4
Gerdel 14 : A A 5 asl 2 =4y A ¥2 =4y A Wl x =0, x =4,y =4 - y =0 ¢l
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4
2
- (o)
0

4

3 3

= 2 7 _X
[2x3><x 12]

0
_ 32 _16 _ 16
= 2= (1)
s3, as x2 = 4y, X-28, Ul x = 0 A
x =4 43 g Yed OPQAO < &tsn v
4
2
x _ 1 4 _ 16 wusla 8.23
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a b? a b =

WAy, x2 =y, il y = x + 2 el X-¥& 93 g YeAd Assn 2kl

Asertell Gualdlel | x| + |y | =1 43 g Uedd &xA50 HL (UAL @ Hdld Yed il
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wall 16 dal 17 Hi (A A o d 2Ad wula [Rsedmigl oy [Asey ue s

16. a5 y = x3, X-2igl vl U x = =2 dal x = 1 93 2Ugd Uedd AASN ..........
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Historical Note

The origin of the Integral Calculus goes back to the early period of development of
Mathematics and it is related to the method of exhaustion developed by the mathematicians
of ancient Greece. This method arose in the solution of problems on calculating areas of
plane figures, surface areas and volumes of solid bodies etc. In this sense, the method of
exhaustion can be regarded as an early method of integration. The greatest development of
method of exhaustion in the early period was obtained in the works of Eudoxus (C.E. 440)
and Archimedes (C.E. 300)

Systematic approach to the theory of Calculus began in the 17th century. In C.E. 1665,
Newton began his work on the Calculus described by him as the theory of fluxions and used
his theory in finding the tangent and radius of curvature at any point on a curve. Newton
introduced the basic notion of inverse function called the anti derivative (indefinite integral)
or the inverse method of tangents.

During C.E. 1684-86, Leibnitz published an article in the Acta Eruditorum which he called
Calculus summatorius, since it was connected with the summation of a number of
infinitely small areas, whose sum, he indicated by the symbol [>. In C.E. 1696, he followed
a suggestion made by J. Bernoulli and changed this article to Calculus integrali. This
corresponded to Newton’s inverse method of tangents.

Both Newton and Leibnitz adopted quite independent lines of approach which was radically
different. However, respective theories accomplished results that were practically identical. Leibnitz
used the notion of definite integral and what is quite certain is that he first clearly appreciated
tie up between the antiderivative and the definite integral.

Conclusively, the fundamental concepts and theory of Integral Calculus and primarily its
relationships with Differential Calculus were developed in the work of P. de Fermat, I. Newton
and G Leibnitz at the end of 17th century. However, this justification by the concept of limit
was only developed in the works of A. L. Cauchy in the early 19th century. Lastly, it is worth
mentioning the following quotation by Lie Sophie’s :

“It may be said that the conceptions of differential quotient and integral which in their origin
certainly go back to Archimedes were introduced in Science by the investigations of
Kepler, Descartes, Cavalieri, Fermat and Wallis.... The discovery that differentiation and
integration are inverse operations belongs to Newton and Leibnitz”.

_0’._
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< He who seeks for methods without having a definite problem in mind

seeks for the most part in vain. — D. HILBERT <

9.1 WiRduas

UG HIR8L XIML 2 vl Yaelsil WS 5 HL 2wl (@8 fo
ot Act-l A 3l Ad Qsaq 53 adlal d-dl aul 530 odl 2ed %
20l [ABY f4 vailid sl U UL €35 x AR f'(x) 3dl Fd
el wstd adl 2l 53 edl. adll, ¥4 Qs 2l @AY g o g
@AY 7 3l 2 ] asi d-dl 2al uzl 20u8l AsadAl wsAHL 530
edl. d 1A wudl aullfas A euldl as :

2 (A8 g e A8y £ vid Wl § ],

d .
= = 5, W, y = f®) ()

Alsr0l (1) wsiRell a3un [dsd dHls28 a3 oA »ud
9. d-l culklds vedum cuval ¢d gl 2dlel 2L AL w50

Henri Poincare
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el YR AL qHlsw Qi s3I0
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A2l [@Asa wHlsenAl @R s e
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3. (ﬂ b d—zf = 4. (d—zyf + cos (ﬁ) =0
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gree 52 ¢ ud ddl 1 2wl [Asa wHls:aql [Qlve G3da (particular solution) $8 8.

R vadl quddl G3an [Qsa wHls:w-l cuus G3a (yda) 3¢ 8.

2R wudl Ysd gl dal Gsan Yed 5 cuus Gsayi A2 uyn-dl [lEd Gud 4:uddl
G3ad [sa aHls2a-l Qe Gia 3¢ 8.

2

o =~ d d = = Y =
Gelgel 2 : [@QBy y = 3% 3 [Asa 5w Kg} + Ey — 6y =0+l G3a & du ASRAL
Bia @ wdl y = 3
ol olly x A AWa [Asan s,
d
Ey = _3e3% (1)
gd, s (1) 4 x A wla [Rsad s,
d2
_dx:: = Qg=3X
dZy dy Y : = . .
7 Do ud y el BHd 2udd [Qsa @Al 3,

Lol = 9e73% + (3eX) — 63X = 9¢73% _ 9¢3x = () = of 0L,

M, 20 (@80 2 2qhd [Qsa wdlseAdl Ga O,

dzy
Gelg2w 3 : g, b € R M2 Q8% y = acos x + bsin x, 3 [Asa w{lsw 2 ty= 0+l G3a

2
0 Ax ASIAL

B34 : 2dl y =acos x + bsinx (1)
AlseL (1) Al ol ooy s wgl s 6 auid [Asad s,

% =—asinx + bcos x

42

EZ =—acos x — bsinx .(2)

2
dxi w yell Budl 2uten Qs a{lsanl Y,

sLell. = (—acos x — bsinx) + (acos x + bsinx) =0 = .6l

21, 204 [@89 1 20a [Qsa wdlsaddl Gid 8.
dzy
.
(18 : (2) wrel » s =—acos x — bsinx =-y

dzy
@ Y



322 SR

AR 9.2

ug 1 dl 104 »uud [@8un (ue »aal 9 Ad) widzu [asa aH{lsweiAl Gsa © di usidL:

1. y=ée+1 Yy =y=0
2. y=x*2+2x+c DY -2x-2=0
3. y=cosx+c Y +sinx=0
2 Xy
4. = 41+ Y=
Y o YR
5. y=Ax Xy =y x#0)
6. y=xsinx Dxy'=y+x xz—y2 (x # 0 24 x > y ¥8dl x < —)
)2
7. xy=logy+tc : y=1—xy xy #1)
8. y—cosy=x : (ysinytcosy+x)y =y
9. x+y=tanly Sy +y2+1=0

10. y=+a®>-x%,x € (—g a) :x+y%=0 (v # 0)
wall 11 dal 12 i Qe 0@ od d Ad sula [sedmiell Qo [Asen e s e
11. agd sanl Rsa w{lsmeql auus Giaul @R waadl Aval ... gl
(A) 0 (B) 2 (C)3 (D) 4
12. ddld sail [Rsa wdlsexl [QRre Giadl € wnaa-l Adval ... gdl,
(A) 3 (B) 2 (C)1 (D) 0
9.4 s Gid Al Sl ddl [Qsa wdlsal -
(U8 : o adad als@ x2 + )2 + 2gx + 2 + 1 = 0 @3ud 14, dl dnl Sesel 4n

(~g ) du g+ f2—c>0 g, L adl B g2 4 f2_ ¢ w)

24l el Yl 3 wlsw

R+ + -4y +4=0 (1)
a1 s Blosua] 1A (=1, 2) d=wae] ada sald 8.
alsa (1) 4 x <l wud [@sad sdi,

% = ;f; v #2) - (2)
wos [Asa wdlse B, ¢d wl vl ASY & (A [Aswal 9.5.1, Gelsel 9)
w{lsadl s Ga adoi-l el sald 8 ud w5l (1) 4 ada 20 Aqgli-dl 25 wou 8,
YAl 28l AL wHlseAL [ 530
2422 -3
rell [t Bdl ddi 2ued 240 defdql Bl qcdl 1ol GeleRl wHEl, x2 + 32 = 1,
2432 =4, %2 +32 =9 adlR (0 il 9.1). 2un, Al (3) A % I GG Sld e
Bl et €l dal wud«dl adoll Al sald O,
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Aglarll €25 AU ¥ A 2 dg [Asa willsw A
Al e 1 8. [Asa 1l rol s €lq ¥
AU, 5120 5 Asldrl (Bt uedL S 7 vl [ 9.
Wl (3) o 7ol a [@sad sdl A s xq X<
w50 Hadl sl

~ = dy
Maét352x+2ydx =0
" x+y% = ..(4)

a5l (3) 2ula uudwdl adui-l gl sald 8.
yr: ol aslseddl [Qar s

y=mx+c ..(5)
wdd m ool (Bt BHdl 3sdl v Adsladl (@t uedl 3.
Geleel a3, y = x (m=1,c=0)
y=\/§x (m=J§,c=0)
y=x+1 m=1,c=1)
y=-x (m=-1,c=0)

y=—=x-1 (m=—-1, c=-1) a3 (2l >usla 9.2.)

ud, udlsw (5) B AUl m, ¢ wAdl €l ddl
Wil el sald 8.

Asladl €35 A0d ¥ AHAA 53 dd [Asa wdlsw
ail 2me 1 8. adll, w5 m w el Ysd
€ld o AT, 5181 5 Al Bt A04 W2 m A ¢+l
Bad [t €l 8, s (5) < x <l 008 6 aud
[Qsand saudl 21 Hadl as 9.

[
dx

. d?
Wl == =0 ..(6)

Alsa (6) b Alsral (5) wi wuddl uildl qslad Rsa wadlse eald 8.
2wl ALY 3 alsa (3) e (5) A wsA wdlsw (4) 2t (6) AL s Gidl 8,
9.4.1 204 a5l usld ealadi [@Qsa sl -l Aa

(a) A 2wua asi-l Al F ol 3ot 25 o ¥R 230 €1, dl d A Far adlsel gl
galdl usy :

F,(x, 3 a)=0 (1)
BeleRml d3, wrdadlsdl Asl y2 = ax A AHSRW £ (x, y, @) : 2 = ax g sAldl wsA.
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s (1) 4 x ud [Asad sl vag 150 3, y, x 2 a 41d 8, ved 3

gx, ), a)=0 ..(2)
aHlseL (1) 2 (2) Hidl a -l dlw sl 1dld [Asa aHlswL F(x, y, ) = 0 1ol 9.
Fix, 3 ))=0 ..(3)

(b) A uda asidl qgld F,4l 6 @2 A0 g, b &4, dl dd A4 Far a+lsw glRl
galdl asy :

F,(x, ya b)=0 ..(4)
wlsl (4) 4 x wA [Asan sl qag wH{RW Y, x, ), g b HAd B, vied )
gk y ¥, a b)=0 .(5)

2L 6L AHSWIHIE]L 6L Y™l g, b il dlu 5dl Ay ], 2ed Rl ol wHlseH]
%32 Wil Wl (5) 4 x uA [Rsad sl 2 w{ls v 8, d A Wk

AUL O

hx, y ¥,)", a b)=0 ..(6)
wdlsel (4), (5) 21 (6) HiEl a 2 H el AU sl Hdld [Asa ¥l va 8.
d F(x, y ¥, y") =0 8. (7)

o Ay | agidl Asl ealadl @sa wilsadl sa 3 asidl Aqslq ealadr sl
L [ wANLSL Fedl Sl 9.

Belga0l 4 : Al y = mx (m @R 2xu0 V) 1A elad [@sa wHlswAl @ 53

Bia : el y = mx ..(1)
Aulsre (1) il ol ouy x A wla [Asad s,
dy _
dx
. . . dy
ml BBud adls@ (1) H ysdi, y = x—=
x d—(; —y =0 a4 mel 3sd & A ddl sl (s s ©.

Gelganl 5 ¢ agidl Asl y = a sin (x + b) (g b ¥/ A6 B.) 4 suladl [Qsa yHlsw]
QL 2.

B34 : 26l y = a sin (x + b) (1)
Als (1) «l ol ougy x «ll AUA 6 quid [Asad s,
dy
paCa— + see
o 4 cos (x +b) (2)
dZ
Ei) =—q sin (x + b) ..(3)

Al (1), (2) 24 (3) Widl @ 2 b -l U SR,
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L A5 AL g A pel Hsd B v dedl udle [Asa wdlse 8.

BEISML 6 ¢ Bl 5 Gloruleig €ld i ML X-28 U2
€ dal Guaadldl Aglid sulad [sa w{lsa

Aol
Bia @ Hidyl WAL Guaadl-l sl
(il »ugla 9.3) o ulsm
x2 y2
= tiT
a b
als2w (1) 4 x <l wud [Qsad s,

=1

2
x  dy

a’ bzdx:O
y(d)_ =2
x\dx) &

A5 (2) «l oin ouy x -+l ANE [Asad

dy
2 X=——Yy
*J\ dx x dx

dzy dy2 d
Xy =% +x[a) —yayZO

widla [sa wHlsel 9.

(1)

4l

Belgaw 7 @ X-wad GBig o waldi $lu dai

adquii-l delad [Rsa wdlsel il

Bid @ R 3 C A X-uan Qo oo uldl
aquii-l Agld V. WA ¥ w0 Al A W AU
Segetl WA (0, @) 8. (2ugl 9.4) 32 Agla C 4 Wil

x2_|_(y_a)2=a2
x2 +y% =2ay

oul, g ¥ W AN D,

(1)

AHlsel (1)l ol ouy x A Ade [Asad s,

X'¢

b
=
=

YI‘
2usld 9.3
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dy
X+ ya
a=—7% .(2)
dx
AlsreL (2) miell Hha g -l Bud ails@ (1) Hl ¥sdi,
[x+ yﬂ]
2+ =2y L]
@
dx
2+ AE =2+ 2 L
dy _ 2
dx ¥ — yz

2L A adolidl Al w2 i [@sa w9,
Gelgam 8 ¢ g ol GbBiy Sl A A A X-vaddl v B € dal waadl-l gl
(s uxlsa 20HL.

Gd : A 3 P A Gur wdl-l uaadll del 8 (20 2usld 9.5.) A WAL 3 @A wAn
a W2 (a 0) 1 sl s Al Al &, w2 Agla P wdlsa

V2 = 4ax (1) Y

AulsReL (1)l ol ouy x«ll AUA [Asad s,
dy
2y = =4a -(2) X'e F R
dx ) @) X
wdlse (2) well wadl 4a+l Bud wdlsa (1) 3l Hdl,
dy ¥
y2= [23’ g) (x) -(3) Y’
2u5ld 9.5
y2 — 2xy % = 0 uud waadldl Aslad [@Qsa wdlsw .
XY 9.3

wsl 194l 5 Al asidl Al H2 [ 2180 g A bl Al s34 [Qsa alsel Jadl :

1. f+%=1 2. P =a®?® -2

3. y=ae*+ be 4. y=e* (a+ bx)

5. y=¢€*(acosx+ b sinx)

6. Y-wia QB 2010 usldi adoli-dl Aglad [@Asa wdlsal kL

7. % ol Qobly €l A e A Y-uadl 4 R € ddl uaadl-l Askid [Rsa

w50 ML,
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- .

8. % Srg Gaulig €1y 2l AN Y-218 U2 S1d ddl Guaadl-l Aslaqd [asa alse ik,

=

9. % 3w Qrilbiy €l wA AMll X248 4 @ dal wldaadl-l delad [@sa wlsel

-l
-

LML

2

10. B 3% Y-8 U2 11 A Bl 3 isd dld dal adoidl dghid Rsa wdlswe 0,
wall 11 dar 12 Wi @ 0 od d dd 2ula [Rsedmisl Qo [sen e s30 e
1. DA-uuiell su [@sa wdlsadl cuus G y = ce¥ + ce* 8 7

d*y d*y d*y d*y
(A)E+y=O(B) ?—y=0 (C)F+1=O (D)E_l=0
12, «lAamidl s [Qsa wdlsedl [@QRre G3d y=x & ?
d*y dy d*y dy
(A) - —xza+xy—x (B) - tx—= tay=x
d’y d d*y d
(C)?—x2%+xy=0 (D)F+xay+xy=0

9.5 uau sai-l s wRnwla [Asa wdlsaa Gia w2l Adl

2l [AeuoHl 2uudl wud sauql ws uRaella [@sa wdlse 63a el oo Adidl 2l
5309
9.5.1 [Quw-llu aa-l [asa wdlswn

v sadl s wRHel @sa wdlseg aze A v 8

2 —F@ ) (1)

2N F(x, y) 1 g(x) A x4 [Qdu €la 217 h(y) A y f Q84 &lu, d 2d g(x) h(y) a2l galdl
asiy dl lAsa udlsew (1) 4 LQalr-lu a4 usieg [Asa u+ls:@ (Differential equation
with variables separable) 38 8.

[asa allsa (1) o 2@z ¢d 1A wuel 29 :

L — g h) -
A h(y) # 0 dl el gel Wi aHlse (2) A wHel g
1
Ty W = 8gk) dx ..(3)
AlseL (3) L oid oy Asad sl
1
Jh—(y) dy = [g(x) dx ..(4)

2, Wlsw (4) 2wla [Asa wlsendl B3 Al w3usl YA w8 -
H@) = G(x) + ¢

. - - = 1 - - - 3 -
wil, Hp) 21 G) 2 Agsd Jpy @i gk - wlalasfdd ¢ 24 ¢ Q| 2A0 9,
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x+1 ~ TR
Gewsael 9 ¢ [asa wlsw % =37y, 0 # il s Bia L.

d
Bie @ Ey =3y
AHlsel (1) 4 [Qdlla w4l [sa wHlsa dld duali,
2-ydy=(x+1)dx
Alse (2) o ol ouy Asad s,
J@=y)ydy=[(x+1)dx

2 2
_ X =X 4x+4
2y 5 > tx Tt

X2+ +2x—4y+2,=0
Coox2+ 2+ 2x—4dy+c=0 %, ¢ =2
L wHlsR@ (1) Al us G3d ©.

y ~ b Y
Gelsaml 10 : [asa w{lsw o T T L s B5a QL.

B3d : 1+ 32 # 0 dlanel 2uld Qs wlsen Qao-ly adnl [sa wilse ddd A wae

dy 1+ 2

avil wsy :
o4& M)

1432 1+x?
s (1) «ll oid ouy Asa s,

de _J dx
1+y*  J1+x%

tan_ly = tan'x + ¢

L qHlSW (1) -l us Gia 9.
) = e ™~ y d
GElSRBL 11 : 2 x =0 €14 AR y =1 A d WRARS wRd AR [Asa w{lsa ay = —4xy? -l

[Alre Gia 2lMlL.
G54 : ol y # 0 €, dl 200a [sa wlsa 13 wd avll asi 8 ¢

Do v (1)
y

Alsel (1) Al ol ol Asad s,

dy
J?=—4dex
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AlsReL (2) MLy =1 2 x = 0 Hdl, ¢ = —1 44 8,

-

a €.

ed, sl (2) 4l e il (Bud Hsdl 2utal [@Qsa sl [@QRre G4 y = > 21+1
X

Gelgel 12 ¢ % [Asa 1l x dy = (262 + Ddx (¢ # 0) €1 aal (1, 1) uiell AR Adl ds
Al5201 WAL
Bid : wld [@sa wilsel 1A wud avl sy

2x2 +1
dy* = - et

dy = (2x+1) a (1)
alsrel (1) «ll oid ouy Asan s,

[dy = {(2x+%) dx
y=x*+log|x|+c ..(2)
wlsa (2) A wwlar Rsa wdilsad Giadl asi-l A¢lt eald 8. uig 2wue Aski-l
(1, 1) wigl v adl Sl del Aodsl AHsWAHL R 8. W w{ls@ 2) Ul x =1, y = 1 ysdl
¢ =0 4.

ed, uHlsm (2) i ol Bud 3ol 2 Hidle as udlse y = x2 + log|x| 44 8.

Belgam 13 @ 515 ua Big (x, y) 2010 asdl usls-dl el % sud 9. (=2, 3)xidl YR Adl
y

2 Al as wdlsw 2l

Y Y Y Ly = d
Biel @ 2l ol o 3 asql walsHl Ey 8.
- dy 2
adl, — = = (1
Tdx o y? 1)
[Qaio{la ua-l [@Qsa wHlsw A3 dvidl,
y2 dy = 2x dx ..(2)
A5 (2) «ll oid ouy AsAA s,
[y* dy = [2x dx
3
y? -2+ ..(3)
- . d . Y -~ e ~ ~ Y -
« lotllegel Add Ey AAd adldl © xAd agllodl awdaiHl Guadll ©. 2Rl dy -

dx A Aval dd Gualol wid ddl AAuARS WRAdAHD Al €lal dx v dy A [ AR

aaqel aellodl odaimi ay e Ad wAldMalsd 30 as 8.

26l : Introduction to Calculus and Analysis, volume-I page 172, By Richard Courant, Fritz John
Springel — Verlog New York.
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wlse (3) i x =2 vt y =3 Yl ¢ = 5 4 8.
e+l Bud wdlser (3)H wsdl,

y_3 =x2+5

3 1

y=(3x2+15)3
wold asd uHlsw O,

BELSRWL 14 @ GiegHl ANA Hed AURS 5 % AL €3 Add atl @, B, %A Giesui T 1000 L AR 34

S, dl A sedl adui oel 4 ?
Gd @ A 3 LSS Ul 7 AHA Yed P B,
uaHl wua HUlRdl urdl,

G = (@) <P

d° _ P

dt 20 (1)
wls (1)« adld @y s,

@ = ﬁ

P 20 -(2)

AAlseL (2) Al ol ol Asad sl

_ _t
logP—E+c,

P=ce2 (2ul e1=¢) ..(3)
gd, o t=0 dl P = 1000
P 2 £+l BHdl (3) i 3sdl, ¢ = 1000 34l

uHls (3) urdl,

P = 1000 e%
HIRL 3 edd ofMR) waAl W2 dldl AHY £ ad 8,

L
2000 = 100020 = ¢ = 20 log2

AR 9.4

wal 1 ¢l 10 i [Asa wd{lsenAl us Giq dadl :

dy _ 1—cos x 5 dy
dx  l+cosx I N4y

1. = 2 (2<y<2)

;. @

dx+y:1 y#1) 4. sec’x tan y dx + sec®y tan x dy = 0
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5. (+eN)dy—(eF—e¥)dc=0 6. %=(1+x2)(1+y2)
7. ylogydx—xdy=0 8. x5%=—y5
9. Ey = sin~lx 10. ¢ tan y dx + (1 — &) secty dy = 0

11 L 14 4 28l R A sl [Asa wllsa- [QBre Gid dadl :

11. (x3+x2+x+1)jx—y=2x2+x; P x =0 AR y = 1.
) dy_ - _ - _
12. x(x —I)E—l;"mlzx—‘?&l%y—o.

13. cos(d—yJZa(aeR); BUL x =0 AU y = 2.

dx
dy N N
14. T =ytan x; B4R x =0 AR y = 1.
15. % (s adlsl ' = X sin x €l dal Big (0, 0) Higl wAR Adl as< AulswL L

16. [6ig (1, —=1) gl waR adl [@sa alsw xy % =(x+2)(y+2) -l G5 as AL

17. % ast 518 wal Big (r y) 2020 1Al 2 2 d Bigril y WAl dausk d Bigel
x4 Fedl © A ¥ (0, —2) il wAR WA B dal as wdls L.

18. asel 816 ual Big (x, y) 2o sl el 3 sibig A Big (—4, —3) Hidl war
gl WAl gl sl eHel 8. as (=2, 1) Hidl waR adl €, dl 2 asd wH{lsa
S8l

=

19. olousiz oAl Adl Ad ol eRAMl 2§d B 3, d- adsn AlssA el all B, W

-
-

A3l d-ll Bladl 3 2sd i A 3 As~ Ul d 6 s Sld dl 7 As uesl oyl
EESTRENCIN

20. GiesMi AV Yedd dlls 7 % Al 83 Add aHl @ D, %A 10 Al Giesui yal T 100 emal
adl €l dl 7 <ll Bud 2l (log,2 = 0.6931)

21, GiesHl A Hed Als 5 % AL e Add Al @ B. Giesui T 1000 wuR dld s B,
dl 10 a¥ ugl d Zeew udl ? (05 = 1.648)

22. 35 Al Srgul AseRui-l Aval 1,00,000 8. 2 seusyi d-l Aval 10 % AL &2 Al 9,
ol ois2Ruldl dlg-ex 51 uel AHA €1 oseRuldl AvdlAl wwERML €M, dl Seal
salsHl d-l Aval 2,00,000 gl ?

wgl 23 Wi [ a2 oA d Ad 2d [@sediell doy [Asen wie s -

23. [Asa wHlsw % =X TVl s B3 ... %9l

(A)ef+e?=c (B) &+ =c (C)e*+e¥=c (D) e*+e?=c
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9.5.2 ¥nuRwa [Asa wdls
x Ayl &AL Q8L QR s
Fl(xsy)=y2+2xy: Fz(xsy)=2x_3y

Fi(x, y) = cos(%], Fy (e, y) = sinx + cos y

=

GuAl (AR 28l x A p <l o s Ax 2t Ay (A LAR 2an) 3o, dl
F,(Ax, Ay) = 202 + 2xy) = A%F,(x, »)
Fy(Ax, Ay) = M2x = 3y) = AFy(x, y)

s
Fy(Ax, Ay) = cos (ﬂyj = cos (%] = L°Fs3(x, »)
wid S Wl n € N "R Fy(Ax, Ay) = sin Ax + cos Ay # A"F,(x, »)

A4 QS wel n € Q M2, sin Ax + cos Ay # AF(x, y) 3 Al 52 A0 -2l uiq,
208 ALLrs Ad el adui .

AL 28 A wsla a5, @A F, F,, F; 4 FOx, Ay) = AMF(x, ») a3usl quil
wslo ¢l g Fyd 2l 2a3wl avl asig el d la-dl cuvar drs el wu 9.

o F(Ax, Ay) = V'F(x, y) (A 4dd2 2an) dl [Q44 F(x, y) 1 n alduy axulRwuely
[Q9u4 (Homogeneous function) $8 .

2l <UiHlel 3 Gur-l el F, Fy, Fy L 2isil 2, 1, 0 aidaiol ey @i
9, uig F, 2 auuRaely @8y

aull, 2uu8l AS Asle Yl 3,

Fi(x, ) = x* (y—j +2—y} = xzhl(%]

X X

waal Fi(x, y) = 52 (Hsz) thz(f)

<

—

Il

=

=

=
L
T
= =
R

Fi(x, y) = x0 cos(;

X

s§ ul n e N 32 Fyx, y) # x”hﬁfl]

J=

wadl 518wl n € N 2 Fy(x, y) # y”h{J.
(Gua-l -t @, W 8.)

b ( ( = a ~ . =
A F(x, y) = x"gk%) DT ynhtf) A [Q8a F(x, y) 2 n tiday] avuRaela @Ay 8.
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W

2L Ee y) w3yl [Qsa a¥lsaadi, Fx, y) 2 a4 aday] aqulRusla R €,

=]

-

dl dd axulRwe [Asa aHls:e 58 8.
dy _ _(y
dx F(x5 y) g(;} ...(1)

wslerl aHuRAel [Qsa adlswidl Gia Wydl M2 el
y = vx 483, ..(2)

Alsra (2) 4 x+ll wda [Qsad sudl,

dy dv
i + X i ..(3)
A5 (3) wil % Al Gud adlsw (1) Ml ysdl,
v+ x% = g(v)
L o) —v ey

yHls2el (4) 4 [Qdlgly qa-l [@Asa uHlse dild dudi,
dv dx (5)

gv)-v  x

AlseL (5) il oid ouyd Asa s,

J dv - [Lar+c .(6)

gv)—v

Y YR v+l %UIBL % il R Aalsel (6) 3 [Asa wdlsa (1) Al euus Gia

(wlalfasfad) uval.

@ Al | F(x, y) 39U addlon aHuRwely RAu azud Qi dl avulRie [Rsa

d ~ L . -~ c ~
520 % = F(x, y) -l G3d 2 8l % =v 2§ed ¥ x = vy aSy. 2 Gu AUl 53 A

iRl jx—y = F(x, y) = h(f) avld 2udl nus Gia dlbal wuo aHly,

d ~ LY ~ AN A
Gelgel 15 = yHlse (x — ) Ey =x + 2y 2 AuRME [Qsa uHls@ O 2y eldl A d-l
B3 2.
Bid @ wla [@sa wilsel 1A wud avll sy :

dy x+2y

2 - (1)
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x+2y
xX=y

. Mx+2y)
¢, Fx, by) = 75y = MF& »)

Q2 3 Fx, y) =

F(x, y) ¥ 44 alda] uRaely @8y 8,

el 2ue [QAsa qHlser anulRAuel [Qsa wHlsw o,

o,
N Pt B
ol Ad i, il el ..(2)
) X

[asa alsw (2) Al omell ouy g(l) AuAl B A dell d g e aHuRAueld
X

[@8x . w2 wHlsw (1) 2 wxuRAe [@sa s 9. 20 [Qsa wHls@dl Gia ibal He

y = VX Al ..(3)

Alsa (3) 4 % A e [Qsad s,

Dl (@)

y uid %-ﬂ Badl als@ (1) i ¥sdl,

dy _ 142V
VIX e T Ty

dv _ 1+2v

dv V' v+l

A
v—1
V-1 &
Vivl =0 ..(5)

A5 (5) «ll oid ouyd Asar s,
v—1 " dx
Jv2+v+1 dv = _J7

{ J2v+1-3
- | = _ +
2 v2+v+1dv log | x|+ ¢,

2v+1 dv
Ll |— 3 | __
2 Jv2+v+1dv_ 2Jv2+v+1 log | x|+ ¢,
%10g|v2+v+1|—% 21 > dv=—log |x]|+ ¢
4 (%)
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5 2v+1
log|v2+v+1|——-Ttan L =—log |x|+ ¢
2v+1

1 1 3
310g|v2+v+1|+510gx = 3 tan™! (\B ]+c1 (w w2?)
v—l 5

x =
1 V221 s Lioge? = 4B L [2y4x
> log x—2+;+ + 3 log x* = <3 tan L\Ex + ¢

= 3 tan™ [2\/—?]+c1

2
1 Yy Yy
7 log (x—ﬁx ]

2y+x
log|022+xy+x2)|=2\/§ tan‘1( 35.1: J+2c1

+x
g |62 #3452 =245 rart (22 4 (e=2¢)
L AHlsw@L (1) AL vy Gia 9.

d - ~ ~
Gelg2m 16 : wlBd A 3 [@sa wHlsw x cos L ) 2 y cos L ) +x 2 AR 9 A

da-d Gidl.
Bid : 20d [Qsa w50 20 vl quil asy

Yy
d y cos (;) +Xx
dx  ycos (1)
X

d
Y —

di = F(x, y) sl [Asa adlse 8.

y cos (%) +x
wél, Fx, y) = T(l)

x il @l Ax A p«ll wowal Ay Hsdi,

. afpeos(2) o]
o el

= M F, y)
24, F(x, y) 2 o4 aldae] e [@2x 8, we »ula @3y s auRaue sy

AH150L 9. d-ll Gha gldal M2 Ll
y = vx a3, ..(2)
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AHlswl (2) <1 X7 A AE [Asad SRl

-

dy dv
pria ..(3)

y ¥ % l Badl wdlse (1) wl 3sdl,

dv vecosv+1
+ x5 =
VT X ax cos v

dv vecosv+1

Yax =~ cosv T~V
v _ 1

dx cos v
cosvdv=%

Icosvdv= jl dx
x
sinv=1log |x|+log|c|

sin v =log | ex |

Y e
v == g,

.12 -1
sin | 7| = log | ex |

L [Asa ylsel (1) -l %33 cus Gia 9.
X

Gewsael 17 @ AbBid s 5 [Asa wdlsw 2y eVdx + (v — 2xe”?) dy = 0 3 wwuRwe (asa
AHLs0L 9 A ddl (Al G3a x = 0 €, AR y =1 64 d Ad Hadl.

Gie @ vl [Rsa wdlswl 21wl guil wsla

X

y _
% - m—i)’ ()
2ye”
X
w2 3, Fx 2xe? —y
y FOo, p) = ——=—
2ye”
x
r2xe? —y)

F(Ax, Ay) = = A F(x, y)

X
aM2ye”)
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A, Flr, y) 2 4d aldare] avuRauely [@8d 8. w2 suta [@sa il 2 a1ulRu

[Aser uHls2e 9. dedl Bia Hal H12 duvel
x = vy A,
Alsa (2) 4 97 <l uta [Asan s,

ax dv
dy =y + y d_y
~ dx . . .
x @ g Al Bad adlsza (1) | ¥sdl,

dv  2ve’ —1

d 2¢"

dv 2ve —1

= = -V
Y dy 2¢”

dav _ 1
4 dy 2¢"

dy

2eVdy = ——

eV dv y

dy
SO
f2erdv = - | <
2¢V=—log |y|+ ¢

v =% i
y €9

x
26; +log|y|=c

AlseL (3) |l x =0 il y = 1 i,
280 +log|1|=c=>c=2

c il Bud wdlse (3) Wl 3sdl,

X

2¢e”? +log|y|=2

L (s wdlsel o330 Qe G3a ©.

Bels2eL 18 : asl 515 Rl [Blg (x, ) 2010 d-L uels-l ala

Aglad wdlsw x2 — 32 = ox 8.

~ ~ ~ ~ .o Y d
Gie @ 2l ellal ¢lal 3, as 515 wal Bigul sl el

dy 2+ y2

dx 2Xy

-(2)

WE)

9. ABIA 5A & 2L asi-l
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dy
e~ 2 (1)

T

e Fd, (1) 2 amulRae [Asa ad{lse O, d-dl Gsa dlral W 2l y = vx ad.

y=vxd % Al Aua [QAsad s,

o, A
dx dx

dv 14V
v+xdx = >
x@=1—v2
dx 2y
2v2d _ dx
1-v x
By
vo -1 x

2v
—— dv=- |1
Jvz_ldv fxdx
log |[v*—1|=—log|x|+ log|¢,|

log |(¥* = 1) x| =1log|c, |

0% —x%) =tc,x wua x*—)?=cx

AR 9.5

sl 18l 10 < [Qse walsel axuBRHel Rsa 15w 9 dd saldl A e3540 G3d Ml ¢

L @2+ x)dy= (2 +)?) de 2. y=22

3. x=y)dy—(x+y)dx=0 4. (x2=yH)dx+2xydy =0

5. x2%=x2—2y2+xy 6. xdy—ydx= x2+y2dx
X in| 2 — n| 2| - A

7. {xcos(x]+ysm(x]}ydx {ysm(x] xcos(x)} x dy
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dy (2] _ P _
8. xa—yﬁLxsm(x)— 9. ydx+xlog[xjdy—2xdy—0
X X

S +e¥)dcte? (1—§)dy=0

wall 11 @l 15 |l 2hd s [@Bsa adls@dAl Qe Gida aud 2did 24l Wl Hadl -
1. x+Y)dy+(x—»)dx=0; 24U x =1 AI y =1

1

=

12. 2dy+ (xp + ) dx =0; 243 x =1 A y = 1

13. I:xsinz(%)—y}dx+xdy=0; Wlix=]cqliy=%
dy y hARE s .
14.E—;+cosec(x)—0,°a'lll2x—1d{l2y—0

1

n

.2xy+y2—2x2%=0; B x =1 ARy =2

wal 16 dal 17 Hi [ 0 o d dd 2ula [@sediaia] dou [Asey wie 2

16. % = (%) uslAL AHURMeL [Asa wdlsedl Gia 9L iz gl Aadl as ?
(A) y =wx (B) v=yx (C) x=wy (D) x=v

17. la-uniel sy [Bsa wdlsa wuBRus & 7
(A) x+6y+5dy—CBy+2x+4)dc=0
(B) () dx— (x> +y) dy =0
(C) B +22) dx+2xydy=0
(D) y? dx + (x> —xy —y*) dy = 0

9.5.3 Yu [Asa ulsw

% P 21 Q uAN [AQUl AU $5d A4 x i [A4U €1, dl [Asa wxlsew % +Py=Q+

LEL !rr?ﬂg' @511 [Asa uxls:w (Linear Differential Equation of First Order) 38 8.
way selil v [Qsa wllswdl Seals Gelsell <l 2uld © -

%+y=sinx
dy (L) _
X TE

dy N Yy _ 1
dx xlogx) x

way sadl [Asa wlsred ofly a3u

ax
dy +Px =Q,
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-

Sl Py 2 Q) i (A8 adl §5d A4 y-ii @A 8. 2 wsi-it [Qsa wdls2eni seais
Gelsgll (A »le & :

dx _
dy + x =cosy
dx —2X
oty e
é.al, % -+ Py = Q "‘(1)

wsll [asa Alseil Bia alaal e uHlsaxl oA ouy Ad x - 5165 [Q8U g(x) 43 dRdl,

2 +P-g() y = Q-5 )

Alseel aupll ouy AW . gx) 4 @Asld o d Ad gr) -l wiedll s :

It Y

ed 3, g(x)% +P.gx)y= % [y-g(x)] a1 d Ad glx) «l udeddl 2.

d d
gZE + P gy = g + ¥ g W)
P.gx) = g()

_£®
T g

olel oYL x <L AUA AsA Sl

[P dx = J&dx

8(x)
JP dx = log (2(x))
g) = elP &

alszel (1) 9 g(x) = elPadr Q) dellat dl d-fl siofl uyal x vA A4 y - S5 QAU
([Asléd sl

2 RAY g(x) = e P& q 2seusizs qud (Integrating Factor, 354 LE) d313 siavaiui
wd 8.
adlse (2) ul gx) <l Bud usdy,

ejpdx% +PelPdy, —QelPa

L oelPdy=qelre
ol 61y x UL AsA Sl
yeIde:I(QeIde)dx+c
y=e-Pd @ elPdry gy o AP
2L el Y [Asa wdlsarll cuus Gia 8.
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YAH el JRU uHlsAA Bl Wl waal ¢
(i) ui P, Q »un [A8UL €U 2yl $5d A4 x <l QAU Sl d Ad, 2uda Qs wdlseq

dy . -
— = C .
==+ Py = Q 2wl @l

(i) wuseusizs vaua (LF) = el P d Q).
(i) »ude [Asa wlseAl G3a A wHEl qul :
y (LE) = [(Q x 54815 2d¥d) dx + ¢

LY = a

A P, i Q AN [ARUL ¢l1 Hudl §5d Uyl [QHUL Sl dd ol wam sald YR

= E=]

dx = b = = =
(Asa sl ay TPix=Q e, dlLE = TP Y 33 fuse wilsaed Gl

x - (LF) = [(Q, x us&4515 d¥q) dy + ¢

d Y N
Gels2ul 19 ¢ Rsa w{lse Ey —y = cos x -l A5 B3 WAL

' d - =
Gy : wla [Rsa wlsel Ey +Py=Ql P =-1 2 Q = cos x .
dseusiRs vy = - 1dr= g
A{lsal oid iy AsEUsRS paAUd 93 L,

dy
er — —ey=e*cosx

dx
% (ye™) = e cos x

ol ol x <l AUA AsA SRl
ye ™ = Ie‘x cos x dx + ¢ (1)
Wil 3, I = [e® cos x dx

cos x [%] — [(=sin x) (—™) dx

—cos x e~ — _[sr'n x e dx

—cos x e* — [sin x (—™) — jcos x (—e™) dx]
=-—cosxe>r+sinxe*— Icos x e* dx

[ =—Fcosx +sinxe™—1

21 = (sin x — cos x) e

_ (sinx—cosx)e "

2
[l (Bad aslse (1)ul Hdl,

i Sin X — CcoS X i
ye > = ) e*r+ ¢

I
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Sin X —cos X
y=\=2 + ce*

L U [Qsa wHlsw@AAL uus Bsa O,

d N e
Gelsanl 20 : Rsa wlsael xEy + 2y = x2 L euus Gia AL

Bia @ wud [Rsa wdlsel

x% + 2y = x2 (1)

AulsreL (1) «ll ol ouygad x a3 ewoldi,

dy 2
— + —_— =
dx xy X

b2

MLP=—M-"1Q=xHLéd—y

. — TPy =Qusix yu [Ase w89,

[2adx :
_ e210gx — elogx —

USSR AU = ¢ x2 (€87 ® = 1 (x))

suua [Asa wdlswAlL Gia

4
y-x2=j(x)(x2)dfx+c=Ix3dx+c=xT+c

2
y= xT + cx2
L A [Asa wHlswdAl s Gsa 9.
Gelg2el 21 : (Asa adls@ y de — (x + 2y%) dy = 0l s G 2Nl

Bid : wUd [Qsa s 2wl qull asy
by

dx C s s
AW oGy TP = Q) WY WM (s wHlse O,

wdl, Py = J At Q=2

N I_Ld =1
dseusing vaud = € O = ¢ 108y = log ¢

< =

gl wNe [Asa wdlswAl Gia

ER Y

Y J(zy)(y] dyte
X

;=I2dy+c

X

y =2y+ec

x =2y + ¢y o U [Asa wHls@Al s Gia 9.
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2

Gelgrrl 22 : [Asa s % +ycot x =2x +x% cot x (x # 0) A WL x = % il

y =0 #e [alre Gia ML

= ~ d . Y
B3 : P =cof x vl Q = 2x + x2 cot x M2 2Ud [Asa uHlsR0l Ey + Py = Q USIR Yu

-]

U520 €9,

ASAUSIRS Y = ¢ Jeot x ax — elog sinx = gip
2gl, (s wlsel Gia A el adl

y-.sinx = J'(2Jc+x2 cot x) sin x dx + ¢

yesinx = I2x sin x dx + _[xz cos dx + ¢

2 2
y.sinx = [2%) sinx—j(%} cos x dx + _[xz cosx dx + ¢

y.sin x = x? sinx — [x? cos dx + [x* cos dx + ¢

2

yesinx =x°sinx + ¢ (1)

sl (1) 3y =0 24 x = % Ysdi,
2
0= (%) sin (%) +c
2

c =

T
4
alse (1) 1l o Ll [Bod Hsdl,

2

sin x — —
4

y»Sianx2

2

2

y=Xx° - (sin x # 0)

4 5in x

L wUa [Asa aHlswdAl [ARre Gia O,
Gelgam 23 : %l as- S5 ual Big (x, y) a0 sl el A 2 Bigrl x-4d 2R x dal y
YL JABISIRAL UAAOL 6RAGR S, L (Bl (0, 1) Hiell wAR adl as« aH{lse Al
dy

G5a : 2l el glat 3, as A6 wa Bigal wdsdl aa == 8.
d
dy
o (1
—— Xy X ( )

P=—x 24 Q=ux™e % + Py = Q uslieg, y3u wlsw 8.

2

_ X

USRS vladd = ¢l X & = o 2
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g, wdls@-AL G

(3]

_X 2

ye = Ix (B_T) dx + ¢ (2)

[3=]

_ X

WAL 3 I=[xe * dr

N 2
CTE R —xT =1,
ddl —x dx = dr. 20, x dx = —dt

2

[=—fedt=— =-e 2

[l (B3 alsa (2) b sl
2

(o]

X X

2 -

ye =—e2+c

2

y=—l+ce? -(3)
uHlsel (3) asidl Aslad wdlse eald 8.
ud e 2L Aglasl (0, 1) Hiel AR adl A i A 8.
AlsR0L (3) HL x = 0 el y = 1 ¥,

1=-1+ ce

c=2
wdlser (3) Hoedl (Bud 3sdl,

ﬁ

y=-1+2e?

2L Hidle as wdlse B,

WY 9.6
1l 12340 2uta [Asa udlselndl s Gia Ml :
dy ) dy oy
. — = . _— =
1 dx+2y sin x 2 e 3y=e
dy , Y _ .2 dy _ n
3. EJr}—x 4. a+(secx)y—ranx (05x<3)
5. coszxﬂ+y=tanx 0<x<ZL) s xd—y+2y=x210gx (x>0
dx - 2 dx
dy 2
7. xlogxa +y=;logx x>0) 8 (1+x%)dy+2xydx=cotxdx(x#0)
9. x% +y—x+xycotx=0(x#0) 10. (x+y)%=1

1. ydx+(x—y>)dy=0 12. (x+3y2)ii—ﬁy=y y>0)



(s alswel 345

wal 13 @l 154l 2uta 2dd il Al Rse alsw [Rre Gid WAl :

13. % + 2y tan x = sin x; %Llix=%c?-uiy=0

dy 1 - -
. + 2 — + = . = =
14. (1 + x°) ! 2xy 1+x2,°a‘qu l Ry =0
- dy f— g . 3 —] n 3 =
15. i 3y cot x = sin 2x; ¥4 x 5 Ry 2

16. % asl 516w Big (x, y) 200 welsdl alor 3 Blgrl ddiil AL Fedl Udl S,
dl GlafBigial yAR udl as« ux{lsel Ukl

17. % aseil 516 uRL Bigal sl Al 2 d Big 21 uelsnl aladl Yeu sl 5 ay
€, dl (Blg (0, 2) wiell uR aAdl as wdlsaL Al

wall 18 dal 19 Hi [A- a1 ol d dd 2ula [@sediia] dou [Asey wie s

18. [asa wlsw x ‘% —y = 2x% -l ASQUSRS AU ... .
(A) = (B) e © = (D) x
19. [Asa uHlse (1 —32) % +yx = ay (-1 <y < 1)+l AsQUSIRS vadd .......... €.
(A) = (B) T (c) — (D) ——
-1 m 1—y? 1-y?

uslel Gerswl

Gelsml 24 ¢ [Q8% y = c,e® cos bx + c,e® sin bx

2

d -~ SN - 5 SN
(s wxlsa Ef - 2a% + (@ + by =0-L 6 O dx AsRAL (¢}, ¢, | AN 8.)
G : wla @AY y = e [¢, cos bx + ¢, sin bx] (1)

A5 (1) L ol ouggal x «ll A [Asad s,

% = e¥ [-bc, sin bx + bc, cos bx] + [¢, cos bx + c, sin bx] e . a
o be, + bx + b in b 2
i [(bc, + ac,) cos bx + (ac, — bc,) sin bx] -(2)
AlseL (2) ol ougul x +ll wUA [Asad s,
d’y .
F = e* [(bc, + ac,)(=b sin bx) + (ac,— bc,) (b cos bx)] +
[(bc, + ac,) cos bx + (ac,— bc,) sin bx] e .a
= e® [(a’c, — 2abc, — b%c,) sin bx + (a’c, + 2abc, — b%c,) cos bx]
d*y

d Y . = . N
- Zy ud peil Budl 2uta [@sa sl Hdl,
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Lol = e® [(a’c, — 2abc, — b’c,) sin bx + (a*c, + 2abc, — b*c,) cos bx]
— 2ae* [(bc, + ac,) cos bx + (ac,— bc,) sin bx]
+ (a® + bz) e™ [c, cos bx + ¢, sin bx]
= & (0‘262 — 2abc, — bzcz - 2.‘512&'2 + 2abc, + a202 + bzcz) sin bx +
(ac; + 2abc, — b%c, — 2abc, — 2a’c; + a*c, + b%c)) cos bx
= e® [0 X sin bx + 0 X cos bx] = e® X 0 =0 = %.0ll.
gl 2uda [QBu A 2uta [Qsa yHlswAL G3d 9.
Y Ad : ye P = ¢, cos bx + c, sin bx
ey, — aye™™ = —bc, sin bx + bc,cos bx
Y26 — 2ae™%y, + alye™™ = —b%c, cos bx — b’c, sin bx
= b2 ye
Yy — 2ay; + @+b)y=0
Gelsanl 25 ¢ Bdla aemi 2udd 2 oA 2l Wddl adui-l Aslad [@sa wdilsw Aadl,
Gid : WA 3 C A [&dld 20l 2uddl A ol gl wddl adoii-l Al 8. w2 3 2u
Al A AGUAL Fraell WA (=a, @) ddl Bl a > 0 8. (i 2usld 9.6.)

gl C Al adeld eulad s, v
(x+a)?+ @y —a)?=a (1) 1
x2+y?+2ax —2ay +a* =0 -.(2) (~a, a)
wlsra (2) o x <l wda [Qsad sdl, J
dy dy X' 0 >X
2x+2ya +2a—2aa =0
d
oo e[
x+yy' Y
a =1 25d 9.6

Adlse (1) 1l a -l (Bd Hd,
" 2 L 2 " 2
|:x+x+yyi1 + [y_x+yyi1 _ |:x+yy:|
y'—1 y'—1 y—1
(o' —x +x + P+ Dy -y —x - P =[x + TP
[+ 9 VP + [x + y1 =[x + T
(x + 7 [0 + 1] =[x + ]
2L wla adoli-dl Aslad Qsa wdlsa 9.

GEISRML 26 : 24 x = 0 €l Y y = 0 w2 [Asa u+{lsul log (%) = 3x + 4y -l [@QRre G3a

quq).
Bia : wld [Qsd wHlse 123wl dvil asiy

@ _ Gx+ )
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dy 3
— =X, -1
2 (1)
[Qaio{la ua-l [Qsa 15w ds dvidl,

d

=

e y

—4y eBx
€ - = -
4 3¢ (2)
AR (2) |l x = 0 2 y = 0 Hdi,
4+3+12=0 289 c= I+

alsel (2) Ul ool BHd ¥sdl,
463 + 3¢ - 7=0
L w0 [QAsa sl [Qlre Gia ©.

Gelgael 27 : [Asa uHlsw G3dl @ (x dy — y dx) y sin (%) = (y dx + x dy) x cos (%)

Bie : wld [Qsd wHlse 123wl dvil asiy

[xy sin [%] — x2cos (%)] dy = [xy cos [%] + JPsin [ % )] N
ay e (%)Jr yzsin(%)

dx xysin(y)—xzcos(%)

X

Rl oy 2 A Bed xZ Al AL,

2
2 cos (l) + (y—zj sin (l)
dy X X X X

= = (1)
dx 2 sin (l)—cos (l]
X X X
~ d . N
alsel (1) Ey = g[%} wsld AMulAeL (s wdlsw o,
2L uH{lsReudl B3 Adadl W2 WU y = vx ASY
dy dv
— = + — ean
— =vitx (2)
2 .
dv vecosv+ve siny - -
—_— = o]
vx o e —— ((1) 241 (2)u Guawael)
dv 2v cos v
x =T

dx  vsinv—cosv

VSINV—cosv 2dx
V Cos vV Ve =
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N V SinV —Cos v 1
e, || T Voosy ) dv=2 J; dx
[tan v dv — Ji a’v=2Jl dx
v X
log | sec v| —log |v|=2log|x|+log|c,|

secv
og —2|=108|-’-‘1|
VX

1

Secv B
A
A5 (3)ML v = % Hsdl,

sec (%)

NS¢ Wi, ¢ =t

[3)e

sec l =X
o y

L [QAsa qHlsw@AL uus Bia ©.

xdy—ydx) oy (ydx+xdy) y
———— |y sin= = |———=| cos =
x x X

X Xy
d(l);‘an Y- dw)
x xy

log |sec%|=1og|cxy|

sec l = Xy
X

Gelsel 28 ¢ [Asa uHlsw Gidl : (tanly — x)dy = (1 + %) dx
Bid : w0d [Rsa wilse 1A el quil asy -

dx x tan”'y
— + =
dy 1+ y2 1+ y?
-1
- - 1 - tan "~y ~ dx .
e, %l’-ﬂ&?.@l. 1) ¥ P, = WA = Yle — + P,x = Ul
( ) 1 1+ yz Ql 1+ y2 dy 1 Ql &
wlse 0.
1
Jl ) dy

USRLSIRS 2AYd = €

alBla
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2, 20 [Asa sl Gia,

-1
tan -1
WL 3, 1= H y] &Y gy

1+y2

tan‘ly =1 ‘L.‘sct't,

1
[ z}dyZdt
1+y

[ = [t dt
=tel — [1.¢ dt
= te! — e!
=l (t- 1)

-1
[ =e" Y (tan”ly = 1)
[l (Bud als@ (2)ul ¥sdi,
-1 -1
xeldn Y _ etan y (Ian‘ly— 1) +e

-1
x = (tanly — 1) + ce 1" Y

L U [Asa qHls@AL us Gia O,

uslel @ 9

1. Al [asa wlsel-dl san 2 uRHe (Asd €1, d) Aadl :
2
d
(i) = +5x(ay) — 6y =logx
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Historical Note

One of the principal languages of Science is that of differential equations. Interestingly, the date
of birth of differential equations is taken to be November, 11,1675, when Gottfried Wilthelm
Freiherr Leibnitz (C.E. 1646 - C.E. 1716) first put in black and white the identity
[yay= % 2, thereby introducing both the symbols [ and dy.

Leibnitz was actually interested in the problem of finding a curve whose tangents were prescribed.
This led him to discover the 'method of separation of variables' C.E. 1691. A year later he
formulated the 'method of solving the homogeneous differential equations of the first order'. He
went further in a very short time to the discovery of the 'method of solving a linear differential
equation of the first-order'. How surprising is it that all these methods came from a single
man and that too within 25 years of the birth of differential equations!

In the old days, what we now call the 'solution' of a differential equation, was used to be referred
to as 'integral' of the differential equation, the word being coined by James Bernoulli
(C.E. 1654 - C.E. 1705) in C.E. 1690. The word 'solution' was first used by Joseph Louis
Lagrange (C.E. 1736 - C.E. 1813) in C.E. 1774, which was almost hundred years since the
birth of differential equations. It was Jules Henri Poincare (C.E. 1854 - C.E. 1912) who
strongly advocated the use of the word 'solution' and thus the word 'solution' has found its
deserved place in modern terminology. The name of the 'method of separation of variables' is
due to John Bernoulli (C.E. 1667 - C.E. 1748), a younger brother of James Bernoulli.

Application to geometric problems were also considered. It was again John Bernoulli who
first brought into light the intricate nature of differential equations. In a letter to Leibnitz, dated
May 20, 1715, he revealed the solutions of the differential equation

2y" =2y,

which led to three types of curves, viz., parabolas, hyperbolas and a class of cubic curves. This
shows how varied the solutions of such innocent looking differential equation can be. From
the second half of the twentieth century attention has been drawn to the investigation of
this complicated nature of the solutions of differential equations, under the heading
'qualitative analysis of differential equations'. Now-a-days, this has acquired prime
importance being absolutely necessary in almost all investigations.
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< In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. — HERMAN HANKEL %
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— Y at

S5 vl ARN 7 2 5 2w 516 uRl 2R £ ddl m 20Ul 9, dl
() kd +ma =(k+md
G k@ma)=(km)a
() k(a+b)=ka +kb
Y :
() 2 Addlst 59 AW B 5 Al 56 ULl YAR H e, kA Ag dAul Ak 4 A
AU S V. ARdadl, 6 ARA ¢ e 7 AU &1, dl A dl ¥ YAdR R
A 2R HAd 3 Ul p = A A ARA 4 WA p U2s W3IUHL wUd €U vied ¥
4 =ai + azf +ak W B =bi + bzf + byk, dl A 6 ARl wuvt A dl
e dl %

b7 +byi +bik =A(a,7 +a,i +ak)

b,? +byi +bk =(api +(Aa)i +(hay)h

)

& b =Aa,,b,=MAayb,=\a,

= =

" ~ - N A
) o +ayj +ak SW, dlay,a,a; @l BRI UL 58 8,

-

(i) 5195 [Qseunl, 2 U €1 5 [, m, n 2 Ak BssRudA 8, dl

A A A N -
Ii +mj +nk =(cos )7 + (cos B)J + (cos )k A udell ulkarll Rausl As4 ulza

€9, AR x-viaL, p-2al el z-28 A1 ollddl VR AAsH o, B 2 Y 8.
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hY )
1

- = N N ~ ~ ~
Gelsnl 4 : A ARM @ =x7 +27 +zk qMA B =27 +yi +k A A, dlx, y @A

z Al Hedl L.
Ba : wud onelal 9 3 6L ARAL AHA €A dl 2 dl % dHell AAAIU HR5L AHA ElU B,

N

M, AU ARAL 7 A 5 UM WU dl A dl ¥

x=2,y=2,z=1

- ~

~ -
+J e, dl g =]p | ?AkA 4 A

A
1

b A N ~
Gelal 5 : A ARW 4 =7 +2J 2 B =27
¥ B ?

Gia : 2mel WA 4] = 2422 = 5 ¥R |7 = J2+12 =5

Qdl, || = |5 uiq, 6wl Awn 2ll, 518 F duedl A3 vesl B 8.

A
cu

N PN N
Gelgael 6 : AR 4 =27 + 37 + & -+l Rounmi sy uRa AL

.o A N
Gia : aRa ol Runi A ARy, a = ——a o gala 9.

ldl
¢d, |a| = 22432412 = V14

->

A Y . - N ™
Gewsael 7 ulRa g =7 — 2/l Ruil % ulRad Ht 7 vt S ddl Aulky WML

N
4

25

A
\/g]'

N N 1 A ~ 1
Giel : 2da ARY o+l Rl wsw AR 4 = ——a7 = == (} —2j) = —
“ B I

ddl, 7 -+l Rami 7 sl ala

N WS TN DTy
a = 5 _\/g —\/g;— 5]

~ , ~ " .
Gewsael 8 : AR =27 +27 —=5% 2 B =27 4 J + 3% - qawu- alRasdl Rl

NPT X TR IR
Gie @ wle ARAAL AL

-
a

+ 5 (=Csd) =47 +3/-2%

A | ] = 42+324(-2)
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w1, HIdld isH AR

c=L - @ity =i - &
1€l V29 V29 © V297 29

I A S - S - -
Gergaml 9 ¢ ARW g=7 +J -2k -0l Rgeldd avil i 2wl Rsgsausqdl aweadl s

T O A =~ ~ ~
Gia : wud A 3 wRu 7 = x7 +ys+zk i BRI g b, ¢ A ARAA 43U 428

x, y vl oz o 9. ed wud Ay We, wwuel WA a =1, 5 =1 v ¢ = 2. ayd,
AL om A n 2N AU [BssRUSH S1Y, dl

N 1 b 1
7 = Ve, I = & = — m =27 = —,
Il =6 FE AR F A

51~

~ ~ 1
2H, A AluAL [RssRUHA (%’

10.5.2 6 [BigalA 2ddl ulza

= LY - ~ . - - - Y = = =~ — o}

A P, (X, Vs 21) 2L Py (X, 1y, 2,) SIS URL 6L [Bigdll €1y, dl P; A P, 18 24l ARy PP, 9
(2usla 10.15).

(Gig2ll P, 2t P, < Gty A sl i Bustarl

P, (x5, ¥, %))

[Famel Gualal s2dl, (st OP P, uRdl,

—> — —
OP, + PP, = OP, 2T Ry, 3129)

AR ARALUAL dRIEHIAL GuAlaL s, Gur ealda

— — - ~
w5 PP, = OP, — OP, d3U cviy 8, 2u5ld 10.15
~ — A A
WAy PP, = (5,7 + y,0+ 2,k)— (7 + y,J+2k)

A I A
=(=x)i t(n=-y)J + (z—27)k

— . =2
Az PP, M, |P1P2 = \/(xz—xl)z+()’2—y1)2+(22—21)2 8.

Gewdael 10 : Bigall P (2, 3, 0) 2 Q (-1, =2, 4) L %cl P ol Q -l [Rauawal Az
I
Bia : ulka-dl R P el Q drs-dl dluel, ue & 3 P 3 wiat Big w4 Q ¥ ilam Big 9,

8N

~ ~ ~ [ —> =
ddl P 2 Q A %lddl “idld Alea PQ i
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Py =(1-2)F +(2-3)] + (4 -0k

2ed 3, PQ =37 =57 —4% B.

10.5.3 [Qcuz- uA

o

. -~ -~ - . - -~ -~ = = ~ -
Bigyil P w1 Q @l GaBig O A AhaL ddrll 22-RRAL 5% OP 2 0Q gl gallew 8.

0]
Q

AR ole oy [Big R, P il Q A %isdl utvise id:(deus-t
(2uslt 10.16) 2 ofefeust (sl 10.17) 531 a3, ],

Glrig O A wla Big R L 2-aRa Or bl el §290 o
= aN = = = - -3
8. 2L 5 vl As o [Asedl Al a
Qseu I : o3 R, durvis PQ o vidldeuar $3. (usk 10.16) »usld 1016

S = —
r

- -
OP =a,0Q =b,0R = r @l

N

R 3 PQ i ol Ad Rowo 2 9 3 Fell uet uURaL v m 2 n M2, mRQ = nPR A

A sl A 3 Big R 3 pQ < m : 1 RN vid:Reust 52 8. ¢d, Bisisl ORQ A
OPR u=¢l,
wusll WA, RQ=0Q—-OR =5 — 7
2 PR=OR-0P =7 -4
aell, 20 m (5 — 7)=n(7 —a) (u w2 ?)
m3)+nz
HAD vl F = (ug 34 2udl)

ddfl, % Big P el Q « el wiwvised AR m:n Wi vid:[Qouyd 52 d Big R <l 2wl

_ mb+na (g 34 uudi)
OR ~© m+n &3

[Aseu 11 : 2l R, vuvis PQ o cildldeur- 532. (3ushi 10.17)
R vt PQ < elglRdl ORI m:n ¥l [Aeus-t 53 8.

- —
= E_ m = - = —> _ mb—na
(M2 ¥ oR — 5 ) ALBigR - R QR = —— 8.

S U s W2 dend a3 Asrial w2 vl

2usld 1017
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A9 sl R A lvis PQ o Haulig €l dl m=n ol A ddl [seu-T urell, vy PQ L

— =
a+b -

uBig R\ @u-la OR = — adl.

. = = = ~ ~ - . -
Gelgel 11 : Bigyil P A Q il AR 2sH OP =34 —25 21 0Q = 4 + b 9. Bigall

P o Q A %l udviged 2:1 deliddi (i) id:@Aouyd 2 (i) clR[Eouos sdi Big R L
UTEEI X IR

BGid :

(i) Bigdl P 2 Q A Al Jwuvised 2:1 vpeidi »id[Eony s2dl Big R Al eu-ulza

L olarBldan) sa
2+1 3
(ii) Big>ll P 24 Q < sl wivise 2:1 el eilgldonyt sdi (Big R -l ew-lka

L oa+B)-[3a-23)
—
OR = 71 =4p—

—
a

Gelsanl 12 whid s 3 Bigadl A 27 =G+ 2), B (7 =37-5%), C 37 —4)- 4%) s129m
Bustenii RG> 8.
Gia @

AB= (1-2)} +(3+1) j+(5-1)k =—17-27-6k

BC = B-1)7 +(4+3) j+4+5)% =27 -] + 17
- = A A A A N A
»d CA = 2-3)i +(-1+4)j+A+4)k =-i +3j+5k

GuRid, %2 3 |ABP=41 =6 + 35 = |BCP + ICAP

ddl, Busiel ABC 2l stesial Busial €.

WY 10.2

1. A 2uddl ARl WAl awRdl s

A 1 1 1 A
@ =T+i+k; 5 =21-7]-3k; 2 =Fi+Fi-Fk
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10.

11.

12.
13.

14.
15.

16.

17.

BN
18.

et

ST

AU ML oL [ wRal @vil
gl [Bol AMA €11 dal 6 [P ARl @vil.

= Ea - A - = = e
ARA 27 + 37 24 x7 +yj A A Adl x 2 p Al EBudl sl

% Alkad Wit Big (2, 1) 4 2ilan Big (=5, 7) €4, d-dl 2R x4 AR vesl Akl

- A Ea A R

AR @ =7 =27 + R, B ==27 +47 +5% wA 2 =7 =67 =Tk 0 uawl
U4

ARW o4 =

N
i

A . NN
+ 7+ 2% Al Rami Ay ulRa L.

A P A Q s Bigil (1, 2, 3) ¢ (4, 5, 6) S, dl pO <l Bauni s alka Nl

Al wRA 4 =27 —F 428 w1 B =—7
sy Uz WML

+7—% du, A ARy 7 + 5 <l R

57T =7 + 2% uRudl Rusd 8 sy wawll ulRa Al

gl 3 aRal 27 —37 + 4% @A —47 +6] — 8% W D,
M S M = -

Ale 7 +2j + 3k - [Rg50R06 WAL

o ulea [Bigyll A (1, 2, -3) 24 B (=1, 2, 1) 1 A @l B ds+il Rauul 2sdl €1 d
ARUAL RgsRuUS 2kl

Ay

Al 5 3 AR 7 + 7 + & A 28 OX, OY A 0Z A Al velL old 6,

[big, R 3 [Bigdll P 2 Q A Al wuvisd 2:1 oeidui (i) vid: (i) ouR[doun- £2
D, P A Q L B st | 427 — & A =7 +j + & &, dl Big R -
SRR EA TR

Big2ll P (2, 3, 4) 1 Q (4, 1, =2) = el Jvivigeil welbigel AR 2.

A

ABid 5 3 Bigyll A, B A Cel 2-ulall sd o = 37 — 47 — 4%,
B =27—0+% A 2 = 7-37-5% S, dl A sesw Bisw 3 8.
18 daul 19 3 (A W o d Ad 2uud [Asedmidl doy [Asen wie s -

Bisie ABC (2uglat 10.18) =2 flA-uxiel sui QL ucd <ol 2

— —> -
(A) AB + BC + CA =0 C
— —
B) AB +BC - A0 =0
A >'B
U
(C) AB +BC —-CA =0

2usld 10.18
o — - -
D) AB-CB + CA =0
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19. %A g 6 B, oL A4 ARW S, dl A 2udal U8l sui [[adl AR 8 2

A) 555 xRBa A W2, B =Aa.
B) d=+7%
(C) @ A Bl »Udq3u ©esl wwani ol

D) oid ARW @ A 7 <l R e B, uig H Bt B,

10.6 &1 Alzel-l ALusR

AR YL AU ARAAL AU 2 oueous] [ e sl 2imd s AlPss wBal 2l 5309,
drl 6 ulRalldl deust sdaid . v e © F 6 Ava-l JRIsR s dval 8, 6 ARSIHL
dallslz Yet: SRS WAL B, uiq @A Aeelnl, 2udl dusdl dusik o Ad 530 wsla, 2ed 3
6L [AR0-L (Bl €15 dpusi2 il & (AR Adloget. 24 o d, 6 AlzelrAL ARUSR ULl 6L U2 AR A
8, 22d 3 (i) 2R 3 id2@Eed. Al uReud 2R (ival) 8. (i) AR ARUsR Haal ollde, 2]
uReux AR . i 6 HSRAL ARAAL RUSRAL 2UHR YR 22 A, doteum 2 SernlaniHi
[Alas Guylel 1A B, i Qo U 2 6L M5+ dRUSsIRIHL 2l 539,

Al R QR A ML ORISR B M sdad (.
10.6.1 6L ulzeld e (waar vid:) daq

YL 2 ;o Sg'i}dé Alzal @ w4 b U Al AUSIR (Inner Product 144l Dot Product) i
d-b =|d||5]|cos 6 gt cavlld wd &, HA 0 A @ Ud F R WAl 9, 0<0<n
(2usld 10.19).

<)
- —> —> —> - - - - .
AN og =0 AUl p = 0 €U dl 0 AcuvulAUd 9 2 1 [BRAML, 0 R

=~ _)_) = = ?
AU g - p =0 AR 53024 Gl
2usld 10.19
A5
— = . -
1. a-b 25 dwrdlds Ava 6.
- - N T A ~ — = —> ~
2. HA3 g A p A YARARM D, A -5 =0 Al A dl % ¢ A p URUR Aol
-~ - — —
8. WA Y a-b=0 alb
3. R0=0, A a-b=|allb| RA -7 =22 1t B 6 2 0 .
4. A 0= A a-b=—|allb] RAN 4 (~a)=—|a [ ¥ B 0 A 1 B.
5. wadisdl 2 wA 3 AL deolui, wuR dol s ARW 7,7 wA §oAR, vuus]l wd
a’_\/\ M FANVAN A NN /\/_\
ii=Jji=kk=1i-j=Jjk=ki=0

— N

- = - —
- A = Y = a-b a-b
6. Ol YddR Al g 2 ?; ARl MBIl cos O = I_)”B)I »dl @ = cos! I_)”zl alzl
a a

Hal 6,
7. @R deusk wusHl B, Ned 3 b = b-a (u w2 ?)
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(22 ORISR 6L HETal OLRIUHL

@A 1 (e youse-l uraon u2 [Qeuv-l oysaH)

a, b ¥l ¢ A8 ua Aw wlal S, dl

o o
ad-(b+c)=a-b+da-¢

-

el 2 A6 ua 4 alal @ ud b A A ua ula dva A Wl
(Ad) b =A(ad-b) =da -(AF)

RO AR 4 A B ues @3N a7 +ay) +agh qA b +byj +bp wld du, dl

el e oeusiz A Wl sami wd © ¢

—
a

D = (al? "'aza? +ap) - (bl? "‘bz:"\ + bsk)
= a,i (b7 +byj thR)tayi (b7 tbyj th)tagk - (B +byj +byk)
= ab, (1-7) +ab, (i-7)+aby (T-5)+ab, (1) +ab, (5-1)
+ayb; (F )+ ab, (k1) + azb, (k1) + azhy (k%)

(aEd 1 21 2 U Gualal $Rdl)
= a\b, + a,b, + azb, (adls 5 -l Gualdl $2di)
§WH, q-b =ab, + ab, + ab,

10.6.2 3wl U ulza-l uau

wal 3 U AB, A 1 g safad] AAs v i aBuaq siad [ze B, 0 wail oiud

& (2usld 1020). 34 i |AB||cosO| €4 ud 3 B 21959 cosd 41 14 3 #a 4 a

sgeuz 1 Al B 3 d-l Rggdl Bou la dar alBa p A AB - I w2 48y alBa s 8. dwu

A a —
et |p| A Bouysa v 1 w2 alBa AB - udu 38 O.

-

~ a H . . - a =
Belgel ddl3, 2o e uds 2uslaml (pusli 10.20 () 4l (iv)), AB L vl 7 U2, uaY

~ 2~
Alee 2L ulza AC 9.
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= 7 > < >
A 7 C C ? A
(0° < 0<90°) (90° < 6 < 180°)
® (i)
- 9 g -
C. P —~ .1 (P C o
i A | ’
7 NN
B B
(180° <0 <270° (270° <0 <360°)
(iii) (iv)
2usld 10.20
AL EALSL
1. % p 2 i 7 4 sH Al €ld, dl ARW Z Al 3w 7wl Y 4 p gl
i, 9,
b
2. ARA g Al v ARA H URAL AL g b ™AL ¢ - BT el ﬁ (d-B) &4
b b

salay 8.

-

~ ot — = — by = - = —
3. % 0=0 <A dl AR AB-l u&Y ARA AB Wid % Uil v+ %A 0 =7 €4, dl AB
= —> ~
&y ulza BA 9l

= 3

T - Y 2~ Y =
4. A 0 = 5 Y4l 6 = = gl dl Alze AB-l uau ulea U™ Alea asl.

AL Ao, By, AR T=af +oay) + oagp W RgvEual du dl dal RggRusH

.

_)

a a a a
Cos 0L = T = _1),00.5'[3272 %*l'\icosyz _3:

121171 lal 2| 2|

Qull, I8 52 5 || cos 0, | a | cos B | @ | cos y 3 24sH el OX, OY i 0Z uR ARy
gl MAUL 8. ¥ed ¥ ARW @ U AURA w2l a; a, A a; U dl AsH x-Vial, p-dia v
z-oa U URA -l MAUL B, GUAL A @ s AR 1, dl drl drl RgSRuSIAL a3uul

) A
@ =cos0i +cos Bj + cosyk ad saldl s,
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Gelg2el 13 : ol ARA ¢ A Al A s 1 AL 2 S il -5 =1 €, dl @ 7
b a2l vell el
G :awdl, 7% =1, || =124 [B] =2 2la B,
d,
- =
0 = cos! _a,i = cos™! (%) = %
lall%]
Gelgao 14 t AR @ =7 +7 —% 2w B =7 -7 + & azdl wel 0 .
ab
B3a : uRY, ¢ @A B A2l el 0, cos O = HIk a3 sala O,
a
8d, 25 =(i+ji-k) (-7 +k)=1-1-1=-112|=|5|= 3
"2, cos O = —% A, 6,
dell Hidle el 8 = cos™! (—%) 0.
BEWRWL 15 : % @ =57 —j =3k ML 5 =7 +37 =5k du, L ealdl 3 AR 4 + 5 A

- -

d — b uRR dol 8.
Bia : ud onella ¢l 3 6 gid ARl AR dRUsR LU €, dl d AR URUR dal

Sl 9,

Wi, a+B =G - =3k)+ (7 +37 =5k)=67 +2) — 8%

\:

A
1

WAl 4 —B =571 —J —3k)—(i +3] —5k)=47—4] +2%

A, (a+8) (a—-B8)=(67+27 —88) @7 —47 +2%)
=24-8-16=0

MA@ — B URR dol AR B,

AL |G| =8| = a + B il 4 — b uRUR dot B,

Gelsaml 16 : AU @ =27 +37 +2% W AR 7 =7 +27 + &k uedl AU NHL.

~ ~ ~ 1 2x1+3x2+2x1
Bia : ARA & W UARW B Wl AU 7 (20 B) = ( )

_ 1 s .
1 Jorrairap Yo 3O
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Gewgael 17 : o 6 ARMW g 24 p W [a] = 2, |p] =3 ¥l b= 4 &, dl
|'a—b| L.

Gia @ )

|d>-2(a-8)+ |6
=22-2@)+(3)2%=5

adl, |a-B| =45
Gels2ml 18 : A ¢ sy ARY U ¥ (}’ - ﬁ](? - E)) =8 i, dl || <l

Bid : g wisy uRW S, |2 = 1.

HYdL yx-x +
wdl |[TP-1=8»2d 3 |X]2=9

agdl, |X]=3 (ulad HA sga Seuel)

-

Gelg20l 19 @ 519 el 6 ARA 7 2 7 HIE Al S 5 2uvLiA d3al

a-B1<|a|15] Ha 8. (S19l-#1eos A AL)

B3 : 2=0 2udl 5 =0 &4 A 2l dAMdl 2leilds A vl 9. ardadi ¢ WRRARH

ARl WA |75 =0=]a||z] Q. ael 2l L 3 |7|#0,]5]#0.
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- -

Gelgael 20 ¢ 518 yeL 6 AR @ A B W2 WA 3 |g+B| < || + |7
(EPEI TRERETEETY

Bk : 4 = 0 284l 5 = 0 S 2AHA awcnfasudl uwdd 8. (3l Aa ?)
N -, =2 2 \
dll @ # 0, 5 #0 dl. . c
Zxb
=~ — = g -
ed, |a+b | = (3+3}) (E)+E>) b
A =~ B
a
= 4d-d+a-b+b-ada+b-b sugld 10.21
= |dP+2d-b +|b? (ul2a dpaus uansHl ©.)
< laP+21ad-B|+|5P (x<|x], VxeR)
< laP+21dllz|+]5 (stell-#1c05 AHA)

(al+17D?
ddl, |[a+5| < [a]+]7]
AlY ool Braella AAHAML AHdL GURRd wi (BelsRl 20 gil) wed ¥

la+F|=1d1+I7].

-

— — —
L |AC| =]|AB| + | BC|
i osald B 3 Bigall A, B, C a+3v 8,
Gewgael 21 : wlid s 3 Bigyll A (-27 + 37 +5k), B (7 +2j +3%k) 24 C (77 — k)
UMV O,

M

1+2)] +2=3)] +G=5t =37 -7 -2%

. —>
Bia :udl, AB
%

(7-1)7 +(0=2)] +(=1-3)% =67 =27 —4%

BC =

AC=(7+2)7 +(0-3)j +(-1-5k =97 3] -6k
W |AB| = iz, |BC| = 2414 A |AC| = 3414
e,  |AC| =|AB|+|BC]

i dell Bigyil A, B 24 C 34w 9,

hS . - —> —> - . P ~
@ A8 | Gelg@ 21 Hi e 5L 3 AB + BC + CA = 0 €lal 89di ugl Bigall A, B 24 C

Brstei Riublg el
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10.

11.

12.

16.

. %

[l 10.3

oL ARWAL Hird AsH 3 Ul 2 €l ddl ¢ =6 2id €, dl d AR a2l
viRll .

o

AR 7 =27 + 3% @A 37 =27 + & a2l vl L.
AR T — 7 A ARW T+ 7 udl uAu AL

AR T+ 37 + 78 W77 = + 8% Ul mAu AL

galdl 3 1A 2uta 2o uR U5l uAs ulRw sy ARy O ¢
7 @137 +6k), 767 -6] +2k), 5 (67 +2] ~3k).
aofl, ABId 5 3 21 AR R dol B,

A (@+3) (a-7) =821 1d1=8 18| d, 14|« || D,
Ba=58) 2a +7%p) WAL

= —

ol 6L ARA ¢ il p Ul HA AN Sl el duedl 9L BRI 60° dal dxsl ke

oLRUSIR % Sl dl duel Wi 2l
B wsy ARW 7 MR (;’_;’]-[;’+2) =12 €1 dl | x| 2l

o URW 4 =2

+

TH+27 43k, B == +2j + k¥ ¢ =37+ W2 4+ AD

s = =~

W ¢ oA odel dld, dl A Hed ML

A wal A 9Adz ARW ¢ @A B w2 suldl 3 |4|B +|FBla A |4|p -|F|e A
dol 9,
RNa-a=0u1 g-p =08, daky p QA L AR 5¢ asy ?

a.b,¢ WHARW A ¢ + 5 + =068, dl @5 + B¢ + ¢-a L Hed WAL

B ARL 7 = ¢ AU b = F S dl g5 =0 Ui Ucdlu, A Sl d %33 el

Lol Gelsel AR/ A 5.

. %l Busiel ABCHL RiRUGig1 A, B, C 253 (1, 2, 3), (-1, 0, 0), (0, 1, 2) €1, di ZABC

NN ~ > — i NN
Wl (ZABC »1 BA dul BC ad-l vwel 8.)

Al sA & Bigyll A (1,2, 7), B (2, 6, 3) 24 C (3, 10, —1) A3 8,
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17. Al s % ARl 27 — 7 + &k, T —37 — 5% A 37 — 47 — 4% sesa Bsaxi
RRfGig ©.

g 18 i (A A ol d Ad 2uda [@sedmiel oy [sey wie s

18. A g LAdR ARA €14 A df Wl '@ €l A A YAdR RY €, dL A Al 56 Bad

W2 Ao 2sH AR Ay,

(A)A=1 B) A =-1 ) a=\ (D)a=]%|-

10.6.3 6 Al AlRA (AAqL 5iA) RusR xaql eldfRusi

@euol 102 Hl 2ud BruRwela oxen se-d doiily amugl @ 2l s3. 21 gl
el x-iae o ARl sieidl @B R, e p=2iaHi uRaldd s2ami 20d U gHa gl
(ruRid) 24 z-2g-l q Reudi 2w00 a8 8. (2ugld 10.22 (i)

Rl glael Quglanl, wen gladl 208 z~iadl Y Bl dRg Slwd il vtidwllpil x-2nasl
g [Roudl €2, y-ua-dl 4 R dzs addl @ 8 (2usld 10.22 (ii)).

Z

2usld 10.22

Qv 3 : o Ydd? Algl @ A B A alea yusik (Vector product or cross product or outer
product), axb d3 gl &
a

xb =|a||P|sin O n

i d ' A =

gL AR 2y B, 2l 0 W g WA p oARAA el (00 <) wd o, oA AW 4
—3

w5 oA dol s ARL D AR 4, B oA g o sl ugla A B (usl 10.23). RNed

3 oo gladl w4 dl 7 oazs sadl n <l Bami 20w 8,

RN a=0 28U b = 0 & dl 0 wvuld el 2 20 BRrum,

WU 7 xp = 0 Avdlld 532 ¢,

2ugld 10.23
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2AALSH

2. AL & v b AR ARM D. A ax5=0 S Al A dl & 4 2A 5 wsoiloan

QAN @ xa=0 1 E’x(—a’)z 0, uay uRRARME 6 = 0 24 [dlu uRRAlMI

0 =m. 2ul, sin 6 <l Bud 0 wu O,

3. A0=5dud |axp| =147l

k
4. vddlsl 2 A 3 L 2ol uRuR dop visy ARA 7, ;A (/ \
A

k2 (sl 10.24). 2wl wd Fx7 =7 x J =k xk=0

AA A A A AN A A 2usld 10.24
ixJ =k Jxk=i kxi =]

]

-

5. uleaL dusiel Aeoil, 6 YAdR ARW ¢ A p Al Wil sin 0 = HIE 234
a

wel saldl AsA.

6. Yddx ARA W2 ARW deusiz sl el s@ 3 G x B =—F x a. A,

-> > >

dxb =|allB]sin® n @ @, 5 @ n @Rl ladd uglid Rula 52 8. 0 2
a d b drs e eald © (2usld 10.25 (i)).

A -

A . N A . N
WU Bxa=|allb]sin® m; wdl, b, a i m xR slaxdl uglid FuHie 52 8
wWed 5 03 b dl 4 d% aHa 52 8 2ugld 10.25 (ii).

2usla 10.25
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—

Aa - ~ ~ ~ AN A N .

WH, WU B ¢ A 5 A SPIAAL AHAd U ddl AR W afA dl p @A n siA

-~ s - . A - -

5L WA dol g4dl. uid n il B sl Gu dzs il n ol R sl A drs 8.

S A A
wWed 5 n = —p.

Adl, @ xB =|a||B]|sin0n

M
~12|1B|sin6 n
-2 x32

A A s A M

7. wddlsl 4 A 5 AL Aeell, Rl WA, [xT=—F kX j=—i¥A TXk=—]

N
a

8. %A 4 i p Bl wawA-l oyl caladl €l dl d dsisn %|;’><7,’| gL AL 6,
Bisteidl aotsadl cpvaid 2l sugle 10.26  u:el

wupll wdl, (sl ABCq &alsn = %AB-CD, u3g,

AB = |5 | (w&), 2L CD = | 4| sin 6. 203, (151w ABC+
2u5ld 10.26

. 1 _ 1
Aasa = 2| B||d|sin 0 = 5 |a x3].

9. % g A 7 AHdR ouy Al wp-wd-l eugl suld, di d- Astsa [7 x 3] Aot

glRL Ul 2Ud 8. gl 10.27 wrel 2uusl wal

AHIAROUY Aeslel ABCD v A2150 ABCD =AB - DE
uid AB = |5 (ua)

e DE = | 4| sin 0
2N,

AHldReUy Agssiel ABCD «f asisn wugld 1027

=5 ||a]|sin®=]axb]|

¢, el AR dRUSRAL A Hgrardl ARiaHl el

—

AR 3 (RRALL ¥R ARW deusidl Reugdl d@ed) 1 Al 7, 7oA ¢ 2uld s alkad

N >

w4 2RI S dl,

(1) a X(T;+?)= axb + axc

(i) A(d x B)y=QAa)xb = a x(Ab)
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-

Y2l 3,

A B, dH-ll AR dRUSIR

—3

A ARM @ A B 425 WIUML SN a7 + ay) +tagk WA bG + byJ + bk

M A M

- = ! J k =

axb =1 4@ af ¥3y 2wl s,
by by, b

Anodl ¢ 2uel wd

-
aXb

AY :

BGElSWL 22 : A g =2

= (a,i +ayj +ask) x (b7 +byj +bk)

:albl(? X ?) + albz(? X .:'\) + a1b3(? X 2) + azbl(.}\ X /l\) + azbz(? X }\) +

aby (7 x &) +ah(k x 7) + ashy(k x 7) +ashy(k x &) (e 1 gRl)

= albl(? X ?) + albg(? X :'\) _a1b3(;c\ X ?) _azbl(? X ?) + azbz(?x }\) +

ahy(j X &) + ab(k x 7) —azh(j x &) + azby(k x k)

M M A M
1

A A
(R&3 T xk =-kXi, ] X

-
—i

N N A A M
Xj ol ExXj=—F%X%k)

A A S A A A
ahyk = aybyj —abik + aybyi + azhyj - azb,i

%
(R TxT=%, Ixt=Tuwlexi=F2wlixi=7x7=kxk=0

= (abs— ‘9352)? — (a,b; - aBbl)}\ + (a;b,— "1233'1)2

A A N

i j k
b b b

2wl Fads «dl, el wd 9.

+ 3 +3F A B =37 +57 2% &, dl|axp| HL

—~>

M a"\ AN
i ] k
Bia : 2Rl WA x5 =2 1 3
3 5 =22

(=2-15)7 — (<4-9)j + (10-3)%

177 +137 + 7%

Aell, | dxB | = \J=17)% + (13)> + 7> = 507
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GEWRR 23 R g =7 +j +k,b=1 +27 +3%k 9, ALARA (2+5) ¥ (a—b) el
dol sy Uk AL
Gid : el WA g45 =27 +37 +4% ¥ a—b =— ;7 =2k B. WRW 4 + 5

WA g—p oA dol S d ARA (2 +5) X (a—b8) B.

N N N

i j k .
(a+B)x(a=B)=l2 3 4|==27 +4j-2r=7¢ (5€1)

0 -1 -2

—
' = ~ C _l A 2 s 1 A
dell, widle AsH ARY — = — G + == — —

11 \/gt \/gj «jgk

Y — — r1d

142515 uRl AHdaA 6L dot Rl €l O, M, g + b A g — b A dol A visH Ul
1

i ot ==k uelas s wid A (@ —B) X (a + &)1 uReun o edl.

1 r_ 2
Jo - o

[=))

Bewsael 24 @ A(1, 1, 1), B(1, 2, 3) 21 C(2, 3, 1) BrRibigllaron Bistad asiso bl

N o AN 2
Gie : wuell WA AB = j +2% ¥ AC = § +2] 8.
~ ~ oA 11— —

Ad [BPislaq asu ElAB ><AC|.
M AN AN

~ — ik A AN

8d, AB X AC=|0 1 2|=4; +2j —k
1 2 0

P |AB x AC| = JT6+2+1 = VaI
WM, WY AN = %Jﬂ

haY

Gelsanl 25 : ¥l w-wA-l sugall ARM ¢ =37 + j + 4k v p =]

) ) Y
—j + &k & da
AMLAROUY AGsla Aotsu kL.
G2a : el wr-wd-l cuggadl ARY & A B Gl dal wnideny Al dssa [ x5 e

-

Yo 9,
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10.

11.

A A A
i k N
éa{,E)XT;: 31 4=5?+]—4;‘c\
1 -1 1
|axB| = J25+1+16 = J42 i1 ddl #idle &ssa a2 8.

Wl 10.4

A a=7 7] +Tk 4 B =37 —2j +2%k &, dl [axb| DAL
R oa =37 +27 +2k qAV B =F 427 —2k €, A ARY 4+ A a-b A

dol 2sH AR WAL

A sy AR 4, 7 Wl % WUl el oAl % WAl well A 0l agble  oieud,
0

o

= S8

L A d el 4 L d2s5l ML
tldl 3 (e = B)X (2 +B)=2(a xb)
A QT +67 +278)x (7 +A] Fuk) =0 & dl A A p el

N = ~

~ — - ~ n . -
0% @ x 5 = 0 2u0d 8. ARWN ¢ 24 p [ g dra «lsd ?

- -
a*b
—

- - A M A M M A -
ARW @, B, T AN a7 +ayj task, bi +byj +hk AT+t ek @3

—» —r 4 —r

a X ( P

2le B, Wi 53 % b +¢)=axb+axce

N =

Wog =02 5b=0,dl ¢ X b = 0. 3 Udlu A & 7 GelgW gl dAUA ol
Al 52

BRUGE A(1,1,2), B(2,3,5) x4 C(1,5,5) awu (Bisiend &xsa 2l

B Anideuy Apslall wa-wddl sugd AR G =7 - 7 +3% wA 5 =27 -7] +1

€ld, dl d éxAse 2llHl.
wall 11 dat 12 i (@Que i o d Ad 2ule [@Qsedxidl dou ([@sey e s3A

a3 AR 7 A 7 owidar B, |a] =3 wa 3] = g 8. % a x b wsH AR €,

—

§d B QAL vl . S,

N
a

L

(A) % ®) T © % (D)

ST
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12. doElRaql RABE2 A, B, C, D «l eUuRail 2tesd —7 + % i+ 4k, T+ %}\ + 4k,
. %}’ +4% wA =] = %}’ + 4k €, dl d doRllud Assu
1
A) 5 B) 1 ©)2 (D) 4

10.7 Alzad xl2a G (W apeusi2)

— rid ~ ~ —

B oud ¢ A8 ua Aw aRa 8. 4 A (B x ) wuka Bod wald w1k
@, b A ¢ ALY sHHLRUSR a - (B x ¢ ) A 2lea [Ayw-i (Scalar Triple Product)
B v A [a, b, c]@aa [d b ¢ ] Rl salay 8.
=da (b x ¢)
QLS

(1) @ da & x ¢ ulka Qe @« (5 x ¢ ) 2ka wb 8. »wald [¢, 5, ¢ ] 2wk ulL S,

(2) ollflas Ad, 2w Bopedd W 2 ssoellad Aqao AT x2
=~ — - N .
ougl AW a, b il ¢ Yl orAdl AHIAR Fds N
(parallelopiped) 1 u-su 3 (ML{{[?L 10.28). “3uR
dl, |5 x ¢| A UHIdR $asl U AMIdUY a
apsle] Aasa B, ARW T @A ¢ A wwaan |9,
. . Y oY NN . B
Ardd-L Aol Rl @ L v 3 al Gl 8 o - CV
b
s N > - — "
§d d @ Ul b_)x ¢ "Ll lau-u a25 (component) < 25R 1028
. la(bxc)
W 8 2Ald TS ST
Y@ X0
- = =
. . la- (bx ) R

Al AMidR sdsd s —T=5——=7— |b x ¢|=]a - (b x ¢ )| ad.

= |(b X ¢ )l
N N N A = N N > A

(3) A a =a,i +a,j tazk, b =bji +byj+bjk Ml ¢ =ci +c,J+ sk

S, dl

AA A

i j ok
—F —¥
b xc =14 b b

a 6 4

= (byey — byc,) i + (bye, = byey) i + (bye, — bye,) R
WA Adl @ (B x ¢) = a,(b,c; — bye,) + ay(bse, — bycs) + ay(bie, — bycy)

a a4 a3

=& b b

G (%] C3
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(4) B a, b i ¢ A5 ua o AR i, dl
(@, B, c1=1[b, ¢, al=1[¢, a, b]

(o121 Alea gdla suaudl vlea BowHdl Bud sedidl l.)
WA ¥ a :al? +a‘2}'\+a3£, b :bl? +b2f+b3£ wA ¢ :cl? +02}\+c32 6.
BuRTil elst MLl
- —r - al a2 a3
[a ] b ; € ] = bl bZ b3
G 6 G

= a,(bye; — byc,) + az( 3¢ — blc3) + ay(bic, — byc))
b b, b

= Cl Cz CS

a a a

=[5, ¢, a]
2wl o WHEL, s Asll wsd 3, [a, b, ¢ =[¢, a, b]
wel, [a, b, ¢c]=[b, ¢, a]l=[¢, a, b]
(5) 2R B@d @ - (B x ¢)ul sdnEd 2 oAl seaned 530 wsu 8.
A2l 3,
a (8 x ¢)=1[a, s, ]
=[5, ¢, a]
=[¢, a, b]
=¢-(a xb)
=(axb)-¢
6) [a, b, ¢]=—-[a, ¢, ] 2 3,
[a,5,¢c] =4d-(b x ¢)
a-(=¢ xb)
—~(a - (¢ x b))
=—[ad, ¢, b]
(7) [ad, a,b5]=0
[a, a, 5] =[a, b, a]
=[%, a, a]
=% -(d x a)
=3-0 =0 (a x a=0)
A9 : (1) [a, d, 6] =d -(da x b)
=(axa)+-b
=0 -5=0

(2) & A URA S5 wel sHML Gy, v wReuM 7 ud 9.
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10.7.1 A2 uleadl andadlud

Uty 1 oA AR @, b A ¢ AHddle Y, Al A AL % @ (5 x ¢) = 0.

Al : wan 2w WA 3 ARY @, B A ¢ wddld 8.

S ~ . ~ S = AN

B b WA ¢ AR ARA &Y, Al B X ¢ = 0 vA Al 4 (B X ¢) =0

A b WA ¢ AW AL S, dl @, b A ¢ Adddld dludl B ox ¢ W @ A da B

wWel, @ (b x ¢) =0.

el Gag, WA 5 a (b x ¢)=0.% @ 21l b x ¢ ol YAdR €, dl 2 ey
LA S @ A B x ¢ WU Ao ARA D Ui b x ¢ A b @A ¢ oiAA dol ARk

~q > T T P S T coNLn PP S = S S
O, adl, a, b M ¢ Vs % AHAGHL Al D, Hald Al AHddlL O, A a 0 dl a

~ ~

A6 ueL 6 AR WA Ay B, QAN A4 5 A ¢ WA A (B X ¢) =0, dl b 4
¢ iz Ak 2. ¢d, A6 we 6 Al olrddl AudaHi d AR 2udel U B dul 2 Auiel
A5 ugl s ARAA AR U Al 2ied AR UL L AMdAH] A Sl 4, b @A ¢
AHdld 9.

Al : oo ARAA Andeludl uell AR Bigdiidl Andeludldl Al 53 wsA AW dl, A

— — N~ 2 - - Y - A
Aw AB, AC i1l AD AMddld €, dl AR [Bigal A, B, C 2 D Auddly .

BEWSA 26 1R @ =27 + ) +3k, B =—i 42/ +k A C =37+ ] + 2%k &, dl
a (B x ¢) .
2 1 3
G4 :¢d a (b x ¢)=|-1 2 1| =_10
3 1

Gelam 27 cuRW @ = 1 =27 +3k, B =27 +3) —4k A ¢ = i =37 +5k auadlu
8, d¥ oldldl.

1 -2 3
Gid :umdl @ - (B x ¢)=|2 3 4| =0
1 -3 5

4

WS, wiy 1 well, @, b A ¢ adddly alRa 8.

BEl2 28 : R ARN @ = 7 +3) +k, B =20 = —k A =i +77 +3k uuadl

-

Sl dl A QUL
Gid : @, b A ¢ wdddl Qawl, [, 5, ¢] = 0 ald

1 3 1
2 -1 -1] =9
L7 3

1(=3+7)=3@+A)+1(14+21)=0
A=0
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Geleaul 29 : Bigyll A, B, C, D L IR wsi 47 +5) + k, —(J + k), 37 + 9] + 4k
WA 47 + J+ &) D wWhd 5 3 A, B, C ¥ D auddly 8.
Gia : wuud o3l ¢l 3, A AR AB, AC A AD Audeld g, dl 2 dl % AR [Bigail

-~ -~ -~ ~ =~ _> % %
A, B, C 24 D adddly €1 - d 2 [AB, AC, AD] = 0.

6, AB =—( + k) - (47 + 57 + k) =—4i -6 -2k
AC = (37 +97 +4k) — (47 +57 + k) =—i +4] +3%
WA AD = 4(=7 + j+ k) =47 +57 + k) =-87 — ] +3%k
4 6 =2
wil [AB, AC, AD] = |-1 4 3| =0
-8 -1 3
ddl A, B, C i1 D auddly 8.
Gelg22L 30 B A 3 [@a +b, b + ¢, c+al=2[a, b, ¢]
Gia:[da+b,b +c,c+al
(e +8)-(B+2)x(2+2)
=(a+b) (b Xc+bXad+cXc+cXa)
=(a+b) (b X +bxXxa+xad (¢ xc=0)
=ad - (b x)+d-(bxad)+d - (¢cxa)+b - (bx)+b-(bxd)
+ 5 (¢ xa)
=[a,b,c]+[a,b,al+[d,c,al+[b,b,c]+[b,b,al+[b,c,a]
=2[d, 5, ] (su w2 ?)
Getsael 31 cMbBid sA 3 [a, b, ¢ +d]l=[d, b, 1+ [a, b, d]
G4 :[a, b, c+d]=da-(b x(J+4d))
=4 - (b xc+0b x4d)
=a (b x¢c)+a-(b xd)
=[a, b, c]+[ad, b, d]
WY 10.5
I, R d=17-2j+3k, b =20 =3 +kaic=30i+,-2kdu,d[d b ]
I
2. WA A ZARY @ = 1 2] 43k, b =27 +3] -4k wA & =1 —3] +5¢k
AHAlA 6.
3. R AR P = j 4+ Kk, 30 + 42k MA § o+ =3k uvadly du, A A DAL
4. WRA 7 =i + 4k, B =1 A C =ci +cy) + ek B
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(@ Ac,=12n01c, =284 d a, b 2l ¢ yudelld 4 d W2 ¢, .
(b) Ac,=-1 2 ¢; =1 S, dl WA 5 3 ¢, L AS wel Bud W2 @, b 24 ¢

AHddly gl

5. WM 52 3 47 + 87 + 12k, 27 + 4] + 6k, 30 + 5] + 4k A\ 5i + 8) + 5k
AR YAAdl AR Bigyll Audely 8.
6. AR Bigxl A3, 2, 1), B@, x, 5), C(4, 2, —2) »1A D(6, 5, —1) uudeld diu, dl x 24,

7. % a + b, b 4+ ¢ Wl ¢ + a uddedly S, dl WBid A 5 a, b ¥A ¢

Adddly 9.

uslel Gerswn

Gelganl 32 : XY AHddrl ol % s ARA vl
G : w3 7 = x7 +y] A XY Addadi s uRa D (2usl 10.28). ¢d sl vz,
2l WA x = cosd A y = s5ind (|?| =1 Sell)

defl 2w ARA 7 A 7 (= OP) = cos® +sind®; )
a3 ealdl asla.

ueugl, |?| = \’cosze+ sin*® = 1

Y
F
N P(cos0, sin0)
AN
AVt — N
X'e 0 >X OP’ = cos0i
N 0 P 7 == A
P'P=5in0/
v
Yf

sugld 10.28

adl, @ 3 [0, 2m) i Budl wRke 2 8. qdl Big P (2usla 10.28), aRua-u siadl [&a3s
Ranl adn x2 + 2 =1 [Bid 53 8 2 d wsd dd Rl Aisd 8. ddl, (1) XY Axdadl

UAs wsH AR 2 9.

Gewawl 33 : A A, B, C A Dl @Rl s 7

-

N

37 427 —3% A T -6 — &

-

— AN b S
14, dl AB i CD <Al “ell Ml dikdl %

— . = .
AB i CD 3w 6,
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-

= NN ~ SN = ~ = - 2 ~ 2 SN ~
B34 : -4 53 3 A AB 24 CD a2l VRl O 814, dl 6 2 AB didl CD d2eil YBL W8Il 9.

-

_) =~
$d, AB =B -+l a-ulza —A l e-ulza
A
1

=7 +57)=-(G +j +k)=71+4j -k

al A = Ja2+ @?+)? = 32

= — M - —>
2wl % uMEl CD =27 — 87 +2% A |CD| = 62

AB-CD
|Abllcdl

_ 1(=2)+48) + (D2

(3v2) (6v2)

WUH, cosO =

=~ = = = =~ _> ~ % ~ =
0<O<mead, 0 =mn 10 9. 2 el Rig w9 5 AB i+ CD AHIW .

% % ~ ~ % ~ % by ~ =,
asf@us Ad, AB = - %CD eld ® 3 AB il CD audv AR 8.

- -

Gelgwl 34 : uRA 4 , b ¥ ¢ MR lal = 3, |5l =4, 2] =5 8 20 du-umia)l udis

AR gl 6 ARAAL AAUA eol €y, dl |3 + B+ ?l 9Ll4L.

Gt adl, @ (B +2)=021 5 «(a +)=0,¢ -(a + b5)=0 a8,

-

2
6 14 +Bb+ ¢ =(E)+T;+?) (E’+b+c)
=4d-d+a-(b+c)+ b-b+b-(a+tc)+ c-(a+b)+

1P +IB PP
=9+ 16 +25=150

ddl, [a+5+¢| =50 = 52

-

Gelg2el 35 t A ARW @, b Al ¢ Wd g+ b +c= 0 4 Wi 2 8. A |

- = >

|5 =420 |c|=2 8% AAB p = g5+ b-¢ + c-a < 4 HAadl,
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Bicd : wdl F+p+c= 0 <], sl wa
a-(a+b+c)=0
MUYl a-a + a-b+ a-c =0
W 2B+ a-¢ =-laf =2
sl p-(a+p+c)=0
wual a5 + B¢ =-l3 =16
W% WD, a-c + b.-c =4

(1), (2) 21 (3) AL A $dl 2uvel A

— -

2(00b+?0? 3‘?

+

—21

wudl 2u = 21, vald p =

Gl 36 : YRR dol wisH ARl

- -
a =37-7, =27+

» A I
AUAR ® 24 B, A o A dot 9,

= bt =

Ny -
Bid : wuRA A WE B = Ao dl, vied

— — A A
6 B =B —B =2-30)F +A+1)] -3

P ~ ~
ddl By o  del glaEl, 2quuel wa

§ed § 3(2-3A) — (1+A) = 0 €lq,
%lliﬂ,?u=%.

. "

HL 12%?—%}\3&"1)32:%

i,

- ~ 2 —
=3k du,d A f=8

) = =21

7w

_)

- - Ay M
5 B =307 —=Aj

M
k
-
O.f.ﬁzz
S,
Ay 30
i 5 3k

uslel QA 10

= =~ T o=~ N - ~
+ By a3u saldl, wul B A

1. XY AHddHl x-va-il 4 R A8 30° L el oiladl »isv 1l avil,

Bigall P(x;, yp, z) 2 Q(xy, ¥y 2,) L sl AlRAAL 2[R 828l 24 el AlML,

2.
3.

dldl B, sl e [Bigdl wisdl waidr Al

S NN s = . A
4. % a =15 +¢,d g |a] - 5] + [¢] ues 87 ariar o weda 53,

B

e

)
. (3)

—
o

s 9153 ulad Rl 4 Bl Ad 9. uedl d Gl yd drs 30° <L val 3 Bl wd 8w

B oven el uglidl deolui o

)

-

!
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10.

11.

12.

14.

=
un

16.

17.

XAl % L W2 x (77 FE) As ARA S A Hen Al

-

¥ ARG et 5 A U A wRa @ =27 437 -k AL b = T-2j+% i uRawl
ARAA AHIdR €l o Ay Al

s > M M M —r A M

Roa=7+]+k, b =27—]+3%k
AHIdR isH ulzal ML

galdl 3 Bigall A1, -2, -8), B(5, 0, —2) 24 C(11, 3, 7) a43w 8 w4 B 3 AC+| [@Aouy-
541 ORITRHL 53 6 d ML,

_2+r S, A AuRu2d - b +3¢

-

Bigadl P 2l Q «ll 2R 2a+5) 2 (a35) ®. A Big R 3 P 24 Q A %kl
Wiviged 1:2 dRlaHl oiBEouar 43, dl Big R <l ei-ula El, adll, wbid s 3
P ¥ v RQ «f Halig .

AniaRonsy ageslarll WAl 6 oug il 27 -4 + 5% A 7-27 —3% 8. dr @selA amiaz
sH AR AHL aull, d- dxs0 WMl

AWhid s 5 % Ry el OX, OY 2irl OZ A AAA HUAOL VR Hiddl i d-ll

11 1 3
EEPEIRE] 5 hBY
WA S @ =7 +47 42k, b =37 =27 4Tk ¥ & =27 — ] +4% B, uRA @ A
b oA del QM dal c-d = 15wy adl aRa 4 L

Co asy ARA R uRW 27 +47 —5% @A AT +27 +3% Ul aaoudl Rudi A a

A A

ARAA G+ +p WA AuRA dRusR 1 M, dL A 2L
b+¢ A a, b uwd

2

-

B a, b, ¢ A UL YRR dol AR S, dl ABid 5 5 a +
¢ AL AHAL HYAOL YR Hid? B,

e a# 0, b# 0 W Alid 5 -

-

A (a+b)-(a+b)=|aP+|bP Al 2 dl % @ 24 b URUR dot D,

S b

wall 16 dul 17 Hi [Aud g o d dd sula [@sedmia] dou [Asen wie s

= = =~ =

A0 A 6 ARA @ wd b +ll a2l vel G, dl @b = 0 Udl W2, ...

(A)0<9<% (B)OSBS% ©0<0<m M0<O<T

a, b s AR B A @ dal b aBdAl veud Wu 0 8, A @ + b asH ke

_ _ _ _ 2
A)6=7 (B)6=7% ©6=7 (D)6 ==~
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18. 3G x)+ 7 -Cx)+k-Gxi)duet ..

(A) 0 (B) -1 ©) 1 (D) 3
19. A 0 3 S5 wal A ARAM @ @A b a2dAA wel du, dl 6 = .......... we |73l = 12x3l.
(A)0 ®) T ©) 5 D)=
ARIA

. = — I L T
o Big P(x, y, 2) L UAARL OP (=7 ) =x7 +yj +zk 24 A W 12 12 42 @
WUAHL 219 9.

a8

o ARUA RA ©esl Al RLRIAA B, 2l d wuq3u 2wal-dl Rouni uawl sald 8.

o S8 uwa ARAW WA (r), BRI (g b, ¢) i ReslUSA (4 m n) A wwusl
A B : /=L m=L2 =%
r r r

o Biflarl sa sl suui dlia Ry W 0 D,

o %l wRwRAAl iyl 2ld ARA €U dal AAideuy AsEHL [@sel A s o WIN
(Bigatou 6L ulzall-ll Ul uAaL00 B,

o ld Aulkudl 2w A wdAl opusR, ARUAL WAL 2] U URd Fedl 3R KR O
A [Ral s A <l BAd 4 €ld 3 B8R €l d AR ddl d % w8 waa [Ae
Raw oirl 6.

%
a .

o 2ld yAd2 AR @ w2, ARY a = —l_)l W gl Rl vism ula O,
a

o Fuell WARRA 2sA @ 2 b &, ddl Bigll P A Q A %L wwisd m : n
oelldul [Acuy sl [big R <Al el

- =

. . mb . -
i) vid:Ronsd w3, 22177 g syl 2ud 9.
’ +
m n

- -

(i) oo w3, ML —na

gL UMl 2Ud 6,

o wild AR @ A B -l vel 6 €, dl dudl AR sk A wwidl vl wy B

a-b = |E)| |T))| coso
- -
N = = ~ ~ LY T = s ~ a.b
Qoil, AR a b AUA Sl AR ARW a wd b QAL YRl ‘0; cosd = I yel
a

el wsy 9.
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-

o N 0WAAUARA a A b AL VR
. A A T
gL Al 2ud 8. Al n

a, b, n -l oeu sl uglt A 8.

~ A A ~ = ~ = 0= A A A h
o ol Ul WA oL AlRAL a 2w b RS WIWHL @ =a it a,j +azk ¥

B o=bi+byj + bk S uA AS el uRA A Al &, dl

@+ b =(a +b)i +t(a+b)j +(ay+b)k;

Aad =(a)i + (Aap) i + Aapk;
b

5 >
AN A
N = = ! J k
A axXb =4 4 4
b b b

Historical Note

The word vector has been derived from a Latin word vectus, which means “to carry”. The germinal
ideas of modern vector theory date from around 1800 when Caspar Wessel (C.E. 1745 -
C.E. 1818) and Jean Robert Argand (C.E. 1768 - C.E. 1822) described that how a complex
number a + ib could be given a geometric interpretation with the help of a directed line segment
in a coordinate plane. William Rowen Hamilton (C.E. 1805 - C.E. 1865) an Irish mathematician
was the first to use the term vector for a directed line segment in his book Lectures on
Quaternions (C.E. 1853). Hamilton’s method of quaternions (an ordered set of four real numbers
given as: a + bi + c?‘ +dk ; ?, Dk following certain algebraic rules) was a solution to
the problem of multiplying vectors in three dimensional space. Though, we must mention here
that in practice, the idea of vector concept and their addition was known much earlier ever
since the time of Aristotle (384-322 B.C.E.), a Greek philosopher, and pupil of Plato
(427-348 B.C.E.). That time it was supposed to be known that the combined action of two
or more forces could be seen by adding them according to parallelogram law. The correct
law for the composition of forces, that forces add vectorially, had been discovered in the case
of perpendicular forces by Stevin-Simon (C.E. 1548 - C.E. 1620). In C.E. 1586, he analysed
the principle of geometric addition of forces in his treatise DeBeghinselen der Weeghconst
(“Principles of the Art of Weighing™), which caused a major breakthrough in the development
of mechanics. But it took another 200 years for the general concept of vectors to form.
In the C.E. 1880, Josaih Willard Gibbs (C.E. 1839 - C.E. 1903), an American physicist and
mathematician, and Oliver Heaviside (C.E. 1850 - C.E. 1925), an English engineer, created
what we now know as vector analysis, essentially by separating the real (scalar) part of
quaternion from its imaginary (vector) part. In C.E. 1881 and C.E. 1884, Gibbs printed a treatise
entitled Element of Vector Analysis. This book gave a systematic and concise account of
vectors. However, much of the credit for demonstrating the applications of vectors is due to the
D. Heaviside and P. G Tait (C.E. 1831 - C.E. 1901) who contributed significantly to this subject.
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% The moving power of mathematical invention is not
reasoning but imagination. — A DEMORGAN <+

11.1 Welas

g8l XT 1i »uuel [GuRsela [@sdueics Bild 2« BruRausla
oAl 2maRs uRuY Al A wedd WL sldBd uglt yadl o
WulRd gl 2 YRdsdl L UG UsaHl vl AR Jeclls
YoM AsUANAL o sdl. 8d 2 AR ollydilBld-dl GudlaL
BruRswelly effanl s 20 BrulRaely oyfifadar »1[epmAl 8 2
9 5, oA AW il YA oA,

2L usRul wuudl, o Bigylid Adl il Rg5RUEA 2 dl
(25018l dal gel-gel Acix 20 iasiail 2ol dal Axde -l A+ 510l
2l 5309]. 2UUBL 6L JuiL, 6L AHAA, 0L Bl AHAG AZRArAL VR, 6L [uacly P
WU 92 dgdd VR A AHdad] BigAl vid-dl e wal sy, Leonhard Euler
H£dl UG Guasl wRaHL AR 2azunl Aadly, du odi, doy wwd  (CE1707-CE1783)
ol 2 [sduencts WRRAR Riol 4y e 2% 5l W2 20Ul 21t YRRUHA sIdB a3udl
gl Asd s34l
11.2 vl 5508 2 [25ape0a

usW 10 iy, we s3AA 3§,

o [Bauysd vu L Gonloigwial uaur adl sla 2 x-48, yp-218 27 z-28 08 Ags4 o,
B iy veu orud, dl o B oAy A L -l Bsuoudil s€lg du wu vouvildl g, vaid
cos a, cos B 2 cos 'y:! @-?Hg!:ﬂ 2wl L - [Qé\é}wéd !rt-ﬂg

A U8l Ledl [2oud Gaaiela, dl ReuBuainl 22 du-l Yssiel, 2ed & 71— o, 71— f ¢4
r—y ad. 2, ResRUSAl R dddl o Rl [Gg all,

* For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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Ao 3 pastanl 2uddl e o QA R €l 2 ddl d-l Regslrud-- 8wy S 8.
astadl 2l Wl RaslRud-dl s 2t €l d 22, 2048l 2utdl i Ruysd Wi aly

% Sy Bl wAd RESRAUSA L m A 1 a4 sula 8.

ALY s ol wasiaml wldl i GmbBiguidl yaR udl 4 €, dl d-dl Reglaud- dtal w2,
8L 2l A AR 2 Glafbiguiadl v adl L ey A AHdR el ResAad-Hl

A A Slaell gd Qabighidl v adl s Ruysd v aS d-dl RasRud il

uitdl lessleudu annrman glu ddl 516 ug A9 Avla e syein 58 6.
AL om n B Wil RS v g b, ¢ dll RgARIMR €1, dl 5165 yAdR A eR M,

a=M b=kmd»l c=2An 2.

Jeals Ausl Reoeldd Rgivasd wel 58 9.

A Wil RRITR @, b, ¢ €11 2 il RSO [ m U 1 €1, dl

L _m_n _ ) 9| 3

= =2 =L (R1), £ 4AdR wAN 9,
"2 I =ak m = bk n = ck
uig P+m?+n?=1
Hi2 @+ b2 +c)=1
2yl k=+ L

a2+b2+c
ddl (1) uxell, -l Rgsiudn
=1 —= =+ —L2— =t —=

I, m -
\}a2+b2+c ’ az+bz+.‘:2 ’

-

I muwid nd & 8 5 1R dd, d 23R4d MHElAL £ U [B& 4R 2R 8.

2

+.1';2 +c

2

. (D
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A 51 il (2521802 a, b, ¢ €M, dl ka, kb, ke; k# 0 2 wal [egoRlidadl A3 8. »ul,
Wil [BgLelidRel SIS weL 6l A uel AR Sl 8. aoll, SIS usl Wil RgLRlidA
Al AvaL weAd 9.

g, U8l AL [Qowaml ¥ WReuH 2 + m2 + 2 =1 L Guadl sal a-l il 2 Qoo
A5,

11.2.1 vl (2551018 AR 2Qviy

I, m, n RgsSaell 15 e RS Al 20ld v AxidR
Glafsiguiell uR adl 25 i €1 (A d GombigHial waR
adl A €1, dl) 2§ d-l U As Big Px, y 2) @l Big P uidll
x-28 4R dot PA €L (dusla 11.2).

OP = r ddl, cos o = g—’; =< il x=Ir
r
% HHL@[, y =mr §A z = nr
213 2+ +2=r2(P +m? +n?
U3, x2 +y2 + 72 =2 2usld 11.2
212 P+m+nt=1

11.2.2 8 Bighidl uar adl wudl Basiudq
el A Biguiel s 2 Aot s % i wAR Adl dlawel, 2uu8l 20lal Bigil P (x,, ), z)
2§ Q (xy, ¥y zp)MEl AR ucdl sl RgsiudA <l wal Aadlyl (pusla 11.3 (a)).

VA VA

M 4

>

@) ®)
2ugla 11.3

QR 5 il PQ <l RysRUSA 1, m, n 8 el d x-2i8t, p-2iat A z-28 WA s o, B oA
Y vRW esud 6.

P o Q Higl AMAA-XY AL s R 2 S Oedl cdot ekl P Aiell QS U dd N wui
Ol dot ekl ¢d, slesie (Bislel PNQMi, ZPQN = y adl (2usld 11.3 (b)).

- N -2z
w2 cos Y = P—8= %Q‘

A =X o~ Y2=N
3
VL %Y UHILL cos o PO v cos B = PO
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well, Bigyll P (x;, yp, z;) 2 Q (g ¥y 2,) U el Jvuvigell Rg&RAS

2-% Y2—h 22-%4
Sut Catl T

dl, PQ = (e, —1)% + 5y — )2 + @ —1)°
P (x;, ¥, 2) ¥ Q (xy ¥y 2) L Adcll llvigel [R42LR0TMR

@ Ay :

Xo =X, Yo=YV, Zp— 2 2UU X, — X5, V| — V2 21— 25 ad wAsLY.
GELERBL 1 ¢ %l L x-2A8, =28 el z-a-l delRan AE 2sH 90°, 60° 2 30° <L wRl vi-ld,
dl -l Rgslus s,
Gia : A 3 wusdl RyRUSA 1, m, n B, 4], 1= cos 90° = 0, m = cos 60°
3

n = cos 30° = =5
Al ol 3 2+ m? + n? =1 o0l well y = 45° dldl Sl dl wd ?

L
2 k)

Gelgael 2 ¢ o wiril [RgRRIR 2, -1, =2 €1, dl d-dl RgsRus- Aadl.

Gie @ u-l Rggud-
2

2 —1 =2 . |
2 , , = WY =, =, =,
Jorec?r@? ” Joric?e@? 7 @R e v2? 3233

Gelgam 3 ¢ 6 [Bigl (=2, 4, =5) i (1, 2, 3) wiell v adl vudl RgsRud 2kl
Gia 2wl wellal o 3 6l Bigyil P (v, ), ) 2 Q (xy yy 2,) Widll uAR aAdl sl
B8

Xo—X1  YVa—=N d—% )
PQ ° PQ * PQ

A PQ = (- x>+ (0 — 1) + (2, - 2,)°
el P (=2, 4, =5) 214 Q (1, 2, 3) .
PQ = \1-(2))* +(2-4)* +(B-(5)? = V77

219l
24, [Bigall P odul Q- Asdl sl Rgsiud
3 =2 _8_
110 170 T
BEISRBL 4 x-ia4, y-2i8 A z-vial [Rgslud 2kl
G5e ¢ x-v8l B x-vial, yial A z-dgl WA A 0°, 90° A 90° AL vRl oi-ud 8.
el x-ta-ll R55R0E cos 0°, cos 90° , cos 90° tald, 1, 0, 0. 2L % UHE y-2i8 A z-ia+dl

BsslUSA 250 0, 1, 0 21 0, 0, 1 €.
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Gewdael 5 : b sA 5 Bigdll A (2, 3, 4), B (1, =2, 3) 21 C (3, 8, —11) axut 9,
Gid @ A A B A %l it Reole 1 -2, 2 —3,3 + 4 2l -1, -5, 7 8.
B 2 C A sl dvunl Rgaeidz 3 — 1, 8 + 2, —11 =3 2ald_ 2, 10, -14 8.

We B 3 AB i BC L Bl il 8. 2], AB 21 BC A AHIdR »adl Audl

-

€9; Uil AB 1 BC oiddl B iy [Big 8. adl A, B, C a43u 9.

dlY 11.1

L 9 SIS L x-vig, y-28 A z-a A AsH 90°, 135°, 45° HuAL veuL oi-id, dl
a-fl ResRud- 2l

el A A vel oiiadl el Ryglud- ekl

A Al RgoRldr —18, 12, 4 €ld, dl a-dl Rg5Rud- 2.
Al 52 5 Big (2, 3, 4), (=1, =2, 1), (5, 8, 7) AHM B,
(3, 5,-4), (=1, 1, 2) 4 (=5, =5, —=2) (RRWGigaial
Bustaiedl ougiidl Rsiud- .

11.3 vasaHl vud wHlswl

LU I

UL HIReL XT L (UMl Jviedl AHs01AL 2001
591 248 € AA5IAHE il AR i sidF wHlsaL
weuA 39

A (i) 516 Wi kel Biguisl AR adl $li i d-dl
(Baw 20l g1, udl (i) d 2udal o Bigniel v ww,
dl d 2 3d 455l wy 9. wugld 1.4

11.3.1 e Biguiel iz adl 2130 wla aka 5 A anid g wdlls2wl

WL 3 dolly sidB wHuglaql Qarbly O A ula 2wlal Big A -l ARy o B,

Big, A el AR adl 2 2ial ARA 7oA AHAR Wil 7 S, Wi [ UL AR Big P o<l
AR 78 (pugla 11.4).
—> = bt . ~ T —> . = = . =
well, AP AR B A WA B uald, AP = A5 2l A A 555 ardlds Ava 8.
. > > 1
uid AP = OP — OA
wild A6 =7 -4d
el Glag, uad Al uds Bad e, 21 wlsel il u-L [Big P Al aiul2a »ud 89, 20l
ud Ay wdlsa

r =a+Ab WO  LreR e (1)
A4 R B =af +b] +ck, dl i ReRIR g b, ¢ 49l 2A ddll B, R vl Rl

abcddd B =at +b7 +cb A U adiaz wdl. A1dl, b 7] wd oadl Gloll 521l R,
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Al azunidl sidldu azu Anag
QL 5 AL [Big A AL WH (x), ¥y, ) 2R el REORITR g b, ¢ 8. il UL 516 el

(Blg, P <l W™ (x, y, 2) ad, dl

A o A N N N
7 =xi +yj +tzk; a =x, ity J +zk

S

\ A
VA =a?+bj +c$

2l Bdl (1) o sl »9 7, J 23 £ 0 aeo@dl arvadi,

(9 @ WRuR dl ‘Gl WMt ARAAL A A dlalel’ A sdal.)

wiLueLA x=x +A;y=y +Ab z=1z + Ac H4. .. Q)
L AHISWL il uAe WL 9. (2) Wikl HAA A Al Al S, 2R

X=X _ Y-y _ 24
a b c

2L i sldlBu wdlse B,

Hal, .. 3)

-

=AY | o el RESRUSA L m, n S, dl eued w3l

X=X _ Y=y _ -4 %9l
I m n ’

M . = N f.\ Y . -~ . -
GesaeL 6 = [Blg (5, 2, —4) Higl waR udl 24 ulky 3i +2j — 8k A AMid2 i, Alw 214
sdB wdls Aadl,
Bia @ el w
A - ~ -
2 =51 +2]—4k wA B =37 +2] —8k 9.
adl, eud ARw Wl
A M A A A A -
7 =50 +2j —4k + A (30 +2j —8k) 44l
gd, il wrll [Big P (v, 3 2) L iy 7 o8,

N AN

N A A A N A A A A
adl, xi tyj +zk =5i +2j -4k + A (3i +2j —8k)

(5+30)7 +@+20)] +(=4— 8Nk
A el dlu Sdi, viuee

X=5 _ y=2_ z+4
3 2 -8

2L s @azudl udd wdlse B,



398 o[BI

11.3.2 »uual o [Big2amidl v adl vud udlsel

qIRL & U w6l Bigyll A (x), v, z) 2 4
B (X, ¥y zp) vl RARARL Aesd ¢ A
(2ugla 11.5).

A Big P (x, 3 2) U Ak
P (Blg vl U2 G, dl @A dl ¥ AP =

_> =~ =,
AB = 5 — 4 uxdw wlRa .

e, P vl U €1, dl e dl ¥
=A(b = a)

a
Yl r =d +A(b-1d) AeR . (D)

susld 11.5

—
r

e Awlge vug wlea wdls2e 8,

AR azuniedl sidlFu azu Aadla.

Rl wl

s I Al as M A M M s
y =xi+yj +zk, d =x,i +ty,J +zk w14 b =xy1 T y,J +z,k .
L Budl (1) 1 Hsdl, uRLe

AN LA
1

) A A " A A A
xi tyj tzk =xy ity tzik +A[E,—x) i +@,—y)J t+(z-z)k]

ik ASABLSL AL, U

(e s3] el el 2 B 3, AHA ARAAL WH WA D)

X =x, +A0=x);y =y *AO,=y); z =z, + A(z,—2z,) HAL.
Al Al Sl

X—n yY—n -2
= = )

X=X Ya=n 2=
2 waHlser vug s1dlBa gyl wdlsw ©.
Gelg2nl 7 ¢ (=1, 0, 2) ¥ (3, 4, 6) uiell v adl i ARA w5 AL

Gid : wRL 3 A (=1, 0,2) 2 B (3, 4, 6) L 2RARU Aeis 4 A b O,

2= T4k
N AN N A
A B =317 +4) +6k
R AA
Al B —a =47 +4) +4k

Wl UL S8 L [Bigrl a7 oadul, dl i wlka wdlsel

—

A A A A A
r =—-i+2k +A(@4i+4j +4k), L eR
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Gelgaml 8 & vl sldlu wHlsel

x+3_y—5_z+6 '\ ~
— == =2 dyd

2 vl AlRe Adlsrel kL

B3 : wle wHlseA wRld 13y

X—Xx - i—Z o .
L= 220 - 228 8 wviladi,
a b ¢

wEl Rl s3AA 5 x, =-3,y,=5,2,=—-6;a=2,b=4,¢c=2

Pn A . . A A A - . -
21, 1Sl L Big (=3, 5, —6) Hiedl wAR wd & e AR 27 +4) + 2k AR V.

warll S5 uel BigAdl qula 7 oadu, dl suldl vud alka wdlse

7 =BT 457 —6k)+AQT +47 +2k) ad. Y
11.4 6 vl AL vel

GlorligHial ualR adl v Fl RLERIR x4 a,, by, ¢,
AUl ay, by, ¢, S Adl & Ywuddl L, @A L, B, WA 3 L, W QL
(Big, P 2 L, w2 Big Q . 2uglct 11.6 Hi 2ulell [Rawysd il P
OP 211 OQ @l WRL & ARA OP 24 OQ azd-ll agsi 0
9. ¢d de s 5 Rwysd Wuvidl OP 2 0Q i uirisd
a,, by, ¢; 2 ay, by, ¢, w25l WA AR B, el duel AL sl 116
well 6 ¥

I ﬂ]ﬂz+b-|b2+c]6'2 | ‘l (?l -
cos 0 = |\/a]2+b]2+c|2 \/a22+b£“+c§| gl Hu ¢, .. (1)

DAL QAL VRIL sin O il WIUML,

sin® = 1—60528

B (aya, +bb, +cic, )2
B (a,2 +b,2+(:12)(a§ +b22+c§)

J(af +b12 + clz) (ag +§;a22 + cg )—(a,a, +bb, + clcz)2

J(a12+b12 +c12) \/(aé2 +b22+c§)

\/(a] b, —a, b)) +(bc,—byc,)* +(c a, —c,a,)*
sin 6 = - = = .. (2)
\/a]‘ +b]2 +cf \fag +b22 +cy
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A S Rseuni il L, vaal L, (2adr o) GomBigial uauz « a, dl s
L, 4 L, < 3¥idz 4 GQimbigrial vz adl euadl siesd L) 21 LY, ad asla,

A WUl Ly 2 L, We Repridr oled, L, <l Regudt [, m; n, v L, <l RggsRud-
L, my ny Wl €1, dL (1) 2 (2) L -l a3uHl adyl.

cos @ =l + mm,+nn,| (SR 3I12+m2+n2=1=12+m2+n?) E))

e sin O = \/(llmz —fzml):2 +(mn, —m,n, ) + (ml, —n2f1)2 v @

[esy@inzl a, b, c; 27 a, b, c, Al A& il
() YRR ol lu wAUld % 6 = 90°, dl (1) uell

aa, +bb, +cc,=0
(i) AU SIU xAld A 0 = 0, dl (2) Rl

a, b

_ 49

1
a, b, )

gd, 6L el A58 AL Sl AR U8l dul a2l vl adlel, il 9zl vell
0 agslel S -

Y = a+rh v T = ‘;2)+le_2>

b-b,
dl cos 0 = =
iy

sl AZuHL, % il

a b q - (1)
- X=X _ Y= _ I—In
2 T o .. (2)

(5208002l 2sH @) by ¢) ¥ a, by ¢, €14 ddl WAl (1) 2 (2) aA-l vell 6 &, dl
ajay +byby +c¢4cy
s 0= \,Jalz+b12+clz \,'a§‘+b22+c§ s
GewamL 9 : 3wl 7 =37 +27 —4k +A (7 +2] +2%)
N -

A s A N N A SN
WA 7 =57 —2) +pu (BT +2) +6k) a2l vl Kl

Gyt :wdl B = 1 +27 +2k wA by =37 +2) + 6k

6L el azl-Al vel 0 €, dl
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—

M M A M AN A
_ (i+2j+2k)-(3i +2j+6k)|
Jl+4+4.J9+4+36 |

B 3+4+12 19
- 3x7 | T 21

5, |
H

) —lbl
R ]

214l 6 = cos™! (%)
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S A A LA AN LA
rolitj+k+h2i+3j+4k)] =6 -5A A€ R (D
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AlBid

°
l

—
r=x

f.\ n - .
+yj+zk dadi,

A AA A A A
(xH”Hk (1420 i +(143)) j+ (1+40) k] = 6 — 5A

6 — 5A

YL [(14+20) x+(1+31) y+ (1+44) 7]

AHYAL (x+y+z-6)+rL(2x+3y+4z+5) =0 .. (2)
Addd, (Blg (1, 1, 1) Higl v a8 du 2w 8. 2udl (1, 1, 1) 2 (2) 1t 529,
wUld (1+1+1-6)+A(2+3+4+5)=0

e A = 2 3l

A Mer (1)3 3,
- 3\4 9\~ 6\0|_ 15
r - |i(l+?]l+(l+ﬁ)_}+(l+?)kj|— 6 — 12

(104 234 13A): 69

—
DT P\t Esit=k)= 17

- A A A o
Haaror o (20;'+ 23j+26k)= 69 Ha.

2L AHlsw HdlE AHdad ARy w8,

11.7 & vl AHddla oA adl 224

~ > -

WAL 3 7= a +A b e (D)
- — — - a A

Ul 7= g, + U b, WUA UL B, .. (2)

= — . . =~ B SN . =

Wil (1) g Afadon [Big A Hiel uAR Ad 9 A b L AHIAR 9.

hat

— . . - — - . -
Wil (2) a, AAlkaon Big B Aidl AR A 8 A by A AR ©.

~ 2 i —
84, AB = a, — q
%

-

— — N e A a N A Y 2 A Y
% AB ¥ (b x b,) 1 A0l &l4, dl Vi dl ¥ ANE UL AMdeld 9.

- — — — — — —
Hlld AB - (5 x b)) =0 AU (g, — ) (B x b,) =0 E)

Wl Al gl Ad 9.

std[Bu @3y

QR 5 [Bigall A 2 B ool A Asd (xg, vy, 2) 2 (X, ¥y, 2,) .
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— ~ - - -
b, ¥ b, U RERIMR wgsi a1 by € 2 Gy, by, €5 B,

— A " A
well, AB =(x,—x)i + (0,—¥)j t(@—-2)k

— N

b =ai +bl? +cl£ Wi by =, +sz’\' +022
. — ! ' = 5
A AB - (5 xz)= 0 dl 213 Al % ula vl Aandedly .
dd sl azuHl

Xo=X o=N L—%

a b ¢ | =0 a3l euldl wsa. . (4
a, b, )
Gensanl 21 : B 60 3 ol 22 = X = I3y T - 222 - I ey B,

Bia @ ndl X =3 V=12%=5a=3 b=10¢=5

Xy=—1, »=2,5=50=-1, bb=2 ¢=5

ed,

=% NN L27% 2 1.0
a, b ¢ -3 1 5 =9
a, b, c, -1 2 5

del Jvull AMddly 9.

11.8 6l UHAE <AL vRl
QAL 2 : o AHAA QA el A dun AlEido a2l wel © d Ad di cavalld sy
(2usld 11.18 (a)). [3aw 53] § % A AHdd 42 wel 6 $ld, dl 180 — 6 ug Al a2d-

-

vel ay (2igld 11.18 (b)). 2uugd d o U5] agsiaqd o daHda a2l e 45 ady.

Altder-] a2l vl
Addd 1’?/\\7[90—(90—9)]
7:’,1 A '
é/ —>
(4] n
/ N /‘W “.“r
0

AHddd 2 180-0
AHdd) Q-] vl '

(@) (b)
2ugld 1118

NN s = — N — N — N PN = NN =~
B oL AUAAL 7 - my=d, AL ¥ - ny=d, "l WA p A p, S1U dUL dHAL QRAAL BRI

0 S, dl
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SUS A (Blguil (Beldiguiall) aMdd v elRal 2ldder a4l vell 9 4l

- —
N n-n, -
BRI cos O = Hul,

|l |

. = = . - - g
B om -ny =0 G, dl AAAAL YRR A6l B A B 5, ¥UA n, YRR UM

dl AHdel isollond AMid 9.

sld[Bu a3y
HIRL & AMddl
A x+B,y+Cz+D;=02%1Ax+B,y+C,z+D,=0
Q2+l BRIl 6 9. UL AHddAL w[Adoil RERIMR 2isi A}, B, C, i1 A,, B,, C, 8.
| AA,+BB,+CC, |

2uell, cos 6 = VAT +B]+C} (A2 +BI+C |

1. %l AMdEl YRUR dol &ld, dl B = 90° 2t ddl cos 6 = 0.
»el, A,A, + BB, + C,C, =0
1A2 1-2 1-2 Al Bl C1

2. o wddel sl AR €W, Al 5 = §- = &
2 x5 2

BEISRBL 22 & 6L AUAAL 2x + y — 2z = 5 A 3x — 6y — 2z = 7 AL vell Akl Ad-Al Gudlal
531 ol
G : 6 UAHdd Al vell ANed § dudl wldidor azd-Al vell. audadl Adls L vl dusl
wdeol Al

- A A A — A ~ A
ng =2i +j -2k ¥4 n, =3i —6j —2k

| oz |(24 J 22) (34 6 2£)|

2 ' +j-2k)37-67-

l'%ﬂ! cos 9 = L2 = ttJ ! J = 241
"nlllnzl JA+1+4./9+36+4

adl, 6 = cos"é"l-
BELSRBL 23 : 6L AHAAL 3x — 6y + 22 = 7 A 2x + 2y — 2z = 5 a2l WRIL AL
B34 : e AHdanl wHlseld
A x+B,y+Cz+D, =03l Ax+B,y+C,z+D, =0 A2 Avilddl,
2wyl A =3, B,=-6, C,=2

A,=2, B,=2, C, =-2u4.
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| 3% 2+(=6)(2)+(2)(=2) |
cos § = |J(32+(—6)2+(2)2]J(22+22+(-2)2)|

=10 ] = 5 _ 583

T <23 T 7B At
5\5]

S i (A 4
0 = cos (21

11.9 uxdadll Bigd 2id2
AlZa @3y
W 3 Big Pell 2 AR 7 B A wdd 1, L w{ls@ 7 - on=d 8. (2usl 11.19)

7
z by
T, T
)
P Q - P
— N'
a N’ N >Y
[8) ° d .- > L’J
e 1 -
X
@ ®)
2ugla 1119

. N . N N . I N .
P aiefl md AdR AMdd 7, dl T, AL s ulMeel AR 1 O, 2], de

- = M =
A58 (r—a) - n=0 4.
N oa A A
2Aed 3, T-n=a-n

M, GoMBigdl 2L AMdard »id2 ON” A |a-nl 4.
2wel, P o Addd wr; 4l vid2 PQ (gl 11.19 (a)) #A

ON—ON' =|d— a-n|
L dous i [Bigdl wlal Audadl doidl dousS 8.
8L 2L % WS uRaun (dusla 11.19 (b)) =2 wel wewlid s3 aslai.

@ iy
a-n-dl
— 5 s — o = . : -
1. nolddoqon aHdd o {8l 7-n = d a3udl €, dl deidR =
n

YLy,

- =
n

2. Gl O dl Ade 7 - p =d - doldr |J%L| 8. (d =0 da)
n
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stdlBu a3u

AlBid

wid [Blg P(x,, p;, z) 0 RAAARL 7 & 2d wld Audad sidlda wlse

Ax + By + Cz =D 6. 214l

M M

d = Xty tok

N ~

W = A} +Bj +Ck ud.

e, e (1) wrdl, P ol undad dovidR
M M M M M M

(x,i+ y1j+zlk)‘(Ai+Bj+Ck]—D|
JAZ+B2+C2 |

Ax, + By, +Cz -D
\/A2+B2+C2

GElSanL 24 : wdde 7+ (67 — 3] +2k) = 4 ol Big (2, 5, -3) < id2 4.
Gha :udl G =27 +57 =3k, n =67 =3 +2k WA d=4

adl, 2ula Audadl Big (2, 5, 3)4 AR

NN A A A A
Qi+5j-3k)-(6i-3j+2k)4 _ |12-15-64
\J36+9+4

13
AN oaN AR 7
l67-37+2kl

11.10 3vil 2R AHAA QAL Vel

Al 3 : 3wl A qHd] 92 el 2 3wl U AHdqu  AddA—

/ EX)

2lGicior ad-u vigul si2sta &. (dusld 11.20)

/ 90-6 /_‘,.
-~ . — -~ .
AlZo a3 v A0 7 =7 +AD A Audasd aHlsel » /
- — ~ Y ~ . SN ~ N e AHdd
rep=d 8, dl il A AHdAdl ANE AL YRl O ddl,
2usld 11.20
- =
b-n

cos B =
151171

A dal il A AHd AL vRll ¢ 3 90 — O A, ald, sin (90 — 0) = cos O
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o sin ¢ o wa ¢ = sin~! o
AHYld sin = N = SIn~
* HH A
Beugw 25 : nu xT” =5 = Z—g3 A WA 10x + 2y — 11z = 3 a2l veil Al

Bia @ wRAL 3 il A AHAG AL el ¢ B,

U AHL50A AR WWIUML Fdl, 2R

2l

— A A A A A
r=(=7 +3k)+AQi +3J +6k)
— A ~ A -
7 (107 +27 —11k) =3 wal.

D=2 +3] +6k waA n =107 +2j —11%

M Fa P M M A
2i+3]+6k)(107+27-11k)
J22 32462 1024224112 |

sin ¢

7x15| — [21

40 -8 8 .4 (8
= = o7 ddAl O =sin |57

ALY 11.3

AL UL e25 UAHL AHdarl wlGcodl ReSRAUEA A Arddr] Glorubigyl »idr Audl,
@ z=2 b)yx+y+z=1

© 2x+3y—z=5 d) 5y+8=0

GafGigal 7 Hsd dR ddl A el wldee uRA 37 + 57— 6k € dal AU
AR wlswL Ml

AL UEL UASs WHdad sidla wdlse dEl

— A N A — A N A
@ 7-(+ji-k)=2 ®) 7 Q7 +3)—4k)=1
= A A A
© r - ((s=20i+@3-0nDJ+@2s+Dk)=15
flaAAl U8l ucls wami Qorfbigdl Audd U ERAL dolril doiuiedl qiM ALkl
(@ 2x+3y+4z-12=0 b)3y+4z-6=0

© x+ty+tz=1 (b) Sy +8=0
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10.

11.

12.

13.

14.

AlBid

AL Ul uASs AMdandl R v s wlsw WHl

>

= =

@ ¥ (1, 0, —2) Higl uAR wH A F- o uRA 7 + i—k Q.
®) % (1, 4, 6) Hisll a2 A A G i qRA P — 2] + & Q.

Al WSl 200a uds waml 2ulal 28 Bigdlmidl uAR adl Audad wdlsw qadl
(@ (1,1,-=1), (6, 4, -5), (-4, -2, 3)

(b) (1,1,0), (1,2, 1), (=2, 2,-1)

AHAA 2x + ¥ —z = 5 IR V&l U SUldl vid:uig QM.

P-uA UR 3 ddlalal A ZOX AHddA AR Addad AlswL 2.

AUAAL 3x —y +22—4 =0 2 x +y + 2z —2 = 0 UL Senigl aaw Big (2, 2, 1) widl
UAR Ul Adddd wdlsw Ml

anadl 7 - (20 + 2:"\—32) =7 7. Q0+ 57 + 3%) = 9 <1l Beuigll qa (Gig
(2, 1, 3) Hisdl AR adl uuddd ulRa AlswL WL

AUdAL x + y +z = 1 24 2x + 3y + 4z = 5 <l dedvumial uAR Adl dul AMdA
x—py+z=0 - dol €ld dal AHdad wHlsel WL
Adartl uRe s 7 - 27+ 27 B3k) =5 A 7 - (Bi-3)+5k) =3 9.
durll az-l well 2l
AL UL S WAHL VAL AHAA AHIdR 9 5 U dol B d %Sl sA wA %
L USL A5 uRL A S, dl duedl 9L vRIL ML
(@ 7x+5y+62+30=0 A 3x—y—10z+4=0
b)) 2x+y+3z-2 =0 Ad x -2y +5=0
() 2x—2y+4z+5 =0 AdA 3x—-3y+62—1=0
d 2x-y+3z—1 =0 A1 2x—y+32+3=0
() 4x+8y+z—-8 =0 vdy+2z-4=0
AL WSl uds wanl 2wl Bigd dud 243w 2ulal Addadl d Al
[ig, CRRE]
@ (0,0,0) 3x -4y +12z=3
® G.-21) 2x-y+2z+3=0
© (2,3,-5 x+2y—-2z=9
d (6,0,00 2x-3y+6z-2=0
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uslgl Gewsw

BELSRQL 26 : s Al AHAAAL [Asell WA o, B, y 2 & vel oild B, Wbid 53 3

4
cos? o, + cos® B + cos® y + cos? § = 3

Bia ¢ uHEd A A doltS, udlous A GuSall dol AHIdR sds 9. WIL %
OADB-FEGC 3 ucls ouy«{l dous a s dla ddl axad 8. (2ugle 11.21)

OE, AF, BG 21 CD a«l AR [asel 8. 74
~ . = ~ NN a Y ~ ~
A [Bigadl O 21l E A %isdl v [Asel OF 8. d-ll RgsiRud- CO.0 D0 4 0)
(@,0,a) G
a-0 a-0 a-0 /'E(“‘"’"’
2 2 2, 2 2 2, 2 2 2 >Y
\/ﬂ +a +a a +a +a \ja +a +a 0 B(I],a,[l)
X A(a, 0,0) D(a, a,0)
c 1 1 1
wid, 5, 5 8. 25 11.21
SAFBG \CD‘].[%..\%S “__ILLL__IL‘*
2l % UHIGL AF, 2 A Rggudr w7 B B B B
L L -l
AR E A

QA 3, L m on ResRudaell vl O, AF, BG, CD A 253 o, B, 7, & wel ei-td 8,

1 1
cosa=ﬁ(l+m+n);cos|3=ﬁ(—l+m+n)

1 1
cosy=$(1—m+n);cos§=$(!+m—n) (w w2 ?)

aol &30 AN $di, vl

cos? o + cos® B + cos® ¥+ cos® &

$LA+m+n2+ (l+m+nP+ (=m+nP (+m - n)]

T4 +m? + n?)] 3 ua. @+m? + n? =1 dad)
GELSRBL 27 ¢ % AHAA 2x + 3y — 2z = 5 A x + 2y — 3z = 8 U4l U dot €l A ¥ [Big
(1, =1, 2) uiell wAR Adl 1A dal AMde] w5 Wkl
Gia @ el Bigiidl YAR aAdl U4
AF-D+B@E+1)+Cz=-2)=08. . (1)

AHAAL 2x + 3y —2z =5 e x + 2y — 3z = 8 A1 (1)Hl VAL AHAE UR dolcel Ad UULXdl,
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21484 2A + 3B = 2C = 0 24 A +2B — 3C = 0 udi.
L AHIs0UA GEdAdl, 2R A = — 5C 24 B = 4C HdL.
ell, w33 wMlse
SC(x—-1)+4Cp+1)+C(z=2)=0
wald, 5x —4y —z =7 ud.
Gewsael 28 1 A (3,-1,2), B (5,2, 4) 2l C (=1, -1, 6) &l oi-tdl u4dd 2 Big P (6, 5, 9) aa-
i AL
B4 : WA A, B, C Audadi o Bigall 8. Big P el aidd v €Rdl dotwe D 8. PD

-

e . - — -~ 2 — —> = =
HOLG ¥dR U, PD ¥ AP+l AB x AC 4R+l uay ®,

A 4 —> oo NN
2el, PD = AP« AB x AC ~{l [Rauni »is ARy Wl oL,
N — A A
8d, AP=37 +6Jj + 7k
M M M
— —> i Jj ok N A A
AB x AC =2 3 2| =127 —-16Jj + 12%
4 0 4
374743k
— —> . —4j+
AB x ACl Rami asi Ry = —2L7==
J34
A 374743k
) A i—4j+
28] PD=|(3% +6j +7 . —
] ( I k) \/3_4
_ 334
17

asleus 2ld A, B @A C il AR adl Audasd wdlsel bl 2 uedl Big P ol adidani
widr-l owidil s
Gelgel 29 ¢ wlid A 5 WUl

x—a+d y-a  z—a-d
a—d a  a+d
wA xbie _2b_z7hoc o ad ®
B—y B Pty '
Biq :
2w, x,=a-d x,=b-c
Yy, =a y,=b
zy=a+d z,=b+c
a=o-3 a=B-v
by = o » =P
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gd [Ranus
Xy =X Ya— N Zy— 7 b-c—-a+d b-a b+c-a-d
a, b, ¢ = a—9 a a+d &dL
a; b, €y - p B+y

Al M UUH AL AL

b-a b-a btc-a-d
o o a+o

B B B+y
UYL oid v AHdlL 9.

Gelga 30 ¢ [Bigyll A (3, 4, 1) 2l B (5, 1, 6) Aiell waR adl v XY Axdad ¥ Bigy St
d [Bgrl am bl

Gie @ Blgal A 24 B igl war adl ud ke wdlsw

2 =0 (MaH 2 oflod Ao AHIA Slai]l)

—
r

— 37 +4j kMG B)E + (1 =4)] +(6-)k]

- A A M A N A
wald, 7 =30 +4j+k+AQi —3j +5k) . (1)

= B -~ - son A S8 . ~ o H =
w2 3 3L AB 3 XY Addan P Bigal 82 9. dell Big P -l -ula xi +yj a3zudi wal.

2 Big Als@ (1)d AxEA 59 . (a2 ?)
nald, xi +y,? =(3 +27L)? +(4—37L)f + (1 +sx)£
i, Jud ko ASLASL AvlaAdl, (ald A ARAW 23U AR AU L)
x=3+2\
y=4-3A
0=1+ 5L

GuaHi w50 Giedi,

By, 223
X=73 Ay = 3
2uel uidlen [Bigrl (% % 0)

uslel e 11

1. lid 52 5 Goribign (2, 1, 1) Big wa %isdl 2w 2t Bigal (3, 5, 1), (4, 3, 1) &l
ol JvuA dol 8,

-

2. % W del &l ddl 6 Ul ResRudA 1, my, ny ¥ L, my, n, €4, dl d
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e

10.

11.

12.

14.

(5=
n

16.

17.

[l

-

% Al BRI @, b, ¢ Yl b —¢, ¢ —a a— b €4 d Ul a2l vell ),

x-vig AUid v Glonifigiial waur adl i wdlswl Wl

-

A [Bigpil A, B, C, D <L wx s (1, 2, 3), (4, 5, 7), (4, 3, —6) ¢ (2, 9, 2) €Wy,
dl Ul AB il CD a2l vgIL 2L,
S L x—1 o y—2 - z-3 ~ x-1 o y—l - z—6

. - A N A - - .
(1, 2, 3) #igll wauR adl A wudd 7 (@ + 27 —5k) + 9 =0 4 del ud AR

YRR dol g, dl & QL.

uHls2eL ML

. - A N N - . .
(@, b, ¢) Mgl AR udl AA AUdd 7 (i+J + k) = 2 A AUd Addard a5l
U4,
- N =y A N A A N A n A A A I A
WL 7 =6i+2j +2k +A(i —=2j +2k )@ ¥ =—4i—k+pn @i —2j —-2k)
a2l aydd vid AL
(5, 1, 6) 2l (3, 4, 1) niell v adl v YZ Adda- o [Bigniell v ad d-

ST

(5, 1, 6) 2 (3, 4, 1) Aiell vur adl v ZX wddadr ¥ [Glguidl AR wy d
(Blgrl w20kl
(3, =4, =5) ¥ (2, =3, 1) Aiell wAR adl W 2x +y + z = 7 Addall ¥ [biguidl

UAR WY d BigAL 4 elEL

(=1, 3, 2) (Biguial uA1R Ul dal UAS AHdd x + 2y +32=5 A 3x + 3y +2z=04

dol 1 ddl AHddd alswL 2k,

R Bigad (1, 1, p) ¥4 (<3, 0, 1) Addel 7 - (37 + 4j — 12k ) + 13 = 0 ol i

AR el $1, dl p 4 e 2l

N > A /o A N~ A A ~ A .
C™HAEL F (T k)= A - (20 +3J—k)+4=0'{la9abu=uaﬂueuz

Al dal x-2ig AHIdR Anded wHlsel 2kl
2 O Gy €l i Pl wm (1, 2, =3) €, dl P wigl R adt 21 OP « do
Audad wdlse Al
N > N i A —» A ~ A a -~
AUl 7 (i 427 +3k)—4=0, 7 -Q2i +Jj—k)+5=0 -l Se3vud axadl

A N A ~ s . ~ N
dul WUl 7 (50 +3J —6k )+ 8 =0 - dol uuda-] alswel sk,
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M

- A " A A ~ A ~ - A ; "
WL F =20 = J+2k+A@i +4j+2k)uA ¥Mdd 7 - (i = J+ k)=5+lL
Beloigdl (Big (=1, =5, —10) < id2 ML

ey

18.

. ~ I I ~ A - N ~ A ~
19. (1,2, 3) Hiedl wAR ol 2 AMddl 7 - (i—J +2k)=5dd 7 -Bi+J+k)=64
AR v, ARY sl Al

x—8 _ y+19 _ z-10

T A

20. Big (1, 2, —4) il uR adl x4 6 il

-1 -2 - N\t ~ ~ a N N
il 3 2 -2 2 2 - 2_55 4 dot gl ddl 2w ultw wdlsa WAl

21. % AHdAAL Adnldl g, b, ¢ €1 2 A GRBigdl p s 2dR 2dg €y, dl ABd

5:33L3L+L+L—L
a2 bz 62 Pz'

wall 22 dal 23 Hi [ g o d dd wula [@sedaia] dod [@Asew yde A

22. 6L AMAdL ¢ 2x + 3y + 4z =4 A 4x + 6y + 8z = 12 9 AR

(A) 2 54 (B) 4 ¥is1 (C) 8 M (D) % W5

23, AUdAl 1 2x —y + 4z =524 5x — 2.5y +10z=6

(A) YRR dol 89, (B) ¥MidR €. (C) y-»ad 88 8. (D) |0, 0, 2) il R ww .
4

AR
o el a4 R Al oudal veulAl SRuSHA vl [Bssiudq 58 8.
¢ o Wil ReslusS L m n €, dL 2 + m? + n? =1

.. - DU - -, Xy — X Y2—W =%
* QLB P (x,, y, 2) 2 Q (xy ¥y 2,) L Bl 3ol R5SRUS PQ > PQ ’ PQ

-

o. PQ = \/(xz_x[)z+(yz_)’1)2+(zz—zl)2

Wil Reglusa-l wopun Dbl @ 2wl Boaein: sd 8.
o o il ResudA [ m, n A RRITR a b, ¢ €14, dl
B a b c

[2ip2 402 Ja?+b%+c? Jat+b? +c?

¢ asia-dl ¥ uvll AHidR Al dal Oedl el duA [Auudela 2wl 58 8. duil [t
AUl 2udel gl B, (dHl AMaAd 56 AUdd €S ¥ AL w3.)
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o a8 wa [Blg (uals 9l Gorifbig)Hial udls [Eundely i AHidR elRdl 2isollad
Bedl 6 il azdal vaud [Anudely 3vupil a2l vel s ).

* AL, my, n A L, my ny, B UL [RESRUSH Sl Al dudl a2l agsial 0
€, dl cos O = |1\, + mm,+ nyn,| WA,

* % a, by, ¢, ¥ a, by c, ¥ 6L UL [REIRITR €14 2L 2L 6L Ul QAL agsia

0 S, dl

| a,a, +bb, +¢c, |
2,2 2 [ 2 .2 2
Jal +b, +c, \/az +b, +c;

cos 0 =

¢ 2 ARA g oawn 2lal Bignidl v adl wd wda ARA B oA AU v
ke wllsw 7 = @ +AB 9.

o Big (x, yp, zp) Al v adl w9 m 0 RgglRusqawoll e sidla adlsw

X=X _ Y-Nn _ Z=3 %I.ﬂ
n

-

§d b kvl 6 Bigyinidl wur adl ud wRw wlsw

Q)

-

7 =a+AP-2) 8.

o A Big (v, ¥, z) 2L (% ¥y 2,) HiEl wAR adl ud sdBu wdlsw

X=X _ y—m _ i—q =
2 =] Y2=n 2-%
S — el A ~ S =
¢ a7 = ay + Aby a2l @958l 6 €, dl
cos ©
N X=X _ YoW _ =3 XX _ YT _ = o .
’ 3 = = = =
B 6 il wils = m1 o o o Sl dal sl

QL @488l 0 €1, dL cos O = |I], + mm, + nn,|.
¢ o [Rwiddly usll a2l qgdit vid2 2ed ¥ ol WUl dol sl deus,

N — - = — 5 5
® [ =a +Ab WA L = a, +LAb, A% aydH AR

b X b)\a,"q

- -
|5 % b, |

[& 2 -

s
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- = &) . .
* Uil = = 2 = = o 4] addi vdR

X=X YN LG
a b G
e b, e 9.

| \/(bl.c2 - bzcl)2 +(ca, — czal)2 +(ab, — a2b1)2

. a N —> — — ~ > — = N
¢ AU vUAL F = gq +Ab ¥l =a, +ub QR ddR

|—> (—) —>)
X\a; —aq

| 1el |

. o - - . . . - A
¢ Gwmligdl d vidR uden 4 Gorlsigiial AaMda L nlMds A5y Alkw o o

8.

5 3 A o
Auda Ak @3unl wd{lse 7 on =d 8

+  Geibigdl d vid? 2Uddl A el AHdd Ul vddor Aleadl Resiud 1 m, n €l
dal dudad wH{lsw e + my + nz = d 9.

— s ~ — A e A - .
¢ g R Alkuaon Bigdil yaR ddl A AR n A ol Gld dal yHdad w5

H
(7-32)- n =0

¢ A, B, C Rgawtinatoll 2utdl i dot i suda [Big (x), y;, z) #iel Y12 ddl A3dad
5@ A (x-x)+B@y-y)+C(z-2)=0
& 2R AU Bl (x,, V) 7)) (X, Vs 25) 2T (X5, g 23) HEEL YRR AdL AMda 1350

X=X y=—n FA |
X=X Y2= N L~ =0 9.
HB—X YW LG

® @, b il ¢ ol ARANAL AR AU Bigplinial uAR Adl Adda ARy w{lsw

(7-3)- [(-3)x (2-3)] =08

¢ WHEA (g, 0, 0), (0, b, 0) i (0, 0, ¢) Hi Bedl Anddd uHlsW —+ % +f =18.
o WA Fom =d, WA Feon, = dyl dediel waR adl Auderd Ak wd{lsw

?-(E’l+x?€2) =d+Ady B, wl A A A5 ua Ydd wAn B,

¢ U 6 AUl Ax + By + Cz + D, =0 2l Ajx + By + Cpz + D, =0 1L deniall
UAR Adl AMdar sl Al
(Ajx+B,y+Cz+D)+A(Ax+B,y+C,z+D,)=0
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~ T — — — aoA A e — — N~ —> — — ~
* %B(a,—a) (b xb)=0,dLolvudl r=q +Ab YA r=a, +ub, AHddlU D,

X2 — X Ya—n 22— 4 .
¢ | @ ;’1 a | =0 €, di sl @zudi-l 6 wuil
as 2 C2
X=X y=N =1 N XATXp y—=Y2 =2y
- = W] = — AHdlY .
a b Q a by 3

- -

¢ o AR AU WAL 6L WAL 7 om = d; A 7 on, = d, A2AAL vel 0§, dl

0 = cos™!
B>_>
- A - N ‘n
¢ W F=7 tA D A AHAL 7 -n = d AL el ¢ S, dl sin ¢ = 2]
blln

* WAL Ax+By+Ciz +D; =06 Ax + B,y + Cyz + D, =0 azd-l vl

AA,+B,B,+CC, |
JAZ+B +Cl A2+ B+ CE |

cos 0 = I glRL AL,

L S g
r

2 o D A .. AN
¢ FBiglAduRY @ duadd 7 on =d dl doid |[d— @ -n| 8.

|Ax, + By, +Cz +D| .

. (xl,yl,zl)'j;%l‘{thAerBerCz+D=0%ﬂ%:ld?.| NS |
A*+B*+C




U5WA 1 2

Yu AL

% The mathematical experience of the student is incomplete if he never had
the opportunity to solve a problem invented by himself. — G POLYA %

12.1 uidllas

G AOUGAL iUl AW uHls@ Al A A AR
AHRAUAHL GUALAL 2L 530 gl I8 XT HE WS Y01 HAHAAL
A [GUd A0 wAUAL Al 20l Ad Hadl Gia-dl veqi sil.
AMIAHL wUHAL AelauHls Al agll Gualall ©. 2L WseHL ULl
AL %l Sedls ardlds @and-dl AHUAL B3a HIZ 2ANHAL Bl
s deladl Gualor sy -

sl s AW s5d 6 o ARl 20id 2 vRelld dael 52
€9, a-l WA A8l 52aL HL2 T 50,000 B A Ayl 4y 60 dl-ll AAS
53 wsi dedl woul B, s 2ol Bad T 2500 8 A 25 vRellHl
BHd T 500 ©. d-dl viely 2dl © 5, s 2oiaxdl duwel T 250 -
s vl ARl T 75 45l Aadl wsld B, dd A A O 5 Mg 45l Aoadl HR d-l
Wl 3ol dgl deal 2oi@ A vl wledl ASH ? 2wl 14l adB lal § d wle sl
ol % dgll Al us ©.

plal W5l AU 5 FHL MM Sl (M™AL YAdd w2l) dlbdldl €l dal
AL QAL Ul Sredd Hed dMdlAl WSl sEaMi A B, M, $Redd Hed Alddldl wslmi
UgdH A8l Anddl, Yridd WA wAdl Aldidl @8dd GUADL sl AHAL A B, Hedd Hed
dldatAdl usll B AL wudleidl Ulldl s [Alre uig ol Qoo 8. Gu eauledl Y-l
Oredd Hed aldl Ugl Bl YUl AL Usled Vs BELRWL . YW UYL U8l VoL % [N
0, 518 5 dH-l Gualal Geldl, cwl@a, dAldd, [Estid a9l a0l oldlo wHaHE Ay O,

2L USWHL 2B B2als YL Al Ul oy 53y v AH-l G3d s5d duduidl
Ad Aadlyl 2ual usiil walil Gd el s Adl waL 8.

L. Kantorovich
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122 YRul 2% U 21 dd ouldlas a3u

gl 2ull Azvid A wlal sHUAL dwdlAl Gelewl gl sAgL A wRAUA [BAa
AHAUAL QURAS €U dRs 22100 €lZ] %A, 2L WAL 20U (1A YIS AadlsA 53 Al ¢l

() esteR d-dl wd- Asiel Ayeiudl 2oia wlea, Ayeudl vrell vdeanl 3 deais 20a

A Fedls vl wleani 53wy B, qoll, d Aswdl gl el uglini gel el sl
qadl a3 .

(i) 2l gsiterk WA T 50,000 <1l 34 & i d-ll WA 60 oL AAEL s dedl wouL B,

adl Zecls Huleil ©.

HIRL & gslelR s5d 2ot % e A vRell A wIe dl d % 50,000 + 2500 = 20 264
wIEl as. 2 [Aseuml d-Al sl T (250 x 20) = T 5000 .

A d s5d vRal WAL 2 2614 A4 W dl dsdl T 50,000 L 3dxikl 50,000 + 500 = 100
vrell wdlel b U d s5d 60 argall ¥ Al ws O, ddl d ssd 60 wrell ¥ wilel wd.
gl d T (60 x 75) = T 4500 L sl Hadl a3

2L Rad d 10 261 vt 50 vRell wilel a3 da oflon [Asedl wal 8 (gsirel 60 agil Andl
A% 9). 20 [@Aseqdl d-l sl T (10 x 250 4+ 50 x 75) = T 6250 Wy Ad3.

2iH, IS U4 wslA ¢l 5, gsirer gel-gel Asdl uglall gl gel-gel sl dadl
a5 9.

¢d wg A B 3, gsireld d-dl i As 3dl Ad s AU F el d U sl Aadl
25 7 2wl Bl wudl W vl de oulllds @3u duudldl Yot s
12.2.1 waid ouldlas azu

HIRL & gslrelR x 9L 261 vy <ol vRell wRlR 8. e 8§ x i y wqgwL 8.

WA ¥, x>0 (9@ wuler) (1)

y=20 .(2)

g5lElR HedH AL s s3I A5 (2] d T 50,000 ©) il MU RUAL AAS 53
2% (dl A 60 B) L Al Hulel 8.

sullas 3ld, 2500 x + 500 y < 50,000 (Aswa- wuier)
5x + y < 100 ..(3)
2w x + y < 60 (dasgnalsl) ...(4)

gslelr Mdl dAd As8L saL WAL B F A HedH 45l Z Hadl A d x wuA y il Q8
ady 1A wHel e ©

Z=250x+ 75 (A~ dqadl [Qdu s B.) -(5)
ouBfas Ad 2uua usd 1A wHel qull asy ¢

5x +y < 100

x+y <60

x>0,y >0 AdlA el :
Z = 250x + 75y <l Hedu [Bud Hadl,
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2H, A4Ql Yui (A9 Z 2 2145 ARdl 24 HTH eiuddl €. il ARl YU AAHAIXAIU
2agunl Sla . LAY 2gQ Sl 8. nYS Val st us YAl €l & 5, yH Yu [Aduq
§Ys URdll Wl AtaH ouddly Sld . Sl uQ ARl YU AAHAIYIAL AZUH Sl &
A ARy vg9 SlA . Al USR] AHRUYIA YRY AU WAL 58 6.

UM, YU ALY Y8 A WS $Rdl 4y QA Yuadl (x 5 y) Y2 [Qdu (qasl Q)4
§Ys ARdld A4l Szan Hew (HenH § Aiad Hew) alyar Hoilda . wudl wcdl yu
AHAIZU UMl (YR Hulel) 2 a2l sge (g9 Halel) €ld . syl sadl 44
a2 ouldlds Heid) Yu Aoy Slaudll Yv’ wceq yAlw A 8. WAF1 AseHl 24 ¥ AHed
a9 3, 5 AssA sdsn vaal Far sl Ao s8] s2a-l ugld.

g i qyal udal ¢d AARs Ad Pl Guala Yu qAlyu yslu GsaH
sy v wys wReuls aceld (94 »woub Gualo sal) cuvalld s

dqaall [A8u (Objective Function) : 27 HSTH § ~Yrdd¥ HeU Al4dly SlU &9 Hal AN
a Y1 b Ao Yv [Q8U Z = ax + by 1 Yu Sqadl [Qdy 58 ©.

GUHL Gelsal Z = 250x + 75y A vl dqasl @AY 8. wqla2il x w4y 2 [Awius
Ac2ulAil (Decision variables) 8.

nulglzl (uldoial) (Constraints) : Y3 HAHAY] A aHlsel g YagQ2i u-
uldeidld Yu sudly-r ya-dl Hulsixl s &. Ardl x >0, y > 01 2g9 Hulgwil 58 ©.
BuRAl GeleRH AUl (1) 4l (4) walel 8.

grcanueu-l usl (Optimisation Problem) : %M AAUHAIVIA KAJUH] 84 AUHS UlssA
ARl 41 YR [QQu (o AqAlAi) x 2y YAddl) HETUH § ~drdH o-lddly €A ddl
AHRUAIT SredH A ALYl W3l 58 &9, YRu Ay WAl 2 [Alre usR-L Srean yeu
lyan-L Yl 8.

L0 BelgWML goielR vRell A 2ot udleal w2 2wl Wid A 529 A Sredd
Yt lHaldl dd % Yu ARyl ds 8.

g4, B AL AL WAl G3a 3l Ad Aadl wsu d-dl 2Al s wwud Gl w2
g5 vl Ad-dl Gualol 539

12.2.2 YU 20AF-- sl Gia w2 2udvidl 2Ad

HIgl XTHL 2048l A AdARL x 24 p qadl [Gad 33v ssdl Asld 23 d- Gia-il
oA AL Guaoll sal el uud (ool 12.2 Hi uul 53 2o A vrellui dRisex
wadl Aeol ady. ¢d WU 2 uAd vl dAd Gielyl wAl WD YU AAHAILAL
a3udl iddl Hulelidl sudv Q=1 ¢

5x +y <100 (1)
x+y <60 .(2)
x>0 ..(3)
y20 ..(4)

sl 12,130 ealent wadl 2 Asla-dl 2udvt (204 wea) A 2uual ()4l (4) gr
AL AHddnl dm Bigdidl o s,
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2l uerdl €35 Bigul dwdl 2ed A vRellui
wiRse 530 ws ddl asy ueoll (feasible choice) 8.
il L wAA wal asd Giaql uea (feasible
region) $& 9. L A e3s Bigd wadl a5y Gi4
(feasible solution) &ML 1A . M, el Yu
L% AAL WAl A HUlell (g8l Hulelvil
X,y 2> 0 ARcA) 4 AUl AHIA UL AA WAL 252 (el
uea (il Gsa uea) s& 8. sl 12,140 uew
OABC (300l1) a1 warl 254 G3a-dl wea €. asy
G3a-l weu [aw-dl wiud Gid-dl sy ugw Y’  5x+y=100 Xx+y=60
(infeasible region) $& €. Mlé[?l 12.1

a5 G54 (Feasible solution) : Asd Gsari ugadl »ig2 w1 d-l dlM w2 2udai [bigil
nalelzll e asy Gsa gald ©.

2lsld 12,140 A4 B3erdl Wedl OABCHL g 2t dfl 2L w2 2uda ucdls [Gig naxl asy
Gia sald 8. Gewa a3 Big (10, 50) 3 warll s wsd G3a & . wuy Bigl (0, 60),
(20, 0) a9 waL wsy G3a eld B, asy Gia-i ueardl wgi 2udal sl ua [ig wasu Gsd
sd 69, GergRa a3y, [Big (25, 40) 1 warll sy Gid O,

greau usy G4 (Optimal feasible solution) : 854 G3a-u Hé-?t;t' e @ié @géf@‘ﬂ [dqyn
gdd (HenH Al ~YridH) o-ud d Gdd Sreau Gd s8 8.

¢d, 2l A Al 3 3 wsy G3adl U OABC <UL udls [Big wulewwll (1) &l (4) <
WHHA 5T O, wsd G3adl ueAdl rid (gl 2idal & dal 2wl s g Big 3dl Ad
Al wdlA ¥ dqasll @AY Z = 250x + 75y A MedH oiild d e Al 2 usiRl Rulaxial
Rell sladl W 2Rl <A WAL Y0 A% AL Uil B3e -l HOod WHAAL Guadlal 539l
2L WHAAL AL 24 Yreisel 2astadl ogi O,

YHY 1 : Rl S R Y YRu 2ualo-i ws wequ Sqadl (A9 Z = ax + by W2 asy Gsai)
uge &9 (d al3yw ogsler Qlu). U Z A dedd yed (HenH Al YrdH) HA Ul d
Hulgril-u 51260 A2 x 217 y 4l eirid] YR naHAled] oddl Usd Ga-L Ued gIRL Al
clgdr vigslai s18s [QRUeg* 2o ¥ ud wu ©.

UHY 2 : Rl 5 R Y Yu 2l us wequ Sgasl [A4u Z = ax + by W2 a5y G3ari)
uea . o 2 uea R AllAa** (bounded) Sli, dl dqadl [A4U Z 1 HETH dal ~4rtdH Y&
ugel R - 185 [QRUeE w0 i aa.

A4 o R A 2R(Md 4R €1, dl egaal QAU Hedd 3 i Bod <L w2 wol. . e9di
A HA dl d Rl 5165 RAGE 210 o 1A, (WHd 1 u:ell)

Gu-l Gelgwul Al (ust Biadl) weadi RRWSgyL O, A, B i C -l W 2A4sd
(0, 0), (20, 0), (10, 50) - (0, 60) B d AdeuSell S sy V. 2 Bigl AN U8 Z
CSISREICIERN

* sy Garil weud RRibGly w1 weadl o Al il Selig ©.
% o Yul viAUAI] @A AsH G-l ew A SIS adul AAdl €1 dl dd ABd YR 58 V. vl
dd 2B uew 58 8. wA{lBd Hed 5 asy Ga-dl uea S5 Rl 2dd Yl [@Rda 8.
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asy Bal ueui RIRAGIEU | Z = 250x + 75p i 2dd Heu ()
0(0, 0) 0
c(0, 60) 4500
B(10, 50) 6250 — HEdH
A(20, 0) 5000

-

28l AT sl 1A 5, A gsierk (10, 50) <l Astel AUl wu-ld ved § 10 204
2§ 50 vRall-dl wREL 53 dl dd Hedu sl A,
2L USR YRul A ytu Ul Gsaaudll uglan [R1ig-] dd (Corner point method) 58 €.
 ugld Al oeudd Hewil 4ud O
(1) uud Yt 2yl Usi-dl sy Gsa-dl uea bl 1 weadl RRGig»l wWHl o
Ml gl 2aal 6 euldl a{lsel Badld dunl delsly gl Hadl as.
(2) €35 BRGLE 2w dqasl RAY Z = ax + by <l Bud Andl, w2 5 20 Bigdil ww2axi
yadl Usl d-dl uend Bod dal Ydd Bud st M ddl m 9.
(3) () = usy Gia-dl wew AR €1, dl Z -l gy dul Yrdn Bud 2458 M da
m .
(i) ol wsd Giadl wed qA™d €, dl 1A wael 2 ql :
(4) (a) %l ax + by > M @l L viedl wtdard SIS wel Big asy Giadl uga AL wHY
4 dld dl Z-l Hedu Bud M A, A8 dl Z A Hedd Bud < Wl
(b) & % A4, A ax + by < mel \WdL vieel ddd- S waL (g wsy Gia-u
ueel A AR A 81, dl Z el Ydd Bud moad. Al dl ZA Yeidn Bad
4,
¢d, 2l RABEA Ada-dl Gualal 53 Jedis Gelswdl ASH.
Gelgnl 1 @ {12 2ula YRu Al U sudu-l dd Gidl

Z =4x + yd 04 2u8a el Al Henn

Hey . (1)
x+y<50 -(2)
3x +y < 90 .(3)
x20,y20 ..(4)

Bia @ wulel gl (2) @l (4) gl AL wsd Ba-l
el vugla 122 Hl {4 5@ S 2uuel A wslu
¢lal 3, wsd Gia-l w2 OABC dlBid €. 2uyl el
Rl Aael Z 4 mgan yeu lg, sl 122
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au[BL

BRUBE2L O, A, B i C L w2453 (0, 0), (30, 0), (20, 30) 244 (0, 50) 8. ¢d, w48
g5 Big 2o Z -l Bud Aadla,

wsu Glaru yeanl RRAGIEA | Z = d4x + yq dod yeu
(0, 0) 0
(30, 0) 120 > H$uM
(20, 30) 110
(0, 50) 50

24, Big (30, 0) 2N Z 1 HedH HL 120 Hd 8,

Gelgnl 2 ¢ {1 2la e AL U udu-l dd Gl

Z =200 x + 500 y i (Al 2cdld 2l YeAidd Hed WL

x+2y210
3x +4y < 24

x=20,

y =20

Bia : qulel el (2) 4l (4) gL 2L
asd Bsa-dl wea ABC 2ugle 123
2 wew d3 ealdd 8. A4 AMd 8.

BB A,

B i C -l W Aqsd

(0, 5), (4, 3) 2 (0, 6) V. ¢d 20U8L 2L
g3 Big o Z <l Bud Aadlai,

al&:%ii?ﬂ Z=200x+ 500y
RABigH Aold HA
(0, 5) 2500
(4, 3) 2300 — ~Y-idH
(0, 6) 3000

o T s
[3%)
e e e S’

K=

X'¢

wisld 123

2, [Big (4, 3) 200 Z < HYeidd 3t 2300 Hd B,

Gelganl 3 ¢+l 2da Yu gL ds 2uduHl Ad Gial ¢

Z = 3x + 9y < Al 2l Al YAdH dHY U He L

x + 3y <60
x+y=210

x<y

x 20,

y20
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Bia @ wud U8 wAMAL Al (2) 4l (5) Y
glRL WUldL s G3ad-Al wsu-dl dv el
glt 12.4 Hi sy Giasll wey ABCD ealaai
sidd 8. sl il & uew AR 8. RGN
A, B, C 4 D -t i 253 (0, 10), (5, 5), (0,1(,)

(15, 15) =14 (0, 20) €. X'«
asu Giaqu Y 100) ) x+3y=60
wari Z =3x + 9y 1 A4 4 xry=1o
[BRBig
2ld 124
A(0, 10) | 90

B(5,5) |60 — -y-du

C(15, 15) 180] - HeuH

D(0, 20) | 180 J (s scdl ay Sedu He)

8 UG Z Al Yeldd el HedH Hed A2, sies uel Al wsid 9 5, wsy G-l usAl
(Blg B(S, 5) 2w Z < Yeidd e 60 8.

Z < Henu e 180 asd Giaril weudl o RRbig C(15, 15) 21 D(0, 20) »waa Ha .

AlE s GuRAL BelgRaml 2l AS wli ¢la 3, und s sdl ay QRIGIEYL C w4 D
AL SRR Hed WO . ved 5 ol [Bigyllal Hedd yet 180 HaL . il wWRRAlBL dd #S
A5l % C 2l D A 2Asdl wuvis CD U 2idd e3s [Blg 20000 A3 Heau Yt v, d o d
6l [Blgll 2000 AHA Yrtdd Hed HA ddl uRRARML usL 20 A 8.

Gelsam 4 ¢ dqall @AY Z = -50x + 20y 4 1A 2ula Wil 2l Yrtdu yey

p1dvl Id WAL (1)
2x—y 2> =5 .(2)
I +y >3 .(3)
2x -3y < 12 -(4)
x20,y20 ..(5)

Biel : wad AL AAHAL A (2) 4l (5)
gl UL AsA G3A-AL UsA-Al uamw €1,
gl 12,5 0 asy G3a-dl uea ()
glaaml 2udd 8. 2udl A wsll Wl 3,
sy Giasll uzal wAlMd 9.

gd, usl RRAGIEML 2o Z Ay
giielA. 2wl 12.5
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asu Bia-i ueadi RRAGIE2 | Z = 50x + 20y 4 dd yeu
(0, 5) 100
(0, 3) 60
(1, 0) —50
(6, 0) =300 —> ~4-idH

2L s Ul Mg w3 B 3 Big (6, 0) 200 Z o HYridd yed =300 Holl A5 8, Ul Z o
Yridd Hed =300 8 3 sl wsla 7 wuudl -iHle 5 Al wew ABd €ld dl Z Al Al sl
Bud Z o etdd Her af dld (i 2). uig 2l 2uuel A asdlal ¢lal § asy Giadl uta
A B, 2 Z <l Y BHd =300 €l Ul Wl 2 o w9l Sld. 2L A5l sal A 2l
AAHAL —50x + 20y < —300 Med 3 —Sx + 2y < 30 (RABigA Ad-l yel suis 3(ii) )
AL 2 AsRNY 3 Al AL viedl wHdddi Bigyl wasd Glaqdl uRadi Bigail
AL AHA B 5 A8, o AU [Blgpdl €, dl =300 2 Z o Yridd Hed L . AUl =300
W Zd Yrldd Hed Sl

sl 12.5 3i ealedl WSl d Ay [Bigyll 8. 2uell Z = —50x + 20y <L U0 AL AR
Yedd Hed L WAL,

Gu-l Gelgel, sl Aid sl wdl 3 (0, 5) 2w Z = —50x + 20p «ll usan Bud
100 2 7 21 32 =50x + 20y > 100 <L 20dvl 54 Gia-l weaql [Bigll Al apvu-y Bigpil
g1d €9 5 AR d sl (u we ?).

Gelgw 5 :x+y>8 (1)
3x + 5y < 15 (2
x20,y20 ..(3)

Al il Z = 3x + 2p o HYridd Heu AL Y

Bia : Al (1) &l (3) A 2uusl 2udv{l.
(Gugld 12.6) asu Gia-dl wew ua & 7 w W
g wd B 7 wuglt 12.6 Ui dd AT wsl WL 3
ol Hulelild s WA A 52 dg 515 uwL Big
wag Aol 2UH, WA wsd Biadl URA HAdL Al
v ddl wsd Gia uadl -l

AlY Y 2l Uslldl 2B AoUGH 436 7
N N N a Y’ (5,0)
GelgwlAl 2l sul ugdl A wHEAL AadlsIeAL
A 3 wugld 12.6

(1) 254 Giadl w2 dRAl 6@y uea €l 9.
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(2) eqaal [3u-l Henu (dadl YadH) Bud wsd Biadl usadl 5155 Qb 2wam 3ol
A% 8. A dqaall (A8l ued (ual Yrdn) Bud o [BRUGE 200 1A dl 21 6L Bigpiid
Al ALl AL UAs [Blg 2010 ddaall [A8ul A Hed (AUal YAdH) [Bod ud,

Al 12.1

{12 UG Y AL Yol 2uQuiHl Ad Bidl :
L x+y<4,x20,y20 Wl 24l Z = 3x + 4y < Hedd Heu AL,
2. x+2y< 8 3x+2y<12,x20,y 20 Wi w4 Z = 3x + 4y UAdd
yer 2l
30 3x + 5y <15, 5x+2p <10, x 20,y 20 A x4l Z = 5x + 3y Hedd
Hey .
4 x+3y23, x+y22,xy20 Wi A Z = 3x + Sy Yridd Hed L
5 x+2y<10,3x+y <15, x,y 2 0 Al 24 Z = 3x + 2p - 4y Heu L
6. 2Xx+y23,x+2026,xy20 Wl L Z = x + 2y < Yldd e WAl Z o
Yeidd He 6 sl Ay [Blglizd HoL 6 dd ol

7. x+2y <120, x+y 260, x—2y 20, x,y 20 A(lld 2l Z = 5x + 10y L Hdnin
AHY Yridd Hed AL

8. x+22100,2x—y<0,2x +y <200, x,y >0 Wl 2l Z = x + 2y Hedn
AU YetctH Hed L,

9. x23,x+y25x+2y26,y20 Al A" Z = —x + 2y HeuH Y Akl

10 x—y< -1, x+y<0,xpy20 WA 2Hfl4 Z =x + y<f Hedd e kL
123 y3u wudy--l [y wsrdl anel

UvL AL Sedls Mgl Ul A ylog AL 9

(1) Gewga @ddl uHA2A (Manufacturing Problems) @ 2l WS+l WML Hedd A8l
qoaal He el sudl gt [@Afad wsredl adaidl Avaid Gaded i darl wys [Ruseid
el sl €l B, 2L [FEHRl sual §IS A ¢ s daxdd Boulet sl AU HIAd-sesiHl
32, Ml (dol)wl SElSl, UHAL sAlsl, #M Sl %0l AdIR.

(2) 2ugReid]l w0240 (Diet Problems) : 1L WS-l USHL 20U F+l wal dgdu «
wcl Ad Yel-gel SR ©esl HAdL SR oididdldl Sl 8 A ddl 33 €25 UsRAL Ul
dreledl A Sl 1y 6,

(3) uRagnn addl xR (Transportation Problems) @ il WSI1-ll WAHHL 2048 Geullzd
HAAHIAA gel-%el @0 2dd Gl @0 (s1RvlAL)l gel-%el @0 2dd 6lRHL UsiALsAl
W2l cdl, WRdgA-vd Yddy wy Aidl Ad ude sCl AGA,

Al 8L Yo il 2 wsil dedls il Gl ¢
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Beld2l 6 ¢ (el Aeitdl uH21) : s 2i8R(ANAL 208l M8 Rzl [QauEa A AL A0l
90 8 WsH €l A (2 C Al 0L 9L 10 s gl Wl Ad 6 usiRel
wilalsd Bael sdl 9269 8. s T, 2 Asu/Bar Rl A At 1 AsH/Bu
[Baid C qud 9. 2R ‘I0, 1 2s4/BAl [EaFa A 4 2 2s54/Ba [Fafd ¢ ud
8. 8k T Al we ol uld BAl T 50 a4 28R TP Al wle o ula B T 70
0. 2 uaud YL 2leeil w8 ddd BBid peiAl WA eddt sl W2 oulRls
A3uMl sldl.

Bid : A 3 Bl x Blud T wsiRedl 28R 2y BAlud I wsiRedl 2UsliR Al

wd O, W ® 5 x>0,y >0 20ud MU vl 2udl [l wmel sies ol

2Ald VULIR el 2
I1(x) | @) AU Sl
Qe A (aism/Ba) 2 1 8
Rl C (AsH/Bu) 1 2 10
wal () [3a) 50 70 -

§l i Pl @l A o wusl 2ol 2 8 sn A (@2l C 4 wwm
9L 29 10 2isH Slalel, i WHISL HUlell HaL
2x +y 2> 8
x+2y 210
T usiRel x Bl gk wa I0 wsi-il y Balus 2uei-dl s wil
Z=50x+70y wA.
2, U M2 RIS @3U 21 Wl Ul

{Al Rl Al Z = 50x + 70y Yridd Hed AL (1)
2x +y = 8 -(2)
x+2y>10 (3)
x20,y20 ..(4)

AL, UL vAHABL (2) 4l (4) A 2udvila.
gl 12.7 AL 2 AAHAUDN gl ALAL A
Biarl wea suledl . »1dl s3el 2uusl A wsla
Slal &, asd Giadl wed 2AFA O,

Rl A(0, 8), B(2, 4) i1 C(10, 0) 2w
Z Al Bud .
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asu Giaqu weani RRGIEA | Z = 50x + 70y 4 dld He
(0, 8) 560
(2, 4) 380 — ~4-idH
(10, 0) 500

stRsHl 2 S wsla Sl 3 (2, 4) AR Z o A YrtdH Hed 380 HA B, Z o YrAdH
Yt 380 8 dd vl sl wsla 7 we W 5 asy Giadl ued AP B, 2 AU AAUA
50x + 70y < 380 2@ S5x + 7y < 38 A udvidl U3 Al AsAG, ASB F -l @l vieal Hoddn,
sy Bia-l Yea wE A6 wH-A Big wdl § ¥ AR,

gl 12.7 well 20l S wslat ¢l 3, 2ud e [Big uaal R, 2udl, Big (2, 4) 2w
Z <, qrdd Hed 380 Ui . . ddl susRaul 2 Balud 28R T a4 Bl 2usi ‘Ir
Big 53 Swean vidawg Mg dui 53 9% A 2 Aadl Baeddl yan Bud T 380 ww.
Gergael 7 ¢ (stnanll 1HaL) @ vigdidl s Aes] ol WA X 2l Y B 6L UsIRAL uLs Gougal

HE 50 €522 %l B, ws X i Y ol d52R €ls AR wsH T 10,500 2 T 9000 -isl

a9, «levt Ml Aval W2 ws X e 852 €ls 20 (e il ws Y e dser els

10 (@22 arifa-iies Ratdl arurd ud 8. 21 dlddl ole-cuarau-l [Msid s douasi saml

219 8. ol w1 %olel @l WL W 2L asuld-as waidl 800 [deel ay audl asy (.

Wolldl g Sl MedH WA d MR es us e sedl ol sladl wsy ?

Bid @ A 3 x 852 ol Ws X HIZ Ay d52 ol ws Y HIZ st wd 8,
e ¥ % x>0,y2>0.

uls X 2 852 €ls «sl = T 10,500

ws Y W2 852 €ls sl = T 9000

54 sl = T (10,500 x + 9000 y)
e Waed oulilis @zu 1A wwd aud

x+73y <50 (orll-2ieid] walsl) (1)
20x + 10y < 800 (araulduasu Gualodl ulgr)

wed 5, 2x + y < 80 ..(2)
x20,y>0 (g wulel) ..(3)

2l 2l Z = 10,500 x + 9000 y < My e AL

Al el AUl Asli (1) 4l (3) 2udvilaA, usy G3a-l wea OABC »usla 12.8 i
(R00l) ealaani »udd 8, uud Adle 3 asy Gia-dl uew A S,

RRUGg2L O, A, B 214 C 2158 (0, 0), (40, 0), (30, 20) - (0, 50) .

T Sl ROl M AL Rl AL BigHil o dqasl [@Q8n Z = 10,500x + 9000y i
yey A,
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A5y Bia-u
weddl | Z = 10,500 x + 9000 y 7 dld HeU

[BRIEig0

0(0, 0) 0

A(40, 0) 4,20,000

A (40,0)
B(30, 20) 4,95,000 —> HEUH ORI X
0] 10 20 30 \sw
(0, 50) 4,50,000 Y x+y=50

24, 30 8522 %l Wy X R 2 20 d522 ol s 2ugld 12.8

Y M2 stoddldl 2 dl Heolld HgdH sl T 4,95,000 wld.
Getsul 8 (Bewte @oidl uHUL) @ s Glles s argril 6 Hidd A U B oi-1d 9. 35 «io

e A orldal dlvigl siiedl HRl W 9 Midd-salsidl un wsradl Buar w2 1
Hird-salsedl %32 Ul 8. s L Hidd B otrladl dlvigl siuedl wgRl W2 12 Hidd-sasisl
e HoRaAlAl (Bul w2 3 Mida-sasidl o3 Ul 9. dlvigal siuedl wyRl 2w wsRadl Gu
W2 2sH M 180 A 30 Midd-selsl Guaod 8, Geulese Hisd A -ll 215 ~dL 42 T 8000
i HIA B il 3l5 oL Y T 12,000 «ASL U4 9. HedH ASL Hoddl HIZ AkdlS €8 A UslR-l
5edl <ol v B WSl S2el «dl Hihsd Geuler 53 A 7 Awdlg €l HedH A5l el ual ?
Bia @ WA 5 Ak €8 Geullzd Hisa A il <l Aval x A {3 B L <ol dvul y 8.
24l, g -8l T (8000 x + 12,000 y)
QL %, Z = 8000 x + 12,000 y
¢d, ldl uad ouflas @z {12 Wl 1l -
Z = 8000 x + 12,000 y
4 1A 2ld grdld vl Uy Her gl
9x + 12y < 180 (alvis-t s1u-l walgr)
3x + 4y < 60 . (2)
x + 3y <30 (usRatu s+l waigl)  ...(3)
x>0,y>0 (x99 wulgl) ..(4)
AU (2) ol (4) gL AL A G3adl uBa (d(4) OABC a3 sl 12.9 wi sulda

(1)

9. 2l <idlel 5 asd Gia-dl uea ABd 8.

RIRUGg2L 2w dqasl [@8% Z Al yeu 1Ayl Aadla

s Bia Z = 8000 x + 12,000 y i X
v = 5000+ 12,000y 3 3+ dy = 60x20
RR2ABig Wid ye&y
0(0, 0) 0
A(20, 0) 1,60,000
B(12, 6) 1,68,000 — HSTH
c(0, 10) 1,20,000 a5l 129
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BBl B(12, 6) 2wan Z -+l g BBud T 1,68,000 Ha 6. ], Galed Hgdd A5l

qodl HI2 Hisd Al 12 <ol ¢ Midd Bl 6 «dld Gl 539 ASA dal d david Hédu
-5l T 1,68,000 @2l

1.

WY 12.2

L B[RRI A AL 2oL sl 8 2sH dul [l B AL 29l st 11 A5+ €1
el Ad P 2 Q i 6L WS-l vRLs (Bl sa Wl 9, vis P ol Bud wlaBau
T 60 9 A vins Q -l Bud ullBa T 80 8. viris P, ulalar 3 254 [Q2Bid A 24
wlaBaul 5 visH (@2 B qud 9, wuz s Q wlala 4 2»sd [Qalfid A 24wl
2 sy (@2l B uud 8. 2 Bl ridd Bud sl
25 WS-l 35 oirladl M2 200 WH ez A 25 A HASH]L 32 ud O, oflo usiR+l 35
oidlddl M2 100 AH @z 2 50 WH HAS-l %32 Ul ©. 5 BaluH de v 1 Belauu
wellSell agml ay sedl 35 ot-udl wsiy 7 wdl wuud wdl ady 5, 35 elrlladl Wl vy
o33] uelelidl S5 dofl .
s SRV ML e A (el sled Gauted w8, A As W2 ei-llaal we
1.5 sals doA-uHd 2 3 sals suolldl Ay asl 8. [(Bied s o2 ollaal w2
3osals dar-uHE 1 osals solldl uHA Al B, sRelArl ds Rad w2 Ui
42 sausel ay uadl Ayl i suolldl Any 24 sausl ay Hadl <l
(i) < sRvud YUl axdEl WA dl el e e oled Geuled wd !
() A 25 W2 2 s 62 UL gL AUsH T 20 A T 10 A, dl e s1Rv YRl
axdiel Add €l AR HgdH 5L Sedl aw ?
s Gaules AL v vlald Gulert 52 8. s Uz A8l oitiaal 1 Halld A U 1 sals in
welld B UR 3 sellsell uqy Al 8. As Ude vilal ertladl W2 Ml A YR 3 sals A
“alld B U2 1 sells AHA cdl 8. d 25 U2 sl u T 17.50 A4 s W2 vilal 4 T 7.00
A5l Had 8. ol d-il Helldl s Radl agdl ay 12 sdls s sl €, dl Blles ey
sl Aaqdl W2 s Raxul eal ke WSl A 3eal Wde vilad Gauled 53¢ ASA ?
s Sudl A i B 2 6 WAL ) Baled 52 8. €35 USIR-L % W ddAALAL dal
SAAAA 20 6L UsRAL Hallrddl Gualdl i 9. A USR-L Wil User Bculed sl w2
AU Holld uR 4 B2 2 saRiafdd Ml v 6 (MRedl Aaxd Al 8. 2R B
WAl el Uded Gedlet sl W2 @dAAd Halld uR 6 BiRe A gdafad uall
W 3 [afredl udd adl 8. 516 ua Rad es Al ayul ay 4 sals Guaod 8. Gaules-
A WSIRAL il Udedl Al T 7 5L A 9 A B UsRell el Uderil daeEl T 10
45l HA B, wud Wi afy ¥ A wedl Wl Glled 2 B deal Wi dw s3I Ak 8.
ugdd A5l Hoadl W su-dldl s e UsIRAL el Sedl Uled Bauledt 59 ASH !
Hed gl 2l
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10.

11.

au[BL

s g2 Gellol Udked ol (padestal lamps) il @lsdi-it 28 (wooden shades)d Geule-
53 9. d e85 M2 oSl salL (grinding/cutting) Mall+ i e9iedl-il (sprayer) #alld-ll Gualol
U 9. s UR2A LU Bculerd S WS 2 sALS F2dl UMY Sl KAl Hlld U A
3 sels Fedl uMY iedl-l Ml U Al 8. s WL Beuledd AL W2 1 sals wedl AU
sl sl Halld U A 2 sals gedl MY oiedl-ll Halld uR Al 8. s1S weL [Rad siedl
ualld a4l ay 20 sals e Guasd © i ofsl sl Halld aydl Ay 12 sdls ue Guasy
9. Ag dloul ARl T 5 A s AL ARl T 3 A5 HA B, R Baules Fedl Sl
W Beulet 53 O d o QUL 3 wuF O, HedH A8l Haaal e d 3l dAd el
Beuledd, sy 53 wd ?

s Su-dl waggidl o usiel ARl 21080 (souvenir)d Baulert 52 8. A us-l s
AABsL M2 5 B2 sl (cutting) 24 10 BH2 2A8eL il (assembling) 1Y %33 ©.
B usiel s aMBst w2 8 M2 stua-dl 24 8 [MfAe ool saudl amy 33 0.
studl e 3 sals 20 BiHe v el sal M 4 salsedl AHA Buast ©. A Uil ucdls
ARSI T 5 Ay B usiel wcdls dRBusiEl T 6 A8l w8, Henu A5l Aaadl W2
sudlad ol usiRel deell BRI Gaed sd A6 ?

25 duidl dor uR Al s ddl (Desktop) Hid A qaled (32l wsiy dal) (Portable) ¥isa
AU 6L UsRAL 2 sl dArd Al 53 B, dudl Bud 2qsd T 25,000 e
% 40,000 8. d-ll viely Adl B 3 syl wls Hiar 250 -ael audl AR, Ay U Al
s €ls drll A8l T 4500 © il yawel swed €ls d-ll <8l T 5000 8. d T 70 awiel
QY A58l sl $269dl Al dl Al HeTH A4Sl Haddl W2 35 USRAL Fedl sl AAS
sl ATA 7

s AU 2USIR SUOHL 9L 80 sy [A2Uft A 2t 100 s vy dredl 4ud 8. F,
A F, 6L UslReL vlus Guaot 8. F) usiRel s 2sd viwsdl Bud T4 8 24 F, usik-l
s visH WRLsAL BUd T 6 8. F) WsiRel 315 sy vllus 3 2isd [@afil A 2 4 25y
vily dredl B 9. F, Usieell s 2sH vlAs 6 s (@2 A A 3 253 uidly dl
HAA B, L uAA YU AL U a3 oulilds w3l suldl old usiel vl
Biseell dulz 2dd Yedy %330 Uls drdl HRddl AHAlA U8Rl Yeddn Bud 2.

F, 24 F, 6L WS-l vl Wi 8, F Al -Ausdgiod w10 % 24 sisRs 2Rs
WHIRL 6 % Ad B, U F,dl sgladtd w5 % i sikslRs 2R wwa 10 %
wadd 8. onlladl usel sal wll vigdd Mg wR 3, ddl ws we i
14 B udgio 2 14 B sieRs 2Rl %32 widl. 2 215 B vudx Fdl Bud
T 6 Sl 2 A5 BA vidR Fy«l Bad T 5 €y, dl 835 WsRel 326l vildsil Gudlol 524l sl
3 el Yetdd wAHL %330 s drdl Holl 28 7 Yedn WA dedl wd ?

wal 1140 [ 0 ol d dd 2ude [@sedinia] dou [@sey wie s

Hulelvlidl viaddl deld 2x + y <10, x + 3y < 15, x = 0, y = 0ol Aldl AsH GIastl weu-i
BRWEgL (0, 0), (5, 0), (3, 4) 4 (0, 5) 8. WA S Z=px + gy, p, ¢> 0. A Z <l Hgnn
Bud RRAGE (3, 4) 2 (0, 5) it 20910 1A dl p dal g 92 A6iy

(A)p=gq (B) p=2q (C) p=3¢q (D) g=13p
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uilel Gerewl

Gelganl 9 ¢ (12 el H2A2AL) A5 2R QA P 24 Q 213 6L 5L vlAsL Gulal
53 s AR IR o-lladl 8. vilus P+ 30 A 35 Use 12 sy 5(@yy (calcium),
4 s dledrd, 6 sH AG{ (cholesterol) 2 6 xsH (A2 A 4Ad B, d ¥ A%~
wiRls Q + £25 Uz 3 sy Ay, 20 s dligdr, 4 sH A0l w3 s Qe
A Hud B, il (sl LML He9HL 209l 240 visH HA@UH, 460 s dlgdrd 2 a4l
ay 300 isd A0l wudus 6.
2L U8 (2B A o WBL YeAdd AN 1, dl €35 WsR-L vlASAL Seal Wdedl ¥32
Wl 7 (A2 A o Yy WL deq sal ?
Ga @ wRL 3 wiRls P dul Q il Gualomi ddldl UZaudl Avdl wsi x wA y B, wWwe B
5 x>0,y 20, 2uda waqd oullas azu A wwel w9 :

12x + 3y > 240 24 % 4x +y > 80 (sl&an-l walel) ..(1)
4x + 20y > 460 Aed ¥ x + 5y > 115 (algdra-dl walgl) ...(2)
6x + 4y <300 ed % 3x + 2y < 150 (a2eil-l walel) ...(3)
x>20,y2>0 ..(4)

Rl x4l Z = 6x + 3y <l ([Q2Pd A) 4rdy Bud aldl.
R AUHARAL (1)l (4) Al 2udv €12l 2 aHdl (1)l (4) gl AALdL Asd B3a-l Wed
(Roll) sl 12,1030 euldd & 4 A ARd 8.

x+5y=115

ax+y —gp X T =150

ausld 12.10
BRGE2L L, M 24 N AL A 258 (2, 72), (15, 20) 24 (40, 15) 6. 208l 21
QG o1 Z Al Exd Aadly,
wsu Glau el RRGIEM | Z = 6x + 3y 4 dqdd yeu

(2, 72) 228

(15, 20) 150— =4 dH

(40, 15) 285




444 ST

stes uell W w3 8 5, Zedl yadn Bud (15, 20) w1 wa 9. 2wy, QR 28R

oirlddl W2 % WS P oAl 15 W el vRls Q «il 20 Uded Gudlomi ddiui wd, dl i

wadl walenlil A [Rali A o wel Yedd wd, [Bali A o yedd e

15 x 6 +20 x 3 =150 %54 «ww.

Gelganl 10 : (Gewed @dldl ua) s Gawled del siviieii »el Hall-dl I 1T 244 111 2afd
sal 8, Al T 2 I1 2lHs agl ay 12 sats L Alddl 2 AaH 8 2wl 111 4
el 2eomi 20 5 sals ddiad %33 O, oy ualldidl Gualoel d 6L usidl axqil
M il N o Geulert 52 9. M 2Ad N USR5 il Gedlest e 2481 Hall-dl wasdl %33l
AHy AL sesul euldd O

e, Helldl Ul iaeas AuY

I Il III
M 1 2 1
N 2 1 1.25

-

d M 2 N wdl <451 s Ul drq €ls T 600 i T 400 Aad 8. %l 2wl wdl ad
5, d €35 Gl axdd A 53 ad 8, dl Medd 45l Aaqdl W A8l €35 axqd seq
Beulerl 5 ASH 7 ugdu sl sedl Ha ?

G : WAL 3 x Ay B A M A N UsRel Gl argil-l dval 8.

Beuler W ga sl = T (600 x + 400 y)

e WA URls @3y 1A w8

x+2y<12 (%ol 14 waigr) ...(1)
2% +y <12 (uellq 1140 walel) ..(2)
x + %y >5 (uell 1+l waier) ...(3)
x>20,y2>0 )

Al x4l Z = 600x + 400y <l HeH
(Bud 2l

8L wuHAL (1) ol (4) -l 2udw
AEIENR

AHAAL (1)Ul (4) gl R AdL Asy
B3a-l wew (1{1) ABCDE ugl 12.113
gldd 8. 2uudl A wsla ¢l 3, w
Biadl uza Al™d 8. BRI A, B, C, D
w4 E AL A sd (5, 0), (6, 0), (4, 4),
(0, 6) 2 (0, 4) ©.

asld 12.11
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2 RRAGE2IR Z = 600x + 400y Il Bud dHlA

wsy Gari eadi RRAGIEG | Z = 600x + 400y d od yeu

(5, 0) 3000
(6, 0) 3600
(4, 4) 4000 — ugTH
(0, 6) 2400
(0, 4) 1600

248 AS ASlA 1A 5, Z o Henn qed Big (4, 4) 2w0 1A B, 2el, HedH 5L T 4000
qogdl e Gauled e3s Aol 4 ol Gauled 59 A,
Getsul 11 ¢ (WEdd @odl ust) 6 510Ul s U P A w0 Q 910 »uddl 8. i
ol GAulRd Alssy dlyarga A8 @A A, B, C 210100 2ddl quidl ugigal 8. »u
AR A QiR 2L Alyargdl Als w3RAUA 2gsH 5, 5 A 4 Aol ©. siRvuAL Poatd
Q l Geuler-aidL s 8 A 6 el B, g Aol URaAA-WA 1A Wl 2wle B

el/yHl Gua (%)
A B C
P 160 100 150
Q 100 120 100

URagrArl vl YeddH g d M2 825 sIRMA]l 835 duiRML dedl ol weiaigall ? wyedH

wRagH-w2 3edl a3 ?

Gia @ L el wuydl A usla gl 2wla 8 (pusle 12.12).

gl 5 sl P ouigl x <ol Ay Aol
Aol s vz A i B HL ugiAsanil
w1d 9. el (8 —x — y) 9L aviiz C Hi Ui
al. (=2 ?)

WH, x20,y202xq1 8 -x—-y20

yed 3, x>0,y=>0ud x+y<8

¢d, auiz A i Alwargddl andlss #3Rud
5 ol ©. siRviidl P uigl x oL ugiugaml 219
8 adl susl-l (5 —x) oL siRurl Q uigl ugiaga
%33l 9.

eulldl dld, 5—x >0 ed ¥ x < 5. gl 12.12
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au[BL

d o Ad, sieitdl QHiEl (S =) AL 6= (S—x+5=p) =x+y—4 3 AeisHd auR B

A C L ULl
WUWH, 5-y20,x+y—-420
Med 5 y<5 x+y>4
adl s uRagq-vad Z A wwe Ha
Z = 160x + 100y + 100 (5 = x) + 120
=10 (x — 7y + 190)

2el, uad A wael saldl asy

x20,y2>0 (1)
x+y<8 -(2)
x<5 .0
y<s (&)
A x +y > 4 .5

WAl Al Z = 10 (x = 7y + 190) <l
Uedd [Fud 2l

(5-9)+100 (x +y—4) + 150 (8 = x — y)

>y=5

2 /4

Y F4,0)

2ugld 12.13

quleil (1)4l (5) gL ALl W2aL L A4 Giasil w2 ABCDEF 3d(l4 uga d% calda .
(sl 12.13). 20wl S wslal 1o 5, sy Gia-l wew AR 8. wsy Gia- ueau-l RRUGg
0, 4), (0, 5), (3, 5), (5, 3), (5, 0) x4 (4, 0) &. 2wl 2w BRUGg2AL 2w Z <l Bua

SUTIETR
asd Giau uearl RRBIEA | Z = 10 (x — 7y + 190) { fod yeu
(0, 4) 1620
(0, 5) 1550 — 4rtdH
(3, 5) 1580
(5, 3) 1740
(5, 0) 1950
(4, 0) 1940

stes wdl vl A wslA a5, BRI (0, 5) 2o Z -l yadd Bud T 1550
WAL B, 2, SRdd WRASH Al 2 51ull Pl Asi 0, 5 2 3 <ol dal skl Q al
AsH 5, 0 A 1 0L 2sH aviz A, B 1 C Hi Uil 2uadl, 2 g yRasd-wa

YetdH 24 A d T 1550 9,
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"';JI

6.

uslel xRy 12

BElSRRL 9 Al 2RAAUAHL URHL (APt A WHIRL Mg i, dl €35 WslRAL MIRLSHL
sedl Udeddl Gualol sl AT 7 iRl (A2l A o HgdH uHeL ded ¢dl ?

§s vgd P ud Q H 6L Usl-l Andril ugplelRd BawL 53 8. P wsiRAl uypueRedl vis
dell-dl olla T 250 ©. dHl 3 wsH UWMsdl A, 2.5 dsH UINS drd B 2 2 254 UINS drd
C 8. Q usiRl ugpisR-l s AdlHl cua T 200 8. ddl 1.5 s s dwll A, 11.25
s B 2 3 s WS drd C 8. Uus drdl A, B 24 C Al yaan #3Rud 2454
18 ¥, 45 sy il 24 isuedl O, A 2 Fs@edl 215 Addldl Brd rdd audl i, dl
£3s usia-ll sedl ddl B sl A 7 w0 (gl s el yadu Bud dedl wusl ?
w5 ieR@aAl, Q2P A dl 20l 290 10 2154 S, [ B <Al 291l 1L
12 254 €l e [Q2FA C Al 2L 2090 8 25U €l d Ad X v Y 2AH 6L UslreAl
viRls Bgl s2a wiol 8. 1 Betluy viiisul [@Qaliad e <2 wxel 2utd 8 ¢

VRS Qe A | Ra@ma B | Qa2 €
X 1 2 3
Y g g 1

X wsiedAl vl WBAL ed T 16 8 A Y WAL wiisl eud wllw T 20 9.
%33 BiBid el olrladl Hi2l Yeidd w2l L.

s Gaules A 2 B 6 uslRAl ™54 ot-id 9. 1L s 2 A8l Hell-ldl 3 uld 9. e3s
Wwsd ortladl e Helld U dwldl dud (RlReal) A wuel 2uta 8 ¢

UL USIR Rl
I I I
A 12 18 6
B 6 0 9

g5 Ml ulaled Mgy 6 sals e Buasd 6. A A UsR-L 25 WS YAl 5L T 7.50
A B USIRAL 35 W5 UL 5L T 5 Sl dl UG S 5 HedH sl HAadl HIZ Gedles
A U5l 15 24880 2 B wsiAl 30 Ml 2l Gawledt sd S,

s [Aud ayui ay 200 HAsAL 4 ¥S a3 B, A G adldl RBeuidl [punsusdA
T 1000 ~il <5l iy © A s Yast il RBReuidl Sudld T 600 sl wy B,
[au-dliu-dl 2leomi wdl 20 Assl G2 adl W2 2etHd AV V. WM 9l G2 il Y18
sl yaot Qolul ol 209 4 dBi A8 YT sl Gl B, [Ru-lsudl eds adsidl
secl B2l daw 539 ASH & Fall Hed sl WA ? HgdH sl Sedl udl ?

6L OB A Ul B UL el uvial i<l #ddl s 100 (a-ed a4 50 [aed 8. 2
§eAlg 2R Al g5 D, E wdl F ol udlasalrd €l 8. diddl o3Rud s
60, 50 2 40 [aeadl 8. oGl -l gsi Yl (Farea €ls wRagerdl wil
200 SlRsHL UL B
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[area €ls uRaga-wa (%)
ol / yHl A B
D 6 4
E 3 2
F 2.5 3

WRdgr-vd yedd ad d W2 ey ddl Ad udiagg ASW 7 yeAdd vl ML

7. s ssddsdl susdldl wa 6 W A 2 B widsd 7000 dlek A 4000 (el amdiai
adal 8. su-dlal -l w3Rud s 4500 (&2, 3000 (&2 i+ 3500 (&2 © dal 2@
Ugld ww D, E, F A ssdd ugiald 6, 3ul 24 Ugld u qnl 2idl (Baul) 3 siesul

A B :
a2 ([3d)
ol / yHl A B
D 7 3
E 6 4
F 3 2

QA 3 10 ReR sdasd uRag-ud Barler €ls T 1 8. sidan el U2l wu w2 34l Ad
wgiatsald A58l 5200 3 Bl uRAgA-vA YeAdn Wy 7 Yedd WA dedll udl ?

8. s sU-Balles del oRllUHL P A Q M 6l UsR-l slwiedl vidReAl Gudlal 53 uF 9.
e3s ollwsell s del €ls AUd2iw, siasRs RS, Wt e sellRAL el (Bauml) 3edl 8
d <A stesHl wula O, ulael el wan w5, oelluni 2ol 2 240 B sisRs
R, 20l 2 270 B Wel wA aygul ay 310 B selll3-l %32 8. A Gaues
oflHl USRIl YeAdH el GHAUL 6269, dl eds sl Fedl del-ll Gudlal s:dl
AU 7 oML AL YAdH w2l Seedl GHRAL usd ?

adl €ls B
G-l P el-d Q
AL 3 3.5
s8R iR 1 2
NEL 3 1.5
selRA 1.5 2

9. U 8l AN B Beules otallAHl AUSHAl oM weell GHRALG $2% dl g8 sl
sedl delll Guulol sl A 7 oMl Sl HedH el sedl BHAL v ?
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10. 25 ™sdsll sudl A 214 B 6L wsiRel laelail oi-id 8, ool ulasll wd Guaot Aldl
gld © 3, Adllds 1R AYsd Baulger a2 1200 ZPilel dud A BSH A B wsiasdl
doiedlali-l Hiot A usiRel laedlail sl ayui ay il 8. adll, A usidl dloelbil
Baulet B usiaedl Eloielalil Gelernil oL OBl Sl Ayl day 600 ¥ed ay ©. a Su-l
A 1 B usiel ol w2 2si T 12 24 T 16 5L sl €y, dl Heay sl Aadal e
Aes A28 €35 usil sedll dlowelld Beuter 59 A ?

ARIA

& Y el U B Bs sl ay AauRaor Yy @AY (ddasl [QRu)0 2wy
IRAIA Ml e Y (MedH § Yeidd Hed) WHAl AsiBd 9. AdARAL g
Sld 2 ol o YAu AAUAA (HUlEll) A 52 B, aauBpda sl [Aeius
AGRIAXAL 58 B A A w2 i B,

& Jedls AL YL 2l AHRAUBL L UL B
(i) sl MR
(i) GawteAd @ddl AL
(iii) WRagAA @atdl wall

& AL 2AYeArl WAl A qalell, e Hulelvil x, p>0 ABd ALl AHLY We A
il 95U Bia-Al usdl (dudl Gid uzl) s 8.

o sy Gladl ueudl vie wA ddl Al uR wwdal Bigyll duledl we wasu G4
gald 8. wsy Gla-l utadl o A wa Big A wnusu Gia B.

¢ wsd Gia- weud [Big ¥ eqasll [@8ud edit (Meddt Udl Yddd) oiid d
Biad Swedu Gia s 8.

o <A WSl AHAL B YW L WAL G3a ARHl Yaed WRAL 9
uHA 1 : IR0 3 R AL Al U Heel sqasl @B Z = ax + by W2l A
Gia-l uRe B (A aleul oSl €l). R Z A Sdd Hed (Mt AUl YrdH)
WA QY A Huledal sRA AGABRD x A yel ordl 3uL AndREl A
A Biaddl UBL gIRL AL 6lf&{ul oigsiRl 515 waL RIRAGIE 2 o w2 a8,
UHA 2 : M1 3 R Ay 2l wd Wl dqasl [@Q8Y Z = ax + by Wl
Ay Bia-ll w2 8. A 2 uew R AllHd €, dl dqaell A% Z 4 Hedd dal Udy
Yt el Rl 1S wa Rl 2o did iy 6.

¢ A asd Giaqdl weu A €, dl dqaal [QRuA Mgt & yrtdd Bud + wa wal.
dd odl %l W dl d R s ual RRIGE 2o o 3.

& A 2uledl wa Giaadl [l dd. 20 uglt A aeuda A qAd B
(1) vt 2ol uadl Asd Giardl we ddl wA [RRIGig2l 58l 52
(2) s RRABE 2w dqasl @A Z = ax + by «Il Bod Aadl. w2 3 20 Bigyll

A d-fl Hern Bud dal HYdadd Bod 2450 M dal m 9.
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(3) 2 sy Giadl e A™Md &, dl Z <l “4énd dal Yadd Bud 2qsd M da
m U,
ol Asd GiaAdl ued AN €, dl
i) % ax + by > M dl @l vieel wdag S ua Big asy Giarqil uza Wl
AHY A S dl Z«l Hgnn Bud M did AR dl Z 4 gau Bud + 3.
(i) % ax + by < m @l JWAldL vicdl ddad S5 ual [Big asy Gladl wga
AL A A €11, dl Z el Yeddd Bud m . AR dl Z4 yddd Bud
4 HA,
* gl Asd Biaqdl uRAl 6 RRUBIEML A0 A USRS Yt HA ed § ol
(Blgpil 220 AHIA HeTH 5 Yeldd Hed HO, dl 2L ol BigaA sl s wsll
uAls (Bl o0 WLl AHIA WsRY, Sedd Hed 3L,

Historical Note

In the World War II, when the war operations had to be planned to economise expenditure,
maximise damage to the enemy, linear programming problems came to the forefront.

The first problem in linear programming was formulated in C.E. 1941 by the Russian mathematician,
L. Kantorovich and the American economist, F. L. Hitchcock, both of whom worked at it
independently of each other. This was the well known transportation problem. In C.E. 1945,
an English economist, G Stigler, described yet another linear programming problem — that of
determining an optimal diet.

In C.E. 1947, the American economist, G B. Dantzig suggested an efficient method known
as the simplex method which is an iterative procedure to solve any linear programming problem
in a finite number of steps.

L. Katorovich and American mathematical economist, . C. Koopmans were awarded the
nobel prize in the year C.E. 1975 in economics for their pioneering work in linear programming.
With the advent of computers and the necessary softwares, it has become possible to apply
linear programming model to increasingly complex problems in many areas.

—_— e —
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% The theory of probabilities is simply the Science of logic
quantitatively treated. — C. S. PEIRCE

13.1 uidilas

AAL HIRBUME, U8l 412[Eos uyladl Acladldl AAA e e
garlalldl AMBddAl Wy dd sl 8. 2wl WA sRiduw,
2. 24, glexdlonzld (CE. 1903 - C.E. 1987) ¥oiwl 3uHi 2Audldi
dd yduRauysd wndemdl 2] 530 S A welEos uaHl wRewl
wril (A8 ddly Acuarid zuel s4 . aricudl uRsudiu Rsei
SIS Aciarll YduRauysd Rigld 2 uRre Rigiadl a2 ad -l
uel eUd 30 B, vl vudd Mealasiel wE Asnde vl
dodAlpll il Aolddl 2R Hadl B, G AeddAldl UL
Fam-dl e uel 41 8, L MSWAML, 2UUSL 25 Hewa-dl Aseul,
gerilefl acl Acuaddl ved & 2R s vedl GeMdl Y4l & wn 2wlg Pierre de Fermat
Sl A AAANME 2wu el Geeraci-l Acadl @ Aal sAgl A Qyge (51601 CE1669)
UHY, AcUdrldl dRUSIRAL [Fud el daelvli-l [Ruaidid Axordml Heegu Usl. vl wie(os
At e ddl AclaHl [Adedl Heradl Aseudl [ dal Aetadl [RdRidl 1s s [@aeH el
oA s, L useL ilad [@ewormi, wudl (guel [Adel dly 20avildl oLl 2Add
Aol [Adel (A8l e 5309 2l AHA UsWHL Ul YU Al Gedu A Sl Yl 2uual
AxRicldl WREIAML BRIl UL % a9l

13.2 A2dl A™a-L

Aol vz YL 2wl veiidl dAouadl Al Adiql 2l 530 S, o 2wl wd
s o [eulasiadl o gedipll €d, dl 8 S5 s el Geaa (@A R ollw we-sdl
Aol @A 50 7wl U L uAAl Bk duudl Mt sABL d e gl wReudl
Bemadl AuAedl €lu vidl vis AelE9s nAL @S,
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AL UMl sl Geotnail wael @9 [QaRl, > wdl Fealasia

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} €.

Russioll wudle dlael 2wl uds Redbigh e Acnar % slacl wslal. WA 5 vl
2L 6L 9w e’ d el E A ‘uddl [Rissl sidl eldid’ d el F 9.

24l, E = {HHH, HHT, HTH, THH}

wa F = {THH, THT, TTH, TTT} ©.

W2 P(E) = P ({HHH)) + P ({HHT)) + P ({HTH)} + P ({THH})
=%+%+%+%:% (w2 ?)
€A P(F) = P ({THH}) + P ({THT}) + P ({TTH)} + P ({TTT})
1,1 .1 .1 _1
R R T T T

asll, E N F = {THH}
P(E n F)=P({THH}) = %
gd, WL 5 U RSl si2l odld © R 2 B9, 2ed 5 el F Gemdl 8 dy g
8, dl ul sel E Geatd d-ll Aonadl dedl ? se-l F Georaaidl Hledl 1, 2uusq wdil 8
5 % [Asedld ulRsun uad sl siel 4 odld dy €ld d uReuy gedl E <l Acuadl diadl aud
(Qaneuui A AR, dedl E w2 i Rdl 2uuen Mealasiad o § 4 ddl Guwa F oyl
WYilRd 52 8. et AoElML, ARl WAL vALR U Vg sdal W2 A D F, 2L A0
Al W2 [ealasial gt F oAl GeMddl HZ2 Adsn 8, dal dd wReusl aiadl §iu lal
Adl 4g[Ees nAAL QAR 53 wsi.

¢d, Fei % [edBig sedl E M2 Asn & d THH 8. 204, de-dl F A4 Fealasa
) N N 1 SN = = ™
ds ([QaARAlL del E «l eud-l 7 A Al el F Beatdl € dd »udd ¢l AR E -l

. 1
UGAAL 7w

gerll F 2ouGdl Geaidl 351 & dn 2uda €la cu? ae-it B -l deuq-id E Al ardl
Al 38 & 1 di P(E|F) o3 salay &.

1
1M, PE|F) = 7.

Y =~

A% A 5 Feil ¥ 825l @2l E ol 25 6, d E 2d F oAl A" 625l 8 vied 3
E NF -l [ealigyil 8.
WM, AL UG ¢l 5 uel F Geadl 48l 8, d wd E «l ardl Aenaqid A

uHel el avll asla :
E N F xR alsn wals ae-iudsl dva

PE|F)= :
E1 F a2 Alsa walis ae-ii-l dva

n(ENF)
n(F)
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2 wd Bed Feulasiadl wabs vedpldl ga vl a¥ owoldi, wudl AdA ¢l 3
PE|F) 4 12 wudl uar avil asy o -

n(ENnF)
—5~ PENP
P(E|F) = % - =5 ()
n(S)

A48 5 5 PF) #0 2ed 5 F =0 (W 2 ?) €lu, AR o (1) w9,

w1H, UL AL deual A wHEl rlRd s3I wsla

Qual 1: 21 o @2l E 21 F, d12l9s nalol As o [Qgaiasia 2418 doud Sl dl
24 €14 $ gzl F GeMdl 48l 6, d aeqt F -l a:d ae-t E Al ardl deuq-l -l 43d

; P(ENF) R
P(E|F) &, P(E|F) = —pg > P(F) # 0 g1t 2unausi 2ud 8.

13.2.1 2Rl Acua-u-i gauH)
QAL 3 E 24 F, s wAil Fealasie Sl geqiall 8, dl wuuel wd <A 28

ol B
dgaud 1: P(S|F) =P(F|F) =1
2l el Sla 3,

P(SNF) P(F)

PSIP) = 55— = 3@ — | (3@ % F c S)
P(FNF P (F)
al, PE|F) = 5@ = FE - |

M, P(S|F) = P(F|F) = 1

dgRaud 2 : o A 2 B [Realasia S Al o azuvil sly 21 F 2 (P(F) = 0) Gudsd S
gedl €, dl

P((A UB)|F) = P(A |F) + P(B|F) - P(A N B) | F)

[Qadd: 2l A 2 B UM il ge-ipil €, dl

P(AUB)|F)=P(A|F) + P(B|F)

P[(AUB)NF]

2Rl WA, P(A UB)|F) = PE)

P[(ANnFuBNP]
P(F)

(ol Ao elFa v [QeuaH-a Run gry)

P(ANF)+P(BNF)-P(ANBNF)
P(F)
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P(ANF) PBNF) P[(ANB)NF]
PE  CPE® PO
=P(A|F) + PB |F) = P(ANB)|F)
P A 2l B UIRWR A gerlvll Sld, AU
P(ANB)|F)=0
P((AUB)|F) =P(A|F) + P(B|F)
JR4d 3 : P(E'|F) =1 - P(E|F)
oty 1 uyl, wud el ¢lal 3 PS|F) = 1
P(EUE)|F)=1 s 5§ S=E UE
P(E|F) + P(E'|F) =1 %122 % E - E' U2 2l szl 9.
2, P(E'|F) = 1 — P(E|F)
], 248 8d sedis Gelewll dadl,

Gelsanl 1 A P(A) = 75, P(B) = 75 ¥4 P(A N B) = == &4, dl P(A|B) 3t ol
4
o _PANB) T 4
Bia : Awdl, P(A|B) = P - 2 - 9 W

13
BEISRBL 2 : g 36 6L oAl V. 2USML LS A5 oS OIS B dH 2N €, dl oin
oSl 69152 Slaledl Aonadl sedl ?
Bia ;A 3 Ois W Add b wA 9153 WS Add g Al wd D,
widl Mealasia S ={(b, b), (g, b), (b, 2), (g, &)}
E 24 F {3+l a2l sald & :
E : ‘old ouasl s 9.
F oo 2Uoiil 9 s ouns 15 8,
dl E={(b,b)} L F={(b, b). (g, b), (b, 2)}
¢d, E N F = {(b, b)}
3

ww, PF) = 5 214 P(E NF) = 1
1

N PENF) 34

AL, PE|F) = —5m5— =3 = =

P(F) = 3

-

Belgael 3 ¢ s vivuui 1 4l 10 Avadaal s aval 8. dud Ayelud Be 53 €ul @ A
ugdl s 518 welFEs Ad uAe sAML A O, A wie sl 518 U 3 sl WEl qvaL B
d ol €lSu, dl d you Avdl €l dsl Aonadl dedl ?
B34 @ WAL ¥ uel A ‘wgfos Ad wde 3 518 U Yo AvAl B, d A WRL F Eel
B ‘g5 Ad we 5@ 518 U 3 sdi WAl dvaL 9 d 9. vl P(A|B) bkl 8.
¢d, udoil FMealasia S = {1, 2,3, 4,5, 6,7, 8,9, 10} &

il A=1{2,4,6,8 10}, B=1{4,5 6 7,8, 9, 10}
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dil AN B= {468, 10}

all, P(A) = =, P(B) = &= L P (A N B) =
4

N P(A N B) 10 4

aell P(A|B)=W =7 =7
10

Belgwl 4 @ s wouri 1000 [Qendlil 6. d Ul 430 ©isail 9. 21 430 ©is2il Usl 10 %
Qe XIT 1l e 53 9. wgl9s Ad ude 2dd [Qeudl 915 © du 2td €y, dl uie
3¢t [Qenel gRel XIT <l 8 a-dl deua-n dedl ?

Biel : WA ¥ uerl E A wels dAd ude ada (Qenell €el X1 3l sew 52 8 A eald

B A el F al wels Ad wde uda Qenel €isd & d suld 8. 2udl P(E|F) s 8.

¢d, P(F) = % =043 4 P(E N F) = % = 0.043 (3w w2 ?)
P(ENF) 0.043
ddl, P(E | F) = 5O - o435 ~ O

BEISRBL 5 @ 25 WAL A” AR FsAUHL A 9, werldll A A B 1A uHgl il ©

A wRiA ol duid Fsdi 4 HAL.

B : WA uddl auid Fsdl 6 wiA oll® dquid Isdi 5 L.

geril B Geoidl %8l 6 du wudd ¢ld AR Heett A+l Aeudsl bl

Bia : Mealasiami 216 ulReuHl 8.
(1,1,4),(1,2,4), .. (1,6,4), (2, 1,4), (2,2, 4), ... (2, 6, 4)

¢d, A= 1 (3,1,4),(3,2,4),..,(3,6,4),(4,1,4),(4,2,4), ...(4,6,4)
(5,1,4),(5,2,4),..,(56,4),(6,1,4),(6,2,4),...(6,6,4)

B={(6,5,1),(6,5,2), (6,5,3),(6,5,4),(6,5,5), (6,5, 6)}
w4 AN B = {(6,5,4)

5 B T _ 1
¢d, P(B) = 316 A1 P(AnN B) 16
1
~ .. . P(A ﬂB) m 1
d.ﬂj., HLOLE, UL -AL P(A|B) = W = —i = g

16

b2

-

BEISRBL 6 @ s WA 6L Avid F5UHL U B Vel dril U HAdL AvABAAL AL 6 O dn
AUA B, WAL U 9L Sl s auid AvAL 4 1A Al adl deua-L L
Bid : WA 3 uedl E A vl 4 00l 2Dl A5 avid wA’ A sald @ A "esl
F ol ‘Yl U Hadl dvaidedl dqel 6 8 d sald 8.
dLE={41),42),%3), 44, 45,46, (1,4, 24,34, 6. 4.6 4
w14 F = {(1, 5), 2, 4), (3, 3), 4, 2), (5, 1)}



456 SIS

[ = E a = i
»dl, P(E) = 3¢ »1 P(F) = 3¢
a, EnF={2 4), 4 2)}
PEE N F) = %
2
. P(ENF =
dell #idle dowadl P(E|F) = (E(';) ) - 6 - %

36

Guisd 2dl s3a Al Acua-l w2 2w Al wals w2l wiricudl 8 d B

8 A Benill 213U Acuadil Gualal a1 gdl. A odi, cuus Bruui sy Fealasiasd walis

gerloll Axendl A €l ALY Rl L o vl Gualal s3I0 ws 8, A deRUlR Al

P(E NF) 2 P(F) «il awidl s asta 8. adl, »uusl <l Gelsel adx :
Bewgwl 7 ¢ RussiA Georaardl uERiedl (R 52 o Risst U oy
Wi dl ad g3l Geowll, uig A siel WA dl WAl FA. Rsst

, H)
27 (H)<

w2 2ol 2Pl Ws avid sl HA B dx vl i, dl » T)
WAl U HAdl Aval 4 sl ay €l d-l vl Aetad L. < (T,

B34 : wdll wRewdld euyHl Al gaisld a3 53 (Dé(r’ ?
il wuglani sala.

L udiAL Realasiaq

S={(H, H), H, D), (T, 1), (T, 2), (T, 3), (T, 4), (T, 5), (T, 6)}
gl saldla,

Russid 6L avid Gowdl ol auid 1w 3o dd (H, H) a3 ealdlal dar wad avid si2l dal
Wl Gur Hadl v ioA (T, i) a3 ealdlaA ol i =1, 2, 3, 4, 5, 6.

wH, 8 Walis we-dl (H, H), (H, T), (T, 1), (T, 2), (T, 3), i (H,H)

11 1 ~ HT)
4’ 47 127 (T, 1)

2usld 13.1

(T, 4), (T, 5), (T, 6) il Acuarlpl s
1 1 1 1 1 4
7 n

Wl 132 well 21 we B, 52l

b=

UIHL YL VL5 Sl Sl d Herll F A ‘WAl 4 sdl Hél
vl 6dld’ d el E S, dl 2l 132
F ={H T), (T, 1, (T, 2), (T, 3), (T, 4), (T, 5), (T, 6)}
E ={T,5), (T, 6)} i EnNF={T,5), (T, 6)}
¢d, P(F) = P({H, T}) + P ({T, 1}) + P ({T, 2}) + P ({T, 3})

+P ({T, 4}) + P({T, 5}) + P ({T, 6})
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€ P(ENF)=PUT, 5)) + P ({T, 6}) = — + é - %
1
well, PE|F) = % - L - %
T
e 13.1

1. sedil E i F W2 P(E) = 0.6, P(F) = 03 2=t PENF) = 02 2uda 6,
P(E|F) 2t P(F | E) 2l

2. % P(B) =05 31 P(ANB) = 0.32 €13, dl P(A|B) 2lltl.

3. % P(A) = 0.8, P(B) = 0.5 %< P(B|A) = 0.4 €4, dl
(i) P(A N B) (i) P(A | B) (iii) P(A U B) L.

4. % 2P(A) = P(B) = =5 »i-l P(A|B) = £ €W, dl P(A UB) «{l Bud 2.
5. % PA) = =, P(B) - li 2\ P(A UB) = 11 Qa, dl
(i) P(A N B) (ii)P(A|B) (iii) P(B| A) <l

ugll 6 dl 9 M P(E|F) 24l :
6. w5 [UsslA 28 quid GoAHE 2ud 6.

(@ E :-l® aud Goadl 94 Mo, F : wad 6l auid Goladi o .
() E : leomi il ol e wal, F:agul ay o e Ha.
(i) E :ayul ay 6 sial ua. F : 20e0HL 29l s slel ol
7. oL sl w5 auid Gl d 9.
@ E : s Qs ux siel wal. F : 25 (3551 u o ol
@ E : s ugl siel « . F : 2% 4@l ey « 4,

8. WRAA 28l quid FsAML wd 9,
E : o™ qud $s5dl 4 wa 9,
Fooouad 6 auid Fsdl 2l 6 24 5 34 8.
9. ol slal W2 WA-ldl wd Yol wgles Ad viswd gyl Gleu e 8.
E:yd s 94 w8, F:[Rd e 8.
10. 25 S100 WIAL 2 s AA DAL WA FSAUHL wd B,
(@ % S0 VAL WAL U AVUL 5 HOL 9 dH wUE €14, dl oA WL UL sl
WAL 9 sl Ay €l dsfl 2cdl Acua- Wl

(b) Bl @A VAL WAL U 4 5l cAl-il AL MO O dH U €1, dl bl WAL YR~
25l AL 8 HA d-dl Al Aena-dl Al



458

11.

12.

14.

SIS

w5 ANl WA FsHi wd B, el E = {1, 3, 5}, F = {2, 3} A
G ={2,3, 4, 5 -l [QaR s

(i) P(E|F) 2+ P(F | E) 2llMl. (i) P(E|G) >t P(G|E) 204l

(iii) P((E U F) | G) L P((E N F) | G) 2L

A 5 UAS wHg elas 15U Al sl Gl d umeudl 8. s giawl 4
oSl €.

(1) Al A cuas sl B, (i) 2ol el As WsL B, A Wl ld, dl el
sl €l dell wdl fcua-Al seel wy ?

C A5 HRleds WA Wasls 0. dMl AU WSIRAL 300 AW dAl 200 5B wsl 9.

dguid, ogfasall skl 500 AR dul 400 s usl O, 2 umcsidl As U
elys Ad wde AL 2ud B, %l vl wy eglasedl usidl 8 di wuld €, dl d
AW U &ld d-il Al 2Lkl

o Al Ssal Hadl Avdill o 9 dx 2hd €, dl ‘A WAl vl ALl
AL 4 €1 d de-ledl Actardl AL

AR Fsail waol QAR 5. Wil U Hadl yals 3 Al Rl €, dl d wrud sl

FEL A oA wAl R e S5 yals HOL dl s Rssil Gl Wl U sl sl
s avid yauls 3 1A dx 2la §l1, dl Risst v sidl 1A d sedil ardl Aoiasl 2k,

well 16 dal 17 A [ 0 o d 2d »ula [Qsedaigl Qo [Qsey wie s

16.

17.

% P(A) = % , P(B) = 0 €1, dl P(A|B) = ..........

(A) 0 B) 3 (C) AUl D) 1
ol g2zl A i B 12 P(A|B) = P(B|A) €, dl

(A)ACBuig A#B (B)A =B

COANB=Q (D) P(A) = P(B)

13.3 deud-l 2L JRusiR-l UHA

Q2 3 E A F Fealasta S e ds0dd 6 a2l 9. e 8 5, 3l ENF oL 6l g2l
E 24 F Geatdl 8 d gald 8. 2u 268, ENF 2 de-i2il E 244 F 250l Geoid 9 d sald
8. 82l ENF A EF a3 wel aual 2ud 9.

AlRdlR 28l g2l EF | deuadl ditaidl #32 ud 8. Gelgwl d3, s ul »is 6 vl
AL Sl MARMEL AMRA Hedl s A% A s ARl Acuddl wHaMl A 1S AL
dedl EF «l aociladl A:dl deuadidl Gualol s34 1A wwel Aadl asy ¢

gl ellal a3, A e €l 5 dedl F Geardl 35l 8, dl we-l E «{l ardl Aoua-id
P(E|F) a3 salaid & i

P(ENF)

pE 5 P(E) 2 0

P(E|F) =

GIRL 2AMAML 2Ud 9. AL uReuH vl vl dvil asla 3

P(ENF) = P(F) - P(E|F) . (D
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aofl, 2uu8l ogelul ¢l %

P(FNE)
P(F|E) = —FE P(E) # 0

DL P(F|E)=% (ENF=FNE)

w4, P(ENF) = P(E) P(F|E) )

(1) 24 (2) u2dl, 2uuetd Ha 9
PENF) = P(E) PF|E) P(E) =0
P(F) P(E|F), P(F) = 0.
G uRRwW Heuquu ygusie [Ray qls zavia .
Ael, ¢d ULl BGelewl ddA
GELERTL 8 @ 25 WAHL 10 5101 DAL 2 5 AFE WIeAL 84l 9. 25 Wl s AR 6L el WAl
yragel @or welis Ad sieanl wud O, wels dd wde wdd ol edl sl il Slalxdl
Aenadl sedl ?
B34 : WRL 3 w2l E U F usi waniel wie s3d na edl ston 30l 8w Bdld
edl sl Al © du sald 9. wusl P(ENF) 2udl P(EF) ltasdl €.

10
15
qofl, wotiigdl ue s3@ uUH £l SO UL B dd AUE 11, Med § uedl E Gewdl 3l

Sl dl UPLHL 9 S100L 39l i 5 AFE 0L 88l ol 2\l 2], YU ude 4dd el slou D1l
8 dd 2§ €y, AR oAl ue ddd edl s UL Sl A el E Geotd Wl €1, R "esll
F «l 2rdl deuadl Raw ofly 55 el

S
14
Aoladial ousizl Rad uel, uuel i,

0 9 _ 3
PENF)=PE) - PF|E) = 1z % 77 = &

6L 5l AR M2l HI2 AMA-A JRUsIRAL (UM : % E, F 214 G Realasiadl we-uzil
S, dl el wA A Ran 8
P(ENF N G)=P®E)P(F|E) - P(G|(E nF)) = P(E) P(F | E) P(G | EF)
Lo AL, AcUdAlAl dRUSIRAL [Fumd R & dedl ay se-isll e [@gd s3I as
Al Gelell 28l He-tpdl W2 Acuadl-l deusiAl Fadd Rrgdlsel sald 9.

Gewgael 9 ¢ wdl Ad el 52 uxidl disdial yraell a0 weles Ad =2 udi 25 ugl 218
UAe sl A B, ude sl udi WSl uam ol udl Al A ol ug wAssL el
Aoal sedl ?

¢d, P(E) = P (wotizdl ude 5@ uaH edl S0 ©.) =

2ed 3 P(F|E) =

Bia : wRA 3 "el K, oasuidl wefos Ad wde sAml wida wud ug AWM O AA
gerll K, Asuial wels da wde s3¢ ofly ug A B 4 ewld 8 wd A wismidl wzls Ad
wAe Sl ddd ug, sl O d el edld 8, e © 3 2wl PKK,A) dadl 8.

4

¢d, P(K,)) = -
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qofl, wg[9s Ad wau ude s3@ ug AN €1 A wd PK,|K)) A
(BGelld ud A% €1 a-dl Aeua-i 8.

8d, (52 = 1) = 51 udidl 218 AN .

3
3
20 5124, P (K, |K) = <5

9ed, UG uAe 5@ ol udl A &Y, dl P (A|K Ky
WUl wie s3a oy ud sl €l ddl Aenai 8,

3 qefE9s 3d uAe 54

i oLSlAL 50 YniHl €A 4 s

w5128, PA[KK,) = 35
Aeudri-l drusiadl [Ruyn wel, iuel W,

P(K,K,A) = P(K)) - P(K,|K,) - P(A|KK,)

4 3.4 2
= e K o K mm—  —
52 51 S0 5525

13.4 [Rua a2-uil

WAl 52 udidl disdaisl s ud welEes Ad wde sl wL @ [QRl d wdoml
walis edpll wRioudl 8 dx Al i 20 8. a2vll E wd F, 2si ‘wie 53¢ uq
swll B A Wi 53¢ ud sl Y d eld B,

12 _ 1 _ 1
PE) = 55 = 7 2PEF) = 52 B
dgWld ‘E il 7 2 "eell ‘e s ud swlldl vissl 8

dll, PENF) = &

1
28l, P(E|F) = ((%F) 51—2=%
13

2w, P(E) = %= P(E|F) €], »uusl sél asla 3, sedl F o Geolaq wedl E -l
Geotaaledl Acuarld U sq e,

1
. _PECH 3 _ 1 _
aull uuell Wi, P(F|E) = PE) - % =13 = P®
Y: P(F) = = = P(F|E) eald & %, ue-l E« GeMad ue-l F -« Gemadil Aoudril 2

mAdl .

2§, E 2 F 2l g2l © % -l U8 516 s gesli-l Geatadidl Aonadl ofle ge-isl
Gemadll R sl el (ol uedid Gemad udal Gemddl Heel W2 Ul ~tell.)
SICIRCELTEN SRR ERE L TE R )

uual 2 : 91 o geudl E w4 F e
P(E) # 0 21 P(F|E) = P(F)
214 P(F) # 0 2 P(E | F) = P(E)
S, dl E 21 F [:48 ac-i¢l sy 9.
24, i vyl 2uugll wad PE) 2 0 244 P(F) = 0 ¢ld 232 8.
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gd, deua-ldl dusiAl Ram gy, el wi,

P(ENF) = P(E) - P(F|E) . (D
A E 2 F [Fua sedlil €l dl (1) uxel
P(ENTF) = P(E) - P(F) . (2)

wiH, (2) Al Gualal s3A 6 seivledl [Fusdl 1A Sl uel cuvaiRd s3I asi
QuAL 3 : 41l 3 E A1 F A5 o adles o g dAsudd o az-ul 9. %
P(E N F) = P(E) - P(F)
S, dl E 21 F A Rua geqil 8 9.
A4

i) 2 E 21 F [A24a - &y, dl 2ied 3 91 PENF) = P(E) - P(F) dl & @euil E
21 F A Aadei]l ge-uil 58 6.

() %edls AR (MUa "ol 4 uRUR [RARS dedlvll a2 dRuMy w9, ‘[Fua’
20t gl Actladidl AselHi APURA D, wseAHs WAWR [MARS vzl (Med 3
ealasiardl Guol) Aeolul cvdllid O, deguid URU [RdiRs 2erpliil $43d Ay
Reud gldl -al, U [FRug seqiaiul e wReum €1 A, e 8 5 (Rua’ v ‘uuR
s« 2l A Al 2w W, LAidR Actarizliael 6 Mla qedil, wRuR [Mdirs
4 €S A3 A il Glag uel A B, ed § LAdR AGUAAIL HAAdl 6L WM [RaARs gl
Frua « &1 ud.

() % de-zldl MRS % E 2d F 2, 243 E 21 Mgy UYL Al dsoudd €l 4
F ol [Bdla ualol ae dsondd €l 2id 1Y oid UdRl AL 5dML 2Ud AR g2zl E wid
F w508 GeMd d-l Acuadl, P(E) 2 P (F) -l dLusiz €, 22d ¥ P(E N F) = P(E) - P(F)
. P(E) 2 P(F), 6l Mol U8R Hadl-¢adl il 530 Aadld, dudl speusiz s34
P(ENF) = P(E)-P(F) dils Haad 13 3 A%RNHL ol uddlA [Hus sdaudl vud 6,

@) 2 P(ANB)=PA)P®B)

P (A N C)=P(A) P(C)

P (B n C) = P(B) P(C)
21 P (AN BN C) = P(A) P(B) P(C) 814, dl A8 &2l A, B 11 C yu2 [A:44
s8quy 8.

Guisd  la el sedipll W2 wla WSl ol el s Aded R WA AL Ad S,
dl 20Ul sélal ¢lal 5 ge-ipl v [FRus -l
Gelg2el 10 @ s WAl F5AUHl 2Ud 8. o dedl E 3l ‘Wil uR ol Aval 3 <AL ofRid 87 i

gerl F ol ‘Wil wR Hadl Avdl 304 87, dl E 24 F (M08 g2l 8 3 AR d 458l s

Gia @ wudl el €l 3, FHeulasia {1, 2, 3, 4,5 6} ®. ¢4, E = {3, 6},

F=1{24, 6} 1 ENF = {6}. al P(E) = -2 wAPENH- ¢
we ¥ 5 P(ENF) =PE) -PF)

ddl, E aiA F [Rua sedpil 6.

S =
2— =
2- 1P

W=
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-

Gelg2el 11 @ 215 AUl WAL 6L duld S5l 2Ud 8. 82l A, ‘UdH Wl 2yod Aval Wi
A 82l B, ‘oflt WAl U dvAL WA dd €, dl

by

gerloll A 2 B [(FRus 8 5 34 d usidl
B34 : o wdladl dHm 36 Walis wedl AHioudl © Ad W adB, dl
PA) =3 =5 A PB) =3 = 7

2 2
qoﬂ,P(AmB) =P (61 aud $sdl w\gm AvylL Hal,)
-3 _
36

1

4
we ¥ 5 P(ANB) = P(A) - P(B)
wH, A 24 B [MUa a2l O,
Gelsawl 12 @ 28l [UssivlA visuld GouaiHl wid 9. HIL 5 gedl E Rl 91U gdl sl
siel, wedl F ool 20edl 6L 60w’ 2t edl G ‘afl ay 6L 91 HAL dx euld 8. oAl
(E, F), (E, G) 4 (F, G) Ul 58 aequalldl 2As [Frua sedi-dl %is & 7 55 szl
A waeoll © 7
Gia : wdl, udodl Fealasta A wel 46 8 -
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
we 9 % E={HHH, TTT)},
F = {HHH, HHT, HTH, THH}
u»d G = {HHT, HTH, THH, HTT, THT, TTH, TTT},
asll, ENF = {HHH} ENnG= {TTT}, FNG = {HHT, HTH, THH}

¢, P(A) - P(B) = %x

adl, P(E) = 8 == P(F)= = = %, PG) = L

2 P(ENF) = % (EmG)=%,P(FmG)=%
al,PE) PE) =+ x L =L pE). PG =1 xL-L
23 P(F)-P(G) = 3 X = = =

2, P(E NF) = P(E)- P (F), P(E nG) # P(E)- P (G)
214, P(F NG) #P(F)-P(G)
del, gedizil E 2t F o+l 28 [Mual seizidl o8 8 2 g2zl F 24 G+l 8 aal
E 24 Gl %8 aadell 6.
Belga8l 13 : o E i F (Rual geripil €, dl ABid 5 3 deqdll E 24 F' ugl Mue 9.
Gid : werlall E A F Rua el 2uusl wa,
P(E NF) = P(E) - P (F) (1)
gl 13.3 «l A il well e © 5 ENF 24 E NF 4R [RaiRs deqizil § i
all, E=(ENF) U ENF)
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»wudl P(E NF) = PE) — P(E NF)

all,

P(E) = P(E nF) + P(E N F) E E'NF) S

= P(E) - P(E) P(F)  ((1) wrell)
= P(E) (1 - P(F))
= P(E) - P(F)

E ud F' [Rua 6. 2u4ld 13.3

(EﬁF') EAF E'NF

@ iy

L % UHIGL, %l g2l E 2 F [Mua €1y, dl A1l6id 530 asiu 3

(a)

E'24 F MU& ©.  (b) E' 21 F' [(MUa 6.

Bl
e p
Giq

14 : %l A 21 B 6 [Rua g2l ¢ld, dl AUBd $A § A 24 B gl 20+l 24l
gerl Geatadldl Asuadl 1 — P(A") P(B") 9.

el wal,
P (A - B il 2l Al i)

P(A U B)

= P(A) + P (B) - P(A N B)
= P(A) + P (B) — P(A) P(B)
= P(A) + P(B) (1 - P(A))
= P(A) + P (B) P(A)

= 1—P(A") + P (B) P(A)
= 1 -PA) [1-P(B)]

= 1 -P(A) PB)
6l dld : P(A UB) = 1 — P((A UB))
=1-PA'NnB)
=1 - P(A) P(B") (52 3 A, B' Fua 8.)
ALY 13.2
% A v B [FRUa gelzll €l x4 P(A) = % 214 P(B) = % ¢ld, dl P(A N B) 24l

Wall 52 udidl dlsdlaidl 6 udl wgfEes Ad yrasl R ude sl 2ud 8. ol
udl 510 2L €l dell detaxdl L

Ao{lAL vieiiel]l welEos Ad yragl a2l Aol wde s34 d vivid duaml
ild 9. %l dMH AR AR AR S, dl vl dARl M2 <SR SAU 9, vyl
dedl 2Rl SaUHL 2ud 9. o vivudl AHEe 15 <uRall Ul 12 W wd 3 wRue
€, dl dd e |2 HgRl MO d-dl Acnadl .

s AHAlA [R50 A 25 YHALE WAL GOHE id 9, R 5 Hedl A, sl wR
O HA' d 2 B2l B Wil U 3 MO o sald 9. seqizil A 2w B Ml 8 3 AR
d AL

il Gu yalsl 1,2, 3 a 328l 24 4, 5, 6 dlal 32l avd €l dal wRud FsaHl
2 B, WAL U Hadl yals you 8 d Hedld A al dal wal usdl yals e 3ol

- A

aid 8 o "ol B ad suldlyl, dl gedizil A »d B Ria 8 ?
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10.

11.

12.

14.

16.

SIS

aetll E i F w2 PE) = 2, P(F) = > »4 PE NF) = 1+ & E w3 F
[Fua & ?

wIUE derlvl A @A B W12 P(A) = % P(A UB) = % A P(B) = p 2Ud 8. % 42l
(i) wRuR (RaRs (i) Mua €l dl p sl

[MU& ezl A 214 B 12 P(A) = 0.3 214 P(B) = 0.4.

(i) P(A N B) (i) P(A U B) (iii) P(A | B) (iv) P(B| A) 24l

w1 P(AMB) = + &, dl

P(B) = :

A azual A @A B w2 PA) = T, L

P(A -+ 2 B-+[3) ML
aeti»l A ¥ B 42 P(A) = 3, P(B) = & 3

1

P (A--¢l vgal B-+el) = 7 A wd B [Fua © % Ak ?

wUd 6 (MU sedlpll A 2 B H2 P(A) = 0.3 24 P(B) = 0.6 €1, dl
(i) P (A B) (i) P (A2 B «l8.)
(iii) P (A »uaL B) (iv) P (A <& 2 B «.) llHl.

s WAL SR duld FsAUHL 2 B, 2ol sl Bs avid Yoy Al HAL sl
CICIEETRENEIN

- s blleIUL 10 SO R0UL 2L 8 cled 301l £dL 8. d vl 6 edL wigfEos dd yraell

AR we sl 209 .

() i gl cld Il Sl d-dl AcuarL ikl

(i) usdl edl stou DAL A ofloAl el dld DAL Sl d-dl AeaHAL kL
(iii) duidl 25 el 5100 VAL A 2y Al VAL Sl dedl Acuadl 2kl
A ¥+ B s A udldn ddat dd G5 -l Acuarl iqsd % e % 9.
A 2d B 6id adal 3ld Adldd Giadidl Mdcl 53, dl

(i) daa-l B3 Ha. (i) ol s o Ald-dl Gia Hol d-ll Acuadl AL

AR Ad Alal 52 udidl alsdidl vis o ud wels Ad ude sl wd 8.

{lAiniel sl BRupHL gedl E A F [Rus 8§ 7

() E : ‘wde s ug swild & F: ‘wde 53¢ ug sl 8,

() E : ‘e 53@ ug swon o 8, F: ‘ude $3d ug Aw 8,

(i) E : ‘Wit 54 ug ww 2adl el €. F: Wie 524 ug sl v e 8.

ws AUl 60 % [Qeuelpdl [R€l AHARUA 4id 8, 40 % 10w AHARYAL A 8
w20 % [Re€l 2 22D ol WHARUA A 9. w5 [Genel weleos Ad wie suml
B,
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(@ d (&<l % A U5l 25 uQl AHRARUA diAdl < &1L d-dl Aeua-dl Al
(b) A d Rl AHARYAL dlAdL €14, dl d 21902 AHRARUA Al © d-dl Actadl L.
(©) Bl d iAW YHARUA diAdl €14, dl d [R€l HARYA QA © d-dl Acuadl 1kl
wall 17 dal 18 Hi [ 0y o d 2Ad 2ula [Asednidl dlon [asen wie 2
17. wRupdlll o 35l 20d, dl s WAl YR 3od w[Acuoy dval wo d-dl Aeua-

=

. 89,
A) 0 ®) 3 ©) 13 (D) 3¢
18. A 44 ... [Gseq W2 serizll A 24 B [Hue a4 :
(A) A 24 B uux [Rais . (C) P(A) = P(B)
(B) P(AB) = [1 - P(A)] [1 — P(B)] (D) P(A) + P(B) =1

13.5 ol uAY

QAL 5 oL Al [ A IT 2uddl 9. dal T Hi 2 ude Wil 24 3 dld DAL 84l 8 dal
dal IT Mi 4 ude AL 24 5 al UL el 8. 6 Ugl s dennidl welEos Ad s edl ue
S3AML 2l o1l SIS uRl deid ude sqll Acuadl (ded ¥ %) vYdl ws ALssA dalHigl
(€l ddl 1) 518 Alssu 2L edl (561 use) ude sal-l Aouadl Wl wslyi. 21 Ad s,
B R A €l 5 sul daidl el sl 8, dl ude SAML A el suL AL%SsU 2LHL
® defl Acuarl viuel Wil wbla. U, A UAE S BAE £l DL BUUAML wdd Sy, dl
9 wudl edl s AlssA Aaial (s€) del 1) ude sal el 8 -l Aoua-dl Al aslA ?
2], d w2l Gemdl d uedl »uugl e 11 uie daidl (Blaal su-l) slaeua aiuad ©. afavaid
affldenll, i 6y Al Aeua-tdl Gudlol s ulaicna-l ltdlll S1dl B3l du-l gl
[Qsuaadl 2udd Yot Ayl uHY 3 dlavid 8. d dadl ¥Rl CA. 1763 3 usilid
2y, Gyl WA (AR Sl 2 WG Sl udal, AWl US s AUl A edls Haed
uReuHl adai.
13.5.1 [Realasiar] [@Qeux-,
A (a) EimEj=@,i¢j,i,j= 1,2, 3,..,n

() E,UE,U..UE, =8

(© wds i=1,2 3., n% PE) >0, d ueul E, E,..E, ealasia S <

[Gotot 53 0 2AH sy,
A4 : n 2@ E, E,, E,,., E, M2,
E,UE,UE;U .. UE, = {x: »loMi > 25 x e, x € Ezi=1,2,3,.., n)

ol AEMI, Asd wRR [Rs yAdz deuadiadll A el E, B, .. E,
ealasiad [acuw euld 8.

Gewgel als, 2uuel ASH Ylal 5 515 uel wURsAd8 E A d-dl ysoel E, E N E' =
@il EUE =S < audd sl Sl d Fealasia S o [Rouwq MR 82 8.

gl 13.3 <l A suglavil ual, 2uu wdase]l Mlaw 53 sl 8L 3 %9 E 24 F Reulasia
S w AsuAd AT uLl 6 vzl €, dl 2wl {ENF, ENFE, E'NF, ENF} 2 Fealasia
S < [ouy- 8. 23 A v Gedudly © 3, Mealasiaxd [@ouay s gl 25 o FealasiaHl
Sediu [Aous-dl €1 ud.
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¢d U, Ayel Aouddld U adld 2vidl udud lBid s3s,
13.5.2 Aual Acua-ig uHy
(E;, Ey.,E,} A Realasia S f [Aeur 8. Rl 3 acuil E,, E,,...,E, 851 uds azu
Gemaaudl deud-l g-dd: 6. S -l 8¢ ua gz A dl. dl
P(A) = P(E,) P(A|E,) + P(E,) P(A|E,) + ... + P(E,) P(A | E,)

= il’(E}-)P(AIEj)
j=1
altdl : E;, Ey..., E, Redlasia S o Rouat & 2 sula 8 (2uglt 13.4). del
S=E,VUEuU.. UE, (1)
WAE,NE=@,i#j ij=12 .,n
Sd, 2B ARl 2l 3 SIS uel sedl A LR,

A =ANS
=An(E VE U..UE)
=(ANE)U(ANE)U..U(ANE) gld 134

arll, AN E; ¥l AN E; 3 st E; 2l E; AL Guoll 8. 2uudl el ¢l 5. E;
24 E; UWR 24l 2l 8. 2, AN E; 24 An E; Wl diM i #j, i, j = 1, 2,.n HIS YRR
§EoL 8L 6,

2, P(A)

PANE)UANE)U..U(ANE,)]
PANE)+P(ANE)+..+P(ANE)
gd, Aclardi-dl dRUsiRAL FudA 2w, vl wA

PAANE)=P (E) P(A|E), s& % P(E)#0, Vi=12,.n
del, P(A) =P (E) P(A|E,) + P(E,) P(A|E,) + ... + P (E,) P(A|E,)

»yudl  P(A) = iP(Ej)P(AIEj)
=1

Gersel 15 : s Alsdal obsiuddl MBI sl oigaz] 20l 9. s1d e sl ugal il
Aotladl 0.65 8. % dsdld AR U3 dl AHUAR ol yel wdl-dl Asuadl 0.80 A oA
Sidld U3 dl AHUAR olisid Yol garddl Aonadl 0.32 8. olitsiud s U yel A d-l
ICIERTRENCIN
B5a : WRL 3 Herll A @ oltsiid s14 unuAR yel Al o9l d A gedl B sl usd du

gld B, 28l P(A) dlMad 9.

248l WA P(B) = 0.65, P (sscir 4€l) = PB) =1 —PB) = 1 — 0.65 = 0.35
gepll B A B' [ealasit S < [ouw A 8, qddl Ayel Aeua-ul udy uzel,

»usll Wi P(A | B)= 0.32 % P(A |B'") = 0.80
P(A) = P(B) P(A|B) + P(B") P(A | B"

0.65 x 0.32 + 0.35 x 0.80

0.208 + 0.280 = 0.488
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WM, olistieg s WA yel ul oA sl Acnaq 0.488 9.

gd, UL Gyl uHY auilyl i e s,

ol WA : E, By, B, [ealasia S - Qourg [Rulsr s2dl wlRsa azuzil .
ded 5 K, B,y B, URUR 240 g2l & HAE, UE,U .. UE =S al A ¥ g~da?
douan quadl ae ¢, dl

P(E;)PAIE;)

URAS$ i=1,2, 3, .. n e P(E;|A) = —

Y PE;)PAIE))
j=1

Aleidl : gdl ActariAl Yot well, sl el ¢la 3,

P(ANE;)
PEIA = 5@

P(E;)P(AIE;) . N
i — (Rlouaritril JRUSRAL [RUdL 2UHR)

P(E;)P(AIE;) o
= (iyel Acnasidl uAU u:el)
> P(E;)PAIE))
j=1

A oY Gyl uAUAl Gualal sAA ¢l AR e Ad A uRewwsl Gualal
5A4 8

42dl E;, E,,..., E, 7 4d "l »udl ua séaid 8.

deuadl P(E) A yduedl E; -l yd=ioud-l sda 8.

Adl ouadl P(E, | A) + ydueslt E, <l Gua-douadl sdaiy 8.

gl UAAA SRRVl Aouadivlid Yot w58 B, A E; FMeulasia S f [@ouye sl
dlatell, 215 A A s ¥ Herl E; Ged (ded 5 ueruzil E; sl as uedl Geotadl ¥ Adu
A Fan s % Geadl wd). dedl, GUd Ao R wedl A GeAdl A5l B dx 2wUA €l AR
s AssA B, (ed § ‘sier)l diedasi wmed sl 8.

@l uwRRAMPIML cygrl uHudl Gualal ©. duidl Sedls <Al Gelswell ugwid
gl 8,
Gewsaw 16 : Al I Al 3 cld Ul Ul 4 S0 Wiel edl A Al 1T Wi 5 cld 9L i

6 S0 AL esl V. SIS s danidl s edl wL[F9s dAd uAe AL A B uAd d Al

VAL dlald UgH w3 B, dl d ddl 1T Hiell wie 2dd i d-dl Aenadl 2llHl.
B34 : Al T we wdidl "ol B, ddl 11 wie ga-ll g2l B, 2 ald o1l dl uie

o gedld A ad¥l, dl P(E) =P (E,) = %

aell, P(A|E) = P (dal I niell g 22idl edl wde ad.) =

=W

2

w4 P(A|E,) = P (dal II wigl ale 39l edl ude ad.) = =
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SIS

$d, edl Al DAL B dH 2UUA €l AR, d el ddl 1T vl wie s3d €y, d-dl Aeuarl

P(E, | A) 1.
Al MAUHL GuAloL s, el WA
lxi
P(E, | A) = P(E,)PAIE,)) __ 2’1 _ 35
PE,) P(AIE))+P(E,) P(AIE,) %x%+% % 68

Gelgml 17 : 22 visAull WAL I, 1T 24 111 20ha 9, MsHl 6 Russt 9. U2l T ul o [Qusst
Al-tiAl O, Ul IT Hi oid Russt WElA & A U2l IITHL 245 ql-ldl 24 2l AlElAL g8l
0. w5 Als welHos Ad 215 U2l ude 52 O wd dHidl 28 sl olelR S18 6. %l d st

Al Sl dl Ul ea ol sl wa AL €l d-l denadl sedl ?
B5a : WAL I, 11 2 111 ude 2d dd sl w2l B, E, 24 E; a3 saldla,

dl P(E,) = P(E,) = PE,) =

L}-Jlr—-

5

-

aull, ‘ude ScUHL dd sl Al 97 d "edld A adul, dl

g:
2

P(A|E,) = P (da II gl Al-u-ll Rassl) = 0

PA|E) =P (dan T xigl Al Russl) = 1

P(A|E;) = P (da IIT wigl Adliedl Russl) = %

ed, UMl Wd oflal sl Al Sl d-Hl Aeuasl

= 2l THiEl sieai »udd [RFssl Al i d-dl Aeuadl

=P(E, | A)
olygiril MHY wRdl, vuusl aella Ylw 5

P(E)) P(AIE;)
PE, [A) = P(E, ) P(AIE;)+P(E,) P(AIE,) +P(E5) P(AI E5)

1
_ gXl _ 2
1 1 1.1 3
§x1+§ ><O+§x5

Gelgaml 18 ¢ WA 3 A5 HIV s020Hl RQaudladidl Radl A saldl & : HIV ad @b,
udlael 90 2sHl oLl ol wd B uig 10 % Hi el adl <l HIV 3sd disimial,
99 % vudlaeldl (Meld HIV —ve € ©, uid 1% « [eit HIV +ve ocid 6. uell

e Y

W2l qudldiel Mot 0.1 % sl HIV 8. s ufsa wels Ad wie sl 2ud 89, d
HIV udlaer 20l 8 2 aEsudld Fetd dd HIV +ve 40 8. d @fsd ww HIV Ad

Sl d el Aenadl sedl ?

Gy @ A % "gedl E eald 8 % uAe wdd fsd wviz HIV Ad O 24 g2l A eald

8 3 afsidl HIV wdaad Reid +ve i) 8, 2wueid P(E]A) dradl suaisdl 8.

aofl, sedl E' sdld 8 3 wie udd AlZd wWIw HIV A <l
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-

weud, (E, B} 3 audl-t awm disiq Fealasiad [@ony- 9.

wued e 8, P(E) = 0.1% = % = 0.001

P(E") = 1 — P(E) = 0.999
PA|E) =P(uld 8 3 d wuRk HIV Ad 8, dl @lsdad udlae HIV+ve ddd 2y 8.)

- =20 -
=90 % = T55 = 0.9

2§ P(A|E') = P(>uud 8 & d v HIV Ad «dl, dl edlsad udlael HIV+ve dils 2y ©.)

-l

=1%=ﬁ=o.01

gd, oyl UHY vyl

P(E)-P(AIE)
P(E) P(AIE) + P(E") P(AIE))

P(E|A) =

_ 0.001x 0.9 90
~ 0.001x09+0999x0.01 ~ 1089 0.083 a@aatal

A, 2 11 5 lsdd ulael HIV+ve 8, dl w05 Ad wrie s2d @alsd HIVIRd 8,

a-{l qeua-l 0.083 .

Gelg2el 19 : Ay 3523l olleed BGauled 52 8. Wl A, B 2 C 4sd 25 %, 35 % i
40 % ollc2di Beulet 52 O, Al GaullRd e ol WSl 2sH, 5 %, 4 % 2 2 %
wilysd Sld 9. s ollee w5 d urie sdl A A vlysd g ugll d 42 B gl
Beuled addl dladl Aeuarl sedl ?

B34 : "edudl B, By, B, 1A wwal @l :
B, : olleed Gauled 4o A gl 4y 8.
B, : ollee Gculet 4ol B gl 4y 8.
B, @ ollee Beuled dst C gL ay ©.
we 8 3 B, B, B, w2 [Mars A Fdn wedpl 8 w4 ddl dll FHealasad

[Qoux sald O, =edl E ‘ollee vudlysd 8 d dl

gerl E, B, «l A8 2gal B, «l A a4 B; <l wd Gemd 8.

§la 8 P(B)) = 25 % = 0.25, P(B,) = 0.35 - P(B;) = 0.40

s3ell vulysd ollez sleciml viell 8. 2uUd 8 5 d 4ot A a3 Gaulled wdl €, dl d ae-udl
delda-l PE|B) =5 % = 0.05

U % wHd P(E|B,) = 0.04, P(E|B,) = 0.02

ddl, Gyl uHY gRL,

P(B,).P(E1B,)
P(B;) P(EIB;) + P(By) P(EIB;) + P(B;) P(EIB3)

0.35x0.04
0.25 x 0.05 + 0.35 x 0.04 + 0.40 x 0.02

P(B, | B)=

_ 00140 _ 28

0.0345 69
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Bewgel 20 : s doeflel e€ldl Hausid daidl 8. odsiandl v vl usl A wela
5odsll 2o, o, 2522 Al 2 516 WRdgH gl 2iaal-dl denddl wsd %, %
2

1
5 -]
£ 0. % d LS 21, G 2R 2R gR 2 dl ddl g ugasl deuanil s
L

3

udld 9 AR d ML U3 9. d g gl el ¢l dsil denadl sedl ?

Bia : wudl dsex e€ldl yausid dami W U3 B d dedid E a3 duy dse: 2,
3522 Al 2 URA gL WA B A Hedld s T, T,, Ty, T, a3 sl

wdl, P(T) = 15, P(Ty) = £, P(Ty) = & =4 P(TY) = 2 (2ule 8.)

522 2ol gl diadl {8l ugld 8, d "esusdl Aouaql PE|T)) = %

o wdl, PE|T,) = £, P(E|T) = 15 % PE|T,) =0

= = =~

5120 5 % d e SIS WRder gl wd dl d ML wsdl <l
H2, Gyl UHY gL,

-

P(T,|E)= %l 4522 {4l Ul €14, dl d 2 gl el €l d-l Aqcua-

P(T))-P(EIT))
P(Ty) P(EIT)) + P(T,) P(EIT,) + P(T;) P(EIT;) + P(Ty) P(EIT)

3 1
_ 10 4
T 1 1.1 1.1 2
07753 0°13 + 5%
_3 120 _1
=20 X7 2

adl, uidla Acuadl 1 B,

2

¢l

B,

1
4

A

uh & B uig A A 2 A uRAs gL 2, dl d g Wl AR %l A wudl

oL,

Gelgall 21 @ s e 4 Wl 3 AR U™ oA 0 d d V. d WA F5 O A weud © %

ad 69 HA B, v dd yals 9 wew © d-dl Asiadl gk,

Bia @ SRR el 52 O 3 dd WA Fsdl yals © 1A B dd dedl E aA wvi yals

9 MO B dd dedl S, A yals © Hadl <Ll dA "edl S, ddi,
dl PGS, = uals © Geod 8 Al dAena = L

6
P(S,) = uals & Geotadl el a-dl douaq = 2
PE|S) = 22 W yals 6 Gemd 8 cud @lsa yals 6 Geoid 8 d-dl s 53 8 d-dl
RICIER ]
= MRt A old B Al douan = 2
P(E|S,) = I3 WL WAL U2 Yeuls 9 Geotadl ol iR e ol 52 8 5 yals © Gead

& d-dl Aetal

= RN A ollddl Al d-dl deuadl = 1 -

N [

L
4
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WM, Gl MHY glRL 2B HaL B,
P(S,|E) =32t o2 52 9 3, yails ¢ Gemedl 8 dl wvk yals 6 Gemadl $l, d-ll dieua-

2], Hidld Aeilarl

B P(S)).PEIS))
~ P(S)) P(EIS)) + P(S,) P(EIS,)

X

-1 ..24 _3
T T8 X® 7%

-_—

6

- %1 EN [N

+=x

IN

8.

oofw

WY 13.3

Ws WML 5 Ald DAL 2 5 o0 9L sl 9. Aeleos Id s el ude sAUMl A
0. ddl 2oL Al dd wotdl el 48l s 8. dguRid, ¥ L ARl ¢dl d Wi 2
QHIAAL B4 ULLHL HSAML 2Ud 8 A AR ol s edl defE9s Ad uAe KA 2ud
9. ofll edl ald AL €M d-dl Aeuadl seedl ?

W5 Al 4 dld DAL v 4 5100 DAL sl 9. ol AelHl 2 Al WKL A 6 sl
AL gl 9. oimigl s dadl w95 Ad ude SRAML A © A A5 el d Aeunidl
Q2R Ad ude S A 9, d Al DAL HgH Ul 9. edl uddl daimiel uie sdl
Sl d-l Aeuaxl WL

sido-l [Qendl>il U8l 60 % [enslil oioladyi 8 8 i 40 % [Qendlil oislanmi
Wl Al dd sd B, 2wl addl wReud uel HRdl 0 8 %, wslauml edl
ene2ll 48l 30 % (Qenalolial alis ueumi A A Aol & 2 Ooladdl AR
WAL [Qenelll 48l 20 % (Qenalolial dudl aillls uami A s Aol 8. aui-d
sidoigl s [Qenel welos dd ude sAHD 2L 24 A8l A g Haedl B A e
S, dl 2 [@Qeuel opuaudl gl deudqr sedl ?

otglasey ML Ul galor i, [@enal s dl oaiol 28 © Hadl i 52 9,
el oot 0l B Al douddl 3 A 2 52 D Al dona - B, wedl A
5 Reuel 3 opeletd At 53 8 d 2wl € Al iewaqt 8. il di 3 ddl d
ogalol ARAL AL B AR [@enella wta odel d oeldl ¢dl d-dl deadl dedl ?
s UAPRLNL d ULHRIME, U d WRAUR AL €l AU d A WHL secuHl 99 %
AABIRS V. d¥ 9dl, W AEadl ulasl wead viel v ssAMSs 0.5 % Yl uw
AW B, (ded 3, o 2w Afsdd udlast sAd, dl 0.005 Acua-dl e udlaw et
QU 5 dd ol 9.) 9 audldl 0.1 % dAlsid WA ol €, dl whE €l 5
drit udlaerd uReun esiicts 8 d wRRAGL d ofludl dlandl Aonaql dedl ?
A [RssL wud . s Rssiedl oid ouy w9, oflwl vuHdlA sl 9. dul
U Hodldl Astadl 75 % O A ol Audld Rsst O, cemidl a5 st

YelE9s Aqd uAe s34 GOIRL d O oidid 8, dl d 6 9u dAddl st €y d-dl
Aaladl sedl ?
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10.

11.

12.

Bl

s dluisusdla 2000 2we-Aldsl, 4000 SI-AASL w4 6000 25-Alasi-l dlHl Gal.,
dull gl dcdl sdUdldl Aetadl s 0.01, 0.03 2 0.15 8. dhutsl sl 28
s s YL d WAL Slaldl Aonasdl deel ?

-

s 3523l WA 6L Wl A 2l B 8. opdsiaell it oidid 8 3, 4ol A GaulRd axgil Ul
60 % ARy 2 At B 40 % ddlld Gauled 52 8. aydi, ¥4 A gl Geuled
Rl WSl 2 % A 4 B gl BulRd il Wl 1 % axqaill viidlysd el i ol
ARl A5 YasouHl Yl Eldl A AR el widl s axq welEs dd uwde s30
§Ad d velysd wgd Wi, dl d ¥ B gl Gauled glaidl Aeuadt sedl ?

-

§s Mol [Hasidl afiladl €leal dnaar we o ayel s s3I0 @ 9. uan
A Gl Al DA d-l AU 2dsH 0.6 il 0.4 B, aYAHl, B HUH A4S
@dd dl Adl GalRd axq Y sl Acnadl 0.7 B uwd Bdld Ay W2 23U
dotadl 0.3 8. Adl GAulRd axq [adld A gkl Y 48 &l asll Aena-n dedl ?

AL 5 s 9153 WAl GO B, % dd 5 5 6 HOL dl, d [RssiA ol avid God 9
w91l Aval U8 B, %l ddl 1, 2, 3 AdL 4 MO dl d Rssid As Quid Gl 8
weA 9U YUl Si2l HEL d U 9. ol 66 s 9w MOl €M, dl d WAl uR 1, 2,

3 wudl 4 el gkl Aonadl sedl ?

s SIRVUAER WA 22 4ot Aldsl A, B 2 C 8. uay Ads A, 1 % wulysd axgild
Bawed 52 8. ofln 6L Adsl B v C st 5 % il 7 % wllysd axgalld Geutet
530, A sl RBd aMaddl, 50 % AU SH YR W D, B 30 % AHU S1M YR W B
A C 20 % AuHy 514 52 B, vilysd axqed Gauled ay 8. A« Gaued A gL 4y
Aeuadl dedl ?

52 udidl dlsdlniel s ud v oy 8. ousl wWal udil dAlsdluiagl 6 udi welEs
Ad e sJABL Al AU WG Ukl 5 A ol Alsedl udl 8. vilada ug Alsed €y
a-l Acuarl kL.

wall 13 dul 14 H [Qd g o d dd suta [@sedmi] dou [Asen wie A ¢

13.

14.

A A 6lA O adl Aeal % 0. s Qb Gowdl 8. A Rl 20l 8 ¥ o ol
0, WAL P &dl ddl AdeudAl ... Sl

4 1 1 2
A5 B) 3 © 5 D) 5

A PB)#0 v A c B €l adl & ge-izill A 2l B w2 lA-unial sy acd 87

(A) PA|B) = p (B) P(A | B) < P(A)

(C) P(A|B) = P(A) (D) udigl 25 uel -,
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13.6 w295 AAL A du-l Asua-n [Qdel
U8 Ue[9s WAl 2l Fealastall [ veud sal 8. 2L WsIRAL Hlel elell WHRIAL,

MEL ML s AlssA WRBUH GeMd dul % ™ HAAdL L gdl, Wi {lAAL GelereillmHllm

olledl WHIGL o WRBLUML AL SIS AvUL AS0UA dHL UBL BUYRLA ™ dl.

(1) vl A 6 WA G, dHdl U Hadl AvAlAL AA0UHL €1 .

(i) Rssid 50 clR Geowaumi, »uusl HAQ Ul Avdl oLl $%9dl SIS,

(iii) ¥4l 6 axq wudlysd & ddl 20 Al soriadl welXes Ad w2 Alwargil
(A5 wesl 2s) Aall WA, udl ARl Feddl vflysd axdl Ava el
wioflal el v AAle 3 vallysd dar willfed dlewagpiddl sellui.

BuHL dHH WARME, vl WA FUd 8 2 d waHL Udls WReuMA s ardlas vl
AL AAd 53 O, L s ARAS Avul UAIAL gel-gel WRRML A1 gl 43 O, A 5124,
d ad 8. aoll, d yed wefXos wAloril wRauH v HRd & A ddll, dd wels ad 58 B,
g5 =ad A Ad X gkl sula 8.

Bl dd [Q8udl vl dle 59 dl dH URUSL AHD AsL 5, UL[E9s ud X, wInR sélu
dl %+l wea weEes waloiAl uRendiAl A (Madl Mealasie) € dd @Ay 8. welEs a4 5
ual dRdlas Aval wRel 530 A5 O, Al uREUHIU dell ASUBA ARA[S AvAAL AR B A
ddl, wel9s aqd A WLl crvad s3I0 asU ©

vl 4 : Pl e wéles wdlodl [Realasia ¢ var aialds yealu [Qquq wgl2os
A4 38 8.

Belswl dls, Al uusl 215 Rssid 1 6 aud Gonal-l WL (sl (@A,

2Lyl Mealasia S = {HH, HT, TH, TT} 8.

A X Wadd sl val eald, dl X 3 wgfes A 9 ud udls uRAM W2 dd Y
S IDRETTRDTIRVE TR

X(HH) = 2, X(HT) = 1, X(TH) = 1, X(TT) = 0

A5 o Meuldstal Y s sdl A ey ad vqifid 530 asiy 8. Gelgwl dil3,
Q2 3 Gurnl [Mealasiat S -l udls uReud W2 Y 2 ool qvanigl sieidl dvaisdl sugousl
gald 8. dl,

Y(HH) = 2, Y(HT) = 0, Y(TH) = 0, Y(TT) = -2

W, X w4 Y 25 % Feulasia S v carnaild o gel-gel welEs ad 9.

Belgaml 22 ¢ ws Al s R ALAR GOdldl J™d W™ B, UASs OIU M2, WAAS glRl
A" T2 0yl A O A UASs siel He, d T 1.50 2uAwsd 20U 9. X lsdaut qaddl
wadl opdel 2w euld B, ealdl 3 X wels A © A dd wdll Fealasy u-l
@8y d3 ealdl
Bid : X ¥ dvul ®. ddl Hell welHs wdoHl wReuHl ur cviRd 9. ekl X #

wg[h95 Aa 9.
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¢d, wawHl Mealasia
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
ugdl, X(HHH) =32 x3 =36
XHHT) =XHTH) =X(THH) = T (2 x 2 -1 x 1.50)
XHTT) =X(THT) =X(TTH) =% (1 x 2 — 2 x 1.50)
wd X(TTT) =—-% (3 x 1.50) = — T 4.50
A el Mol dadld qsun oidid 8. 2un, Realasiadl uds w2s W2, X vy Bud
d 9. 2 Gurdl, X i Meulasa wrd @84 8. d-dl [@RdR {1, 2.50, —4.50, 6} ©.
BELS20L 23 © s deiMi 2 UFE UL 8l A 1 dld 9L el B, ws el welHs Ad ude sl
e wegl sl 2oL Al denni uad 48l €l sl d UGB Yddd sl A X, s qud
wefEos dd wde s dia edidl Aval eald, dl X o add s

< 2.50
-1

Bia @ Al Wal €420 wy, wy, r ad euldl udl Heulasia
S =A{ww,, WW, WoWw,, WoWw, W, Wyr, rw,, rw, rr} 3 8.
gd, ® € S U2, X(0) = dld 2L sl vl
el ulReuH 34,
X({wywi}) = X({ww,}) = X({wyw,}) = X({wowy}) = 0
X({wyr}) = X({wyr}) = X({rw }) = X({rwy}) = 1 23 X({rr}) = 2
2, X 2 qelEs qd ® 2xud A Budl 0, 1, 2 4 8.
13.6.1 wglR9s Aad Acna-n ([Adw
Al WUEL A 520 £, froees frp WSl WS gE6L WE[REIS e sl WAL ASB. UAs g0l
we ddldl gedl uxRieudl 8. WA 5 g6 £, fo fio ML AASH 3, 4, 3, 2,5, 4,3, 6,4, 5
AR B
Al 25 520 ue 530 A d 52oHl AL v X a saldla e 9 3 X 2 3
wHISL cqualid welEes aa 8 ¢
X(fp = 3, X(f) = 4, X(r) = 3, X(f) = 2, X(f5) = 5, X(fy) = 4, X(f,) = 3, X(fy) = 6,
X(fo) = 4, X(f1p) = 5
H, X W U UdA sZoid MR 2, 3, 4, 5 wudl 6 WSl 1S ua Bud 4d ab 8.
gd, PR 436l f, wde WA AR X Bud 2 Al w2 ggol £, £, f U8l S8 el s
seol wde Wy AR X Bud 3 4 8.
LY UHIEL, AR 520U £, f; A £, WSl AT gdol ude wH AR X =4
Y g6l £, Ml f;, U5l QS g6t ude wH AR X =5
W FUR S30L f; WRE WL AR X = 6
Rl Wil dlf o 5 UAS g0l wAe wA d Hell wxRieudl B, W2 g3ol £, wde Uy Slu a-ll
detladl <& &, 2wy, 44 X Bud 2 @ a3 ddl denad - 8. wuel avilsdl PX =2) = £

10
adl, ggell £, f; vaAl fHidl S 25 wde ww d-l dewas P, £, ) = .
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A @vlal P(X = 3) = 2. il % Wi, vue wa 8.

PX =4)=P({fy, fo L) = 55
P(X =5) = P{{fs, i) = F5
wd P(X = 6) = P({fg}) = &
we[Es Al Hedl duedl 2-3u Acuadipl WA WY sl L s welEs ad X o
Aotadl [adw s 0.
qus 34, weles A XAl Actadl [Qdaq A yasl crai@d s 9
el 5 @ AglR9s wd X o dAeudl [Qde 21 vz ugld © :
X: x; X o X
PX): p, Py « P,

. H

-

i n
U, p;>0, Xp;=1,i=1,2
i=1

ardfds AV x;, Xy, . x, 2 ALEDS A X Al AG@d Yell § wud p. (i = 1, 2,.., n)

n

W Awefys A X -l Acnarizll O, d Budl x; ad 6l 8, 2ed 3 P(X = x) = p,

angdl c welos ad Xl A6 asd Bud x; G, dl [ X = x; Fealasiani deais Bigail
R AA B, 2l X 2 BHd x; H18L 52 d-l Acuanl édal gAd 8. P(X = x,) #0,

Guaid, Aels ad XAl dm wsy Budl ®e, Fealasiadl s g2sq 2uasl dud 9.
A 5128, Al [AdQME M AL AL XAl 1 gdl ASH.
Gerg2el 24 ¢ uvl Ad el 52 udidl dlsdaial 6 wdl yrasl Aldd su: wde sl 2ud 8.

s Avalpllg Aol [Qdel oML

Bia @ AssAAL Aval w5 Ad B, A X a3 sauldlal e § % X 3 0, 1 »adl 2 Budl
ad us o,

gd, Udl we sl wdoL yrael AR w24l 9. el 6 ar wie sarl wBal Frua
geeld [alaL 53 8.

28], P(X = 0) = P (21551 AR 244 2351 [3)

P (355l &) x P (vl Al3)

X

IS

— A8 4 _ 1
B R ) 1

=2
=]

P(X =1) = P (8l 2 s8] «A[& 29al sl AR 24 2s51)

= P (2551 i 21550 AlE) + P (251 Al 2 2is51)
P (A55)) - P (381 AR) + P (8 &) - P (2A51)
_ 4

X 52 T 169

32 52

A P(X = 2) = P (38l oA 9s8) = & x & = L

438 | 48 4 _— 24
+52X

M, HBlA Al [Qdel €9 ¢ X 0 1

PO | 1 | %5 | ™
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Beldall 25 @ 6L WAl A8 avid Fsdl Hodl W Al Avad dAeua-l [Adel L.
Bia : A 3 X A sl Aval sald 8. wsy WA A (1, 1), (2, 2), (3, 3), (4, 4),
(5, 5), (6, 6) ®. 2 © 5 X, Budl 0, 1, 2 2udl 3 a8 us .

Wil A Aqaaldl dogasn = £ = 1
WAL A A Mol donadl = 1 - L= 2
8d, P(X = 0) = P(3l5 usL avid it %8 ) = 2 x 2 x 2 = 18
P(X =1) = P(31s AMlt %8 2l 6L AU A «i[R)
“ixExieixixieixix
- 3(% X 2—2 =L
P(X =2) = P(6L Ml %S 2 256441t A8 A3)
“pxdxgrdxixieiciny
-afd) =
wud P(X =3) = POl it %) = £ x & x L = =
M, HOlA Aeud-Al [Ada & : X 0 1 2 3
PX) | 35 | 76 | 3% | 7%

Asiael : Aeud-diAl AL

n

_ 125 75 15 1 _ 125+75+15+1 _ 216 _
lei 216 216 T 216 T 716 216 6 |
=

=]

BElE2W 26 : WA & X welos Ad ude s3dl woudl Bad e®uld dHiRl qAeqiHdl sdlst sald
8. X ¥ Had x d dedl Acuadl A a3uul 2ua 9. k A 5155 valld AN B,

0.1, x=0

kx, x=12ydl 2
PX =x)=

k(5 — x), x =3 2ydl 4

0, iYL

(a) ki 3 ML
(b) dL A9l AL 6L $Als AR 5 9L -l Acladl d2dl ? 6lRAKR 6 Sels AR S
9L el Acta-dl secl 7 aqul Ay 6l sdls oA A L d-il Aenadl el ?

Ba @ X deuaw Qd | X 0 1 2 3 4 | 8.
PX) | 0.1 | kK |2k | 2k | &

n
(a) uudl ol ¢l 5 Y p,= 1. M2 0.1 + k+ 2k + 2k + k=1 ed k = 0.15,

i=1
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(b) P(d® A9ML 291 6L 5Als oA 53 91) = P(X > 2)
=P(X =2)+P(X =3) + PX = 4)
=2k + 2k + k
=5%=5x%x0.15=0.75
P(dd GRIGIR 6L $Als U 52U 1) =P(X = 2)
=2k
=2x0.15=0.3
P(d3 agul ay 6l sals e A ©91) = P(X £ 2)
=PX=0)+PX=1)+PX=2)
=0.1+k+ 2k
=0.1 + 3k
=0.1+3x0.15
= 0.55
13.6.2 w95 a4l neus
o walMl, a1 S0l Sl 9 3 welXos wadl deals [Alre qsadl owidl Aeia-l
[l uel 531 asid A 25 o Avul gl qeldl asd. 2l dedls Avall © — wws, weRy
B olgels. v [AeUol, 2wl Aol Heasel Aal sAgl. wes A g WY A waadl Rk
Wu B, ddl v 3D 3wy ey Aadl UAW AL HA qeus] e A8l 52 D,

QAL 6 ¢ QIR 5 X 2 wilds wd . d-i asu 4l x,, x,, X;,..., X, AUPFH AUV

! s b b . n "
Pis Pyses P, W18 GEGA . X -l HEUS p gil galad . d AvAl Y x;p; O, ¥ed 5 X
i=1

neys ¥ Xedll asy Budldl culRd wua . s ua ¥ deuan 08 d GeMdl &9 d Aeua-udl
“llRa 8.

Q95 Ad X Al wesd X+l oulilas e wel s€ 9. dd E(X) a3 sula 8.
n

§WH, EX) = W = legpg =xp T x,p, .t x,p,
=

ofln weeli, W95 Ad XAl qUs wudl d-l ouliles »hal 2 XAl dHd wsd Heusll
due iq3u Aeuarlpil WAL ARUSIRIAL AaALL 8.
Bel2 27 : WL 5 WALl %A Geornaldl vud €9 wA 41295 Ad X 2 oA WAL U Hadl

AvAAAL AL O, X Al Hs adl URAs %81 AL

B3 : wdladll eulasia 36 Hamd vz, siysd 28 (x;, »,),

wix; =1,2,3,4,5 61y =12 3,45 6134 4ud 8.

295 2 X 2ed § oA w0l U Hadl AvaiviAL AL Hell 2, 3, 4, 5,6, 7, 8, 9,
10, 11 2¢”al 12 4 .

¢d, PX =2) = P{1, 1}) = %
P(X =3)=P({(1,2), 2, D) = %

P(X = 4) = P({(1,3), 2. 2), G, D)) = =
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PX =5)=P({(1,4), (2,3), 3, 2), 4, D) = %

P(X = 6) = P({(1, 5), (2, 4), 3,3), 4,2), (5, D}) = 3¢

P(X =7) = P({(L, 6), (2, 5), 3, 4), (4, 3), (5, 2), (6, D}) = =
P(X = 8) = P({(2, 6), 3, 5), (4, 4), (5, 3), (6, 2)}) = 3¢

P(X = 9) = P({(3, 6), (4, 5), (5, 4), (6, 3)}) = 5=

P(X = 10) = P({(4, 6), (5, 5), (6, 9)}) = 3¢

P(X = 11) = P({(5, 6), (6, 5)}) = 5

P(X = 12) = P({(6, 6)}) = &

X < Aouadl [Ada .

X = X; 2 3 4 5 6 7 8 9 10 11 12
_ 1 2 3 4 5 6 5 4 3 2 1
PX=x)¥aUp;l 36 | 36 | %6 | 36 | 3% | 36 | 3% | 3% | 3% | 3% | 3

n
_ _ _ 1 2 3 4 5 6
Mltﬂ,u—E(X)—iE_lxipi—ZxE+3x¥+4x¥+5x¥+6x%+?x

+8><35—6+9><;—6+10><%+11x32—6+12><+

_ 2+6+12+20+30+42+40+36+30+22+12 _ 7
36

UM, ol UHALEL WA BEAAL dHrl U HOAAL AvAAAL AALAUAL HUS T 6.
13.6.3 w29y aad (A

wel9s Aa-dl Hs sued welos wd-dl BudHl uRad-slladl @ s wledl 2iudl
ol Airdadl, B [0 (Variance) <l €14, dl Ag(F9s aa-l Budl weusdl dws gl 8. audl,
AEl-%El ActaAAl [Adelalnl W5 AL Hes A SIS A3 9, Gelgwl a3, A wual aa
X 2 Y -l [&drel wuel,

X 1 2 3 4
RN EAERE
Y -1 0 ! 5 6
PO | v | % | % | % | ¥
Wwe By EX)=1x2+2x2+3x2+4x2=2=275
WAL E(Y)=-1Xx + +0x 2 +4x 2 +5x 3 +6x1=2=275

Ad X A Y gel-gel 9, du odl ddll Hsl A 9. d 2L [Adeisl 2l g Rl
Wl AdeSel S asty dn 8. (pugla 13.5)
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P(X) P(Y)
Ys1 s
%t Ys
%1 |'| |'|1/s |'| |'|
:Ow 12 3 4 A" Ol T2 3 4 5 6.
(i) (ii)
2usld 13.5

X 2 Y a2+l de llovdl, g5 Al Gudl 59 il 3l saddl 8, dd uu wedl
LA %3 O, AisSWBAUEL, UG ARl a4l ® 3, QUL A HRAAL AR 2aal [@vilasg
Wy 8, A o Wl Wy Aa-l Budini uRad-ladt sadar v [[aRe gl wdl asy 9.

uual 7 : 4Rl 5 X ¥ AélRs ad ¢ d-dl asy Bual x,, x,,..., x, " deuaul Hysd
px)), Py P (x,) &

X dl Hes p = EX) dl. X u Qa9 Var (X) 284 o? g2t galad & 24 d

6’ = Var(X) = v ;= 12 p(x;) 2adl ax-uell 67 = B(X - p)?) gt cuvailla i 8.
i=1

AU WAl G = [Var(X) = Jé(xa—u)z P(x;) A wéless udq X o4 wnldd [Qudq
(Standard Deviation) 53 8.
welles wdd [Quw Wuad xu YA
wuel nellat el 3,
Var (X) = 3 3~ W2 p(s)
P

-3 (7 + u2 = 2px;) plx))

n

= 32 p) + S 12p) - 32 plx)

n

= S pl) #1823 pl) ~ 213 x; plx)

n

= SAp) + 2 —2pr (@3, Y pe) = 1AL p = 3 x, plx))
i=1 i=1 i=1

n

= glx,? plx) — 2

R 2
ydl Var (X) = ¥ x? plx;) — [in P(x;))
i=1 i=1

aaal Var (X) = EX?) — [E)12, o4, EX2) = 3 22 p(x)
i=1
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BElg28L 28 : UMl WA GLadl dril UR HAdl Avuie [auRel il

Bie : wdlarl Feulasia S = {1, 2, 3, 4, 5, 6} 9.

WA 3 X 3w Gl Hadl dval sald 8, ddl X 31, 2, 3, 4, 5 vadl 6 BHdl
a4 Asdl WelEes ua 9,

adll, P(1) = P(2) = P(3) = P(4) = P(5) = P(6) = +

i, SR8 X o Actarl [@de | X 1 2 3 4 5 6 8.
1 1 1 1 1 1
POV s | 5 | s | s |55 |%

=
|

1l 1 L
T2X e +3X e +4X £ +5X < +6X

= B

A, EX) = 3 x, px) = 1

i=1

12w L 192wl 1329l 1429l 452y 162y L9
l, EXH) = 12X ¢ +22X ¢ +3° X ¢ +42 X £+ 5 x £ + 62X ©+ = =

2
2y, Var (X) = E(X) - (B2 =4 — (&) =& -4l - &

Gewgael 29 ¢ uvil Ad AlMal 52 udidl dlsdmidl qswd 6ol udi (AudAl w5 ugl W5 WM
yRaellR(Ed) ude saABl A B, ANl AvaAL ws, [QEE A wlRid [Raan
Q1L
Bia @ A I we SAUML 2udd 6 wdidl, X A ARl Aval sald B, X u wglHs

2 B e A BHAL 0, 1 ual 2 WL 52 9. ¢d,

48!

48 21(48—2)!
C =8 a 48 X 47
P(X =0) =Pw k) = === = 551 = %37 = 5o¢
&) 21(52-2)!

4, 48
C; "C axaex2 g

P(X = 1) = P(als w2 2l 25 uA AlR) = . X3 3T
2
N _ _ N _ 4C2 _ 4x3
it P(X =2) =P(ol ux) = 2, 92Xl ;T
2
W, X daadl @ | X [ 0 1 2

188 32 1
PX) | =1 | &7 | =

n
€d, Xl ws = EX) = T, per) =0x 8 +1x 2 +2x 5= 2
i1
quﬂ’ E(X2)= Ex;'zp(x;‘)=02x 57 +12 x % +22 x ﬁ =%
i1
. 2 6800
¢4, Var (X) = E(X?) - [EX)]? = 35 — (%) = 21y

214, c, JVar(X o 0.37
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AWlRY 13.4

Al U5 sui [Rde welEos ad-di Aetandl [@Qdal <l d dvil. dil gl AHe-A
52

(i) X 0 1 2 @ | X 0 1 2 3 4
PX)| 04 | 04 0.2 P(X) | 0.1 05 |02 |-01]03

(i) | Y -1 0 1 (iv)| Z 3 2 1 0 -1
P(Y) | 0.6 | 0.1 0.2 PZ)y 103 | 02 | 04 [ 0.1 |0.05

Ws ULHL 5 dld WAL wA 2 slo0 il edl 9. 6 edl weles dd e sl
A1d B, AT X L s DAL sl Aval sld 8. X+l asd Budl s5-56 & ?
i X welos 246 ?

QAL 5 U2 s 6 auid Geotnaldl d 6 Al X A 91Ul Aval 2 sietdl qvaiedl
dstad edld 8. Xl asy Budl o & ?

(1) [Russid ol Quid Gewdl Hodl eou-l dval

(i) =t Russiaiid dAsad Geowndl Hadl sietdl vl

(i) Russiad A1 avid Geodl Hadl eoruedl Aval

Sl dl L 28 BRuiHL Aeiadl [Qdel Al

A usdl (i) 4 sl A Avar (ii) 200 200 A5 WAL U Yails 6 Ha, 3 xS
quAd adl €l dl W 6L quid Gl Asudl Hadl-l Avaipil Aenal [Ade
LML

30 dlogoiltl olouliiel 6 olou vilysd B, yragl AR 4 Dol Fed wels Ad
efldl . wlysd sloudii-l Aval W Acnadl [Adel 2El

25 RSl vAMdl 9. dd GoLodl 91U Hoal-l Actadl d si2l MO d-dl AMiadl sdi 218l
sl &, ol Rssid 6 AR Bl ud, dl siedl Aval wied Aoudnl [Ade Hl.
s WelR9s ud X Acuadl [Ad@ «lad wel © :

X 0 1 2 3 4 5 6 7

2k |7k + k

P(X) 0 k 2k 2k 3k K2

ueu A8l s (i) £ (i) PX <3) (iii) P(X > 6) (iv) P(0 <X < 3)
QueEEos 4a X o deudl [@dw P(X) <A »uld azud 8. k 5185 Aqval &

k, x=0

2k =1
PX)= 1 07

3k, x=2

0, w42l

(a) k< weu L
(b) P(X <2), P(X £ 2), P(X >2) Al
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10. s AHdld sl A8 avid Geotadi Hadl susdl dvaidl Hes sl

1. 6 waud 2508 sal 2d 8. 4 X 6 uadldl sa v sald dl Xl oulilas
OETREN NN

12. e 69 b yalsniel wels Ad 6 vl uie (YRaelRRBq) s 8. W 3 X 3 6
qodell Avaiil 48l WAl Aval sald 9. E(X) WML

13, 92 3 X 3 6 AHdld Wl Goiadi Hadl dvaipdi-dl Aol sald 8, dl X o
(G20l A YHBld [Quad sl

14. s @l 15 [Renell> 8. dn-l ay 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20, 17, 16,
19 >4 20 ai 8. s Qenel wde sl suell 8. udls [@Qeudl ude aa-dl wu-
Aotarl gl 2 wie adan RenelHl ay X Al 8. wels ad X o Acua-l Rde 9
0 7 XAl s, (AU A wHilRld [Quas QL.

15. 5 olssMl, s FlAd suiRd-dl dseMl 70 % qedl i d-dl [@QA8HL 30 % el ©.
A5 wey w5 Ad ude sdl v A d QA 53, dl 2w X = 0 A % o
dFQAHL €1 dl X = 1 ad¥i. E(X) 24 Var (X) 28l

wall 16 dat 17 i [ 03 ol d dAd 2ula [@sedaiyl dou [@sen wie s -

16. 15 WAL 2181 Y% U 1, 6L Y% U 2 A A5 Y% U 5 il3d €, dl dA Goldl

Yol AvAAAL HAS . 6.
8
(A) 1 (B) 2 (C) s (D) 3
17. 2 % udidl aisduigl ol udl w295 Ad uAe Ml 2ud 9. HRL 5 X v wad
A5l AvaL gald B, dl E(X) o YA .......... 8.
37 S L 2
(A) 221 (B) 13 (C) 13 (D) 13

13.7 oigell uaell A [Buel [@Qdrw
13.7.1 oiiell wued

gell wddll yaed d [geursis €l 8. erudl dly, Goddl Risst ‘o’ xaal ‘si2l’ oldid
8. Gl arq ‘alisd’ el ‘Ald’, sl wkond ‘6r saal A G uk. So ‘o e’
AL ‘G A W, (el ‘6L D7 wual Al B’ adiR, dudl BRuM d ARE B 3 s wReuud
AN’ 589 A ol USA-AAlY wUAL AN, Geleel dly, Rissil Geadmi, Al o
Geotad, gl Asadl ddly Ry, dl sietd Gestad A [Frsadl 8.

£35 duid AU A8 sl Gl wal W Gl § 2= 515 wdlal s301, AU gl
dn Yt sl ol ol Qs 4 avid Gowllal, dl YAl Aval 4 8. e3s wdetd 6wkl
9: ‘Usadl’ Al ‘Hrsadl’,

£25 Yty ulReouw ollon S uer yuctu wlReuwnal [Aa ©. vual YuilHi A50dl 2aal
[Rssaaidl denad za0 28 8. 2l ¥ ada el 6 o WReH Usnd’ s [sad’ €lu
A ogdl uacl 58 8.

vl 8 : Al URdly AU Sl WERS YAl Al vged] ual 58 8.

(i) waci-dl dvar A Sldl 2.

(ii) wacil [A4a Slar A,
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(iii) 4d$ Had AssAYQ o 2 6 ¥ YRyl 9 : AsAd AU (Al

(iv) asad-dl dAeud-dl Ueds Y4 qHI1 6 8,

GelgRl dld, WAl 50 avid Fsdl ¥ 50 oidedl Uuclldl Bl 8. ddl UAS Yuctd
WRRUH ASNAL (3oH AvUL 561) B 2adl [Fsdl (23eu Avdl) €l § 2 Asadl-l Aeua-l (p)
LU 50 dvid F5AlAl dHIH Udeil HIZ AHIA 9. 3, LSl Wi Fsdldl Wil (R
WAL 9, %l Rl AHAIA S el del 9 YNl U Aval 14l 6 Bd €, dl p = % u
g=1-p= %= [Frsondl-l Aeuaril,

BElsReL 30 ¢ 7 @l WAL A 9 510 UL £l HAAAL uiHiel 89 sl Alusdl sBs Ad ue
5L 2Ud B9, 835 Udel Ul ude s el UL (i) ud HgAL B (ii) uRd sl -,

AR el ude sl YUedl el Wl 8 3 AR A sél

B3 ¢ (i) el val Al B, 2 Yool AR 6l uAe sl Ald, A sl ALl
(@ia 33l edl $€1) p = % 9. el yaaell AR il uAe s7lAL Wdel el Ydel B,

(ii) @12 edl we s2ald yRasllRied Ay 8, AR ANl Acuaddl (3ed & ald -l £4l)
uAH YUHL % 0. % uaH ude SAHL 2dd £ dld 301l Gld dl ol YU % 9 e
B WUH UAE SAUML vidd gdl s DAL €, dl d % B i M R0 AR ASH. R B
3 usaaldl Aotanl ol o WAl WS AU Al A SRR 2L YA, oiqell Wil el
13.7.2 [(gugl (Adrw

Rissid Geootadl waliAl AR s ddl udls Wdotd wWRBUH usadl (561 1) aal
Frendl (5121) 8. Udls Wacil S 2 F uesil ASUAL i [Frs0idl edld 8. WL & wuuell
% eedlHl VUL £9 WUACIHL 5 ASAAL MO A g2l AHAHL 9.

e B 5 o gel-gel [Asadl A wel 3U 2 ©

SFFFFF, FSFFFF, FFSFFF, FFFSFF, FFFFSF, FFFFFS.

= = = =, 61 =~ = = =
ML %Y UHIGL, 6L ASOARAL 2 AR sl w2 T sl S8 A% 9. L eyl

wslA-l wel sdl vt aloll WBAL A odl. 20l s 0, 1, 2, 3,..., n vl Aeud-lilxl
ARl @ioll A "ol Avd 1Rl & ddl €15 ad 9. dioll aedIl v dM wsd BRuvil-l i€l
auir sl g2 2Wal, 7 oddl waeldl AsAARHAL dvadl Astadil W2 s Yol Al
e 8. Adl Ul F o el Haell gl MBI udl Gl Adl ws oL B S W2 as.
ddl UAs WAt WE AFUAL A sl deuddl s p v g = 1 — p 8. 2L YdWIAl
Mealasia 2wl

S, = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF} o,

AsAAAAL Aval Qs ud X 8 2 d Budl 0, 1, 2 »ual 3 & 8. ANl Avalq

Actladl [@Qd@ A wwel 9 -

P(X = 0) = P(us0dl «i[&)

= P({FFF}) = P(F) P(F) P(F)
=qg-q-q=q 50 % Wil Fua 8.
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s ASUIAL)

P(X = 1) = P(A
P({SFF, FSF, FFS})
P(
P

{SFF}) + P({FSF}) + P({FFS})
() P(F) P(F) + P(F) P(S) P(F) + P(F) P(F) P(S)

= pqq + qpq + qqp = 3pq*
P(X = 2) = P(6l usudl)
= P({SSF, SFS, FSS})
= P({SSF}) + P({SFS}) + P({FSS})
= P(S) P(S) P(F) + P(S) P(F) P(S) + P(F) P(S) P(S)
= ppq + pgp + qpp = 3p’q
2w P(X = 3) = P(22l asndlil)

= P({SSS})
P(S) P(S) P(S) = p
§H, X Acual [Qd 8. | X 0 1 2 3

PX) | ¢ |3pg* |30% | PP
adl, (g + p)® < Buel (e 8,

4>+ 3¢%p + 3qp* + p?
AL Al 3 AL 0, 1, 2 2adl 3 L Acuadil (g + p)° -l [Ed@AAL 2453 way,
Bdld, gdla 2t agd ue 8.
adil, g + p =1 dlaigl, 24l ot Acia-idl a0, 2080 WSl 1 9, ddl [Fesd wa 9,
M, U dRdl sl 3 7 ooiddl Waellel YR 0, 1, 2, 7 ASAAL Aiadiil
(g + p)" -l [Bdemi wad, Bdl,.., (n + 1) 3l Ye d3 dadl asi 2 sldl ABd sl 2,
Al M8 7 oedl WAl WML x ASAUAAL Aonal A,

W 8 % x asnaddl (S) A BRuml, (n — x) Fesadizll (F) waal.

=~ ~ =~ ~ ’ ~ = =~
gd, x AN (S) 2 (n — x) [Axsacuil (F), n—_x), wslz Hoel wsA. L USIRL

x!(n
Usll UASHI, x USAdL 2 (n — x) Fsadi-l ieua-l

= P(x usudil) - P((n — x) (Frsadisil)

= P(S) - P(S) ..., P(S) - P(F) - P(F) ... P(F) = pr-g"

x-avid (n — x) quid,

C = e = . n! —
M, n odell YUtHL x ASAARALAL Aeua-l FICEN pregt—x

wydl "C p* ¢" " O,
2, P(x asadixll) = "C.p* ¢" =% x =10, 1,2, .., n (g=1-p)
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-

wwe B Plx asadivil), »ed ¥ "C p* ¢" ~* A (g + p)" - (guel [Gdemi (x + 1) 3
us 0.

W, p-oldedl Udedl HAAAL UAPHL ASAAAL Avald deuadl Rd@ (g + p)? -
(Guel (il gl Aadl asid A qdl, 20 Asadel-l vl X Qdee A wusl avl
AsIU 9

X 0 1 2 X n

P(X) "C(}q” ncl qn—lpl nczqn—2p2 nqun—xpx ncnpn
Guisd Aeuanl [Qde, 2 YAdl n w1 p w0l [Guel [Qae dls vavua &9, s 5
204 [BHdl n 2 p uedll 2uugl Ayl deuqu [Qaxe A4l aslyl gl

x ustldil Aol P(X = x) A u@l P(x) a3 sala 8 A del
P(x):ﬂquﬂ—xpx’x:,ﬂ, 15 23 seey M (qzl_p)
2 P(x) 1 lguel [Aded Aeuda-u [Qda sduni 2ud ©.

N UASs YdAH A5l AHeuadl p Sla, dl n-oidd] wacl wdq [Buel [Adzan
B(n, p) &l gulaiy 8.

Yudl, w8 gd sedis Gelewl s,
Gelganl 31 @ %l AHAA Rssid 10 AR Gl sud, dl <Al Aena-dl WAl :
(1) cluelR €9 avic td Mo, (ii) el el €9 avict ey 3oL (iii) ayml ay €9 avid oy 3,
Bia : Russid Goal yrrlalid wBu oiddl wacll 8. W 3 X 3 wdloidl 10 waclai
Hadl ol W sald 9.

W2 B3 X uwn=10 61 p=2 Wil [Guel [Ada 4ud 8. 2w,

PX =x) ="Cq"~*p%, x=0,1,2, .., n

eré“[,n=10,p=l’q=1_p=%
0, o= = 7 4= e, 4

3 (; 10 10!
«d, () PX=6)=19C; (}) = gz - v = 1B

(i) P(Auodl 218l 6 auid 914) = P(X = 6)
=PX=6)+PX=7)+PX=28)+PX=9)+PX=10)

=100y (B + 100s (4" 0y (37 + o0y (47 + 0o (57

= {(6?12!41!)+(7!12!1’»!)+(8!12!2!)4_(9:3!1!)4_(%” Tlo =3
(i) P(ayHl ay © aud ©iu) = P(X < 6)
=PX=0+PX=1)+PX=2)+PX=3)+PX =4)+PX=5)+PX =6)
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= (7 0 ()" o (57 e ()« e ()7 e (7 ¢ e )

_ 848
1024

Gelsael 32 ¢ s o2l 10 % S6 viHlysd & 21 i izl s 10 Ssi yraell lkd sieami
A B, ol 2l As §§ willysd -l deuadl sl

=23
64

Gia : A 3 X A we sdal 10 Seimiel wellusd Szl v sald B, S szl
wal yrasl ARA sl wudl dlaell, Yactl oiddl acll 8. W 8 3 3 X 7= 10 i

=10 — L 03 o 3
P = 15 =15 W ol [Ade ©.

Mtiﬂ,qZI—pZ-l%.

6d, P(loml g As willysd $3) = PX > 1) =1 - P(X = 0)

-1t (g 1=

WY 13.5

1. o5 WA 6 duid F5AMl 2Ud 6. ol Yoy, Aval Hadl 2 Asndl €, dl (i) 5 As0dll
A 7 (i) o sl 5 AsAdL M. (iii) ayHl af 5 A WA d-{l Acua-t
Sedl 7
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(1) wacldl Aval A Gl s,
(i) wdcll (RRUa dlar A,
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Historical Note

The earliest indication on measurement of chances in game of dice appeared in C.E. 1477 in
a commentary on Dante's Divine Comedy. A treatise on gambling named liber de Ludo Alcae,
by Geronimo Carden (C.E. 1501 - C.E. 1576) was published posthumously in C.E. 1663. In
this treatise, he gives the number of favourable cases for each event, when two dice are thrown.

Galileo (C.E. 1564 - C.E. 1642) gave casual remarks concerning the correct evaluation of
chance in a game of three dice. Galileo analysed that when three dice are thrown, the sum
of the number that appear is more likely to be 10 than the sum 9, because the number of cases
favourable to 10 are more than the number of cases for the appearance of number 9.
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Apart from these early contributions, it is generally acknowledged that the true origin of the
science of probability lies in the correspondence between two great men of the seventeenth
century, Pascal (C.E. 1623 - C.E. 1662) and Pierre de Fermat (C.E. 1601 - C.E. 1665).
A French gambler, Chevalier de Metre asked Pascal to explain some seeming contradiction
between his theoretical reasoning and the observation gathered from gambling. In a series of
letters written around C.E. 1654, Pascal and Fermat laid the first foundation of science of
probability. Pascal solved the problem in algebraic manner while Fermat used the method of
combinations.

Great Dutch Scientist, Huygens (C.E. 1629 - C.E. 1695), became acquainted with the content
of the correspondence between Pascal and Fermat and published a first book on probability,
"De Ratiociniis in Ludo Aleae" containing solution of many interesting rather than difficult
problems on probability in games of chances.

The next great work on probability theory is by Jacob Bernoulli (C.E. 1654 - C.E. 1705),
in the form of a great book, "Ars Conjectendi” published posthumously in C.E. 1713 by his
nephew, Nicholes Bernoulli. To him is due the discovery of one of the most important
probability distribution known as Binomial distribution. The next remarkable work on
probability lies in C.E. 1993. 4. N. Kolmogorov (C.E. 1903 - C.E. 1987) is credited with
the axiomatic theory of probability. His book, ‘Foundations of probability’ published in
C.E. 1933, introduces probability as a set function and is considered a ‘classic!’.
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